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FOREWORD 


Since 1919 there has been conducted in the Bell Telephone lAbora- 
tories a program of out-of-hour courses through which the members of 
its technical staff could obtain the benefit of the technical information 
and experience of its experts. 

Courses are arranged in accordance with the needs of the staff and as 
advances are made in the art of electrical communication. They are 
given in the hoiu^ immediately preceding or following regular business 
hours. Registration is optional and the instructors, all of whom are 
members of the technical staff, serve without extra compensation. The 
text for each course is prepared by the instructor from the techm'cal files 
and experimental data of the Laboratories. The material at his disposal 
is the cumulation of the work of his colleagues and predecessors as well as 
of himself. In the preparation and coordination of a text suited to the 
particular needs of the course each instructor chooses his own material, 
the order of presentation, and methods of proof. 

The present volume is the text developed for one of these special 
courses. It was originally printed privately for use within the Labora¬ 
tories. The character of the material, however, and the method of pres¬ 
entation have attracted so much favorable comment and resulted in so 
many requests for a wider circulation that it is now made available 
through regular channels of publication. 

BELL TELEPHONE LABORATORIES. Incorporated. 

March, 1925. 
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PREFACE 


The evolution of this volume of notes has extended through some 
fifteen years. During the early part of that time the writer was engaged 
in transmission engineering in what was then the Transmission and Pro¬ 
tection Department of the Engineering Department of the American 
Telephone and Telegraph Company. The first contributions to his 
present point of view as to telephonic transmission were therefore ob¬ 
tained under the leadership of Dr. F. B. Jewett, now Vice-President of 
the Western Electric Company, Inc., and Mr. O. B. Blackwell, now 
Transmission Development En^neer of the American Telephone and Tele¬ 
graph Company, who were successively in charge of that department. 

These notes took their first form during 1918-1919 when the writer 
conducted one of the special courses for other members of the Engineering 
Department of the Western Electric Company, who were interested in an 
analytical study of telephonic transmission. During successive repeti¬ 
tions of that course these notes have reached the more complete and 
comprehensive form of the present volume. They were first publicly 
used in a series of lectures given at Harvard University as Course 220 
during the winter of 1921-22 at the invitation of the Department of 
Electrical Engineering of that institution. 

The material of the notes is intended to cover the general theory and 
principles which are applicable to the development and design of circuits 
and lines for association with such telephonic instruments as transmitters, 
receivers, and vacuum tubes. The detailed characteristics and methods 
of design for these instruments are not here considered. In the program 
of technical courses in the Engineering Department these instruments 
are covered by other special courses for which, however, much of the 
material here presented is prerequisite. 

The text assumes on the part of the reader a familiarity with the 
elements of alternating current theory and with the operations of di£Fer- 
ential calculus. The student should also be familiar with the operations 
and notations of the complex-quantity method of representing alternating 
functions. For the convenience of those who wish a rapid review of this 
subject, condensed' formulae illustrating a satisfactory procedure for 
handling complex quantities are given in Appendix B. 

As previously stated, the material at the writer’s disposal in (inveloping 
the text has been the accumulation of the work of his colldqpiea and 
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predecessors as well as of himself. In addition, however, to this general 
recognition of the contributions of others, and the influence upon himself 
of the scientific atmosphere in which the past fifteen years have been 
spent, the writer would particularly like to acknowledge the influence of 
the work and methods of Dr. G. A. Campbell and the importance of the 
more recent contributions of Dr. O. J. Zobel. He also wishes to acknowl* 
edge his great indebtedness to those of his associates who have assisted 
in the preparation of the manuscript. 

K. S. J. 

N*w York City, 

June, 1924. 
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CHAPTER I 


FUNDAMENTAL FACTS ABOUT THE VOICE, EAR, TRANSMITTER 

AND RECEIVER 

1.0 In the analysb and design of circuits for telephonic transmission, 
it is necessary to know or assume certain facts regarding the action of the 
human voice and ear as well as regarding the characteristics of the 
telephone instruments which are to be employed in such circuits. 

1.1 Voice and Ear.—It is a well established proportion that any 
complex wave in a steady state condition, such as that of a voiced soimd, 
can be analyzed into an infinite number of pure sinusoidal waves of 
different amplitudes. While an infinite number of such waves are 
theoretically required to represent exactly such a complex wave, only a* 
comparatively small number are required to represent the wave to a 
degree of accuracy sufficient for practical engineering purposes. There¬ 
fore, when any syllable is enunciated a very large number of different 
vibrations are set up in the air, each vibration of which adds something to 
the interpretability, pitch and timbre of the syllable. The human voice 
contains important sound vibrations or frequencies ranging from about 
100 or 200 cycles per second to frequencies as high as 8,000 or 10,000 
cycles per second. Any particular sound associated with a syllabic sig¬ 
nificance is made up of a range of frequencies lying somewhere in this 
frequency range. The most important range of frequencies probably lies 
between 250 cycles and 2,500 cycles. 

All discussions and computations, except when noted to the contrary, 
assume that the steady state—as opposed to the transient state—of the 
electrical system has been attained. Since the transient state exists for 
only a very small period, this assumption is permissible in a large per¬ 
centage of all telephonic transmission problems. 

We will now examine in some detail the characteristics of the hiunan 
ear. It is a well-known fact that the ear can hear some sounds more 
easUy than others. A considerable amount of research has been done 
lately in this field by Fletcher, Wegel, and others. Two curves known as 
the threshold of avdibility and the threshold of feeling have been presented 
and discussed by Wegel and Fletcher.* These curves show that if a 

* ** The Physical Examination of Hearing and Binaural Aids for the Deaf/* R, L. 
Wegel, NaHonal Academy ijf Sciencee, July 15, 1922, pp. 155-160. 

**Phy8loal Measurements of Audition/* H. Fletcher, Journal qf the FrankHn 
fiuMhite, S^t., 1923, pp. 289-326. 

The Fraquenoy-Sensiti vity of Normal Ears,** H. Fletcher and R. L. Wegel, Phye^ 
ictd Bmkw Voi. 19, No. 6, pp. 553-565. 
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sound vibration is generated within the audible range of frequency, there 
is a corresponding minimum amplitude of pressure change (usually meas¬ 
ured in dynes per square centimeter change of pressure on the ear) which 
the ear can just hear. As this amplitude of pressure change increases, that 
is, as the sound becomes progressively louder, a maximum amplitude is 
reached at which the ear not only hears but physicallythe sound as a 
prickling sensation or pain. In a similar manner there exists a minimiun 
amplitude and a maximum amplitude of change of pressure on the eai 
for each frequency within the audible frequency range. Between these 
pressure amplitudes the ear can hear. It is customary to call the curve 
defined by the pressure amplitudes of minimum audibility the threshold of 
audibiUiy and that defined by the pressure amplitudes of feeling the 
threshold of feeling. Such ciuves obtained tor the normal ear, as plotted 
by Wegel, are reproduced in Fig. 1. 



Fio. 1. Curves enclosing the auditory sensation area. 

It b seen that throughout the most important part of the voice- 
frequency range the change of pressure range for hearing is from .001 
dyne to 1,000 dynes per square centimeter. 

At 60 cycles the sensation of feeling for strong vibrations can be 
described by the word " flutter.” Thb is more marked at lower frequen¬ 
cies, e. g. 20 cycles, where only a small intensity b necessary in order that 
the vibration be felt and it becomes difficult to dbtingubh between the 
senses of feeling and hearing. A similar condition b approached at very 
hig|t frequencies. 
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For a given frequency of vibration there is, in accordance with Weber** 
Law, a definite minimum increment of loudness which the average ear 
can detect. Knudsen finds that this minimum increment of the average 
normal ear is practically constant between 100 and 4,000 cycles. About 
\ 270 of these loudness increments exist between the audibility limits of 
the normal ear at 1,000 cycles. Similarly there is a definite minimum 
increment of frequency which the normal ear can detect. For example, 
Fletcher finds that the number of tones that are perceivable of being 
different in pitch along a 10 dyne amplitude pressure line of loudness is 
about 1,300. Therefore, it appears that the audibility area bounded by 
the two threshold curves can be divided up into small elementary squares, 
all points of which in any one square represent the same sound to the ear, 
although every point in it is different from every other in pitch or loudness 
or in both. On this basis of reasoning it has been estimated that there are 
about 300,000 such squares and therefore that the ear can detect 300,000 
pure tones differing in pitch and loudness. The number of complex tones 
appearing different to the ear is probably far greater than thb. 

In determining the relative importance of the various frequencies in 
the human voice, and for similar investigations, a very high quality tele¬ 
phone system is employed. Over such a system one can hear as well as 
by direct transmission through the air. Such a system is evidently very 
useful in experimental work but since it involves the use of very costly 
apparatus, such as condenser transmitters, amplifiers, equalizers and 
highly damped receivers, it is not practical for use in commercial systems. 
The use of such a system however makes it possible, among other things, 
to determine the relative difficulty of transmitting various sounds. 

Generally speaking it is found that consonants are harder to hear than 
are equally loud vowels. There are, however, a few exceptions to this 
rule. For example, e is one of the most difficult letters to interpret while 
I, r and ng are among the easiest speech sounds to recognize at average 
intensities. Th, f and « are difficult to hear regardless of the intensity 
and 4 iccount for over 50 per cent of all the errors occurring in a com¬ 
mercial telephone system while z, h and * are especially difficult to under¬ 
stand at weak intensities. It b also found that t, ou, er, and'o are missed 
less than 10 per cent of the time even with very weak intensities. 

Investigations have also been made, using the high quality tele¬ 
phone system, to determine the relative importance of different frequency 
bands in the voice-frequency range. Thb was done by inserting high, 
low or band pass filters in the circuit which normally transmitted all 
frequencies occurring in the human voice, thereby causing the received 
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speech to be maae up of a limited range of frequencies. There are two 
important facts that are brought out by this method of analysis. One 
is that the lower frequences of speech furnish the greater part of the 
acoustic energy and the other is that the higher frequencies furnish the 
greater part of the ariiculaiion —a term that is practically synonymous 
with interpretability. It is found that the average energy of syllabic 
speech is reduced by 60 per cent when frequencies below 500 cycles are 
eliminated while the articulation is reduced by only 2 per cent. As a 
converse example, eliminating all frequencies above 1,500 cycles reduces 
the energy by about 10 per cent while the articulation is reduced by 35 
per cent. It is also interesting to observe that syllabic articulation is 
reduced by the same amount—about 15 per cent—when frequencies 
either above 3,000 cycles or below 1,000 cycles are eliminated. Curves, 
obtained by Fletcher, showing the energy and articulation of syllabic 
speech, are reproduced in Fig. 2. 



Fio. 2. j^eet upon the articulation and the energy of speech due to the elimination 

of certain frequency regions. 

These curves were obtmned by inserting low pass filters (indicated by 
L.P.) or high pass filters (indicated by H.P.) in the high quality system 
previouslj^ferred to.' For example the point (2,000, 40) indicates that 
when a high pass filter was inserted, the cut'-off of which was i2,000 cycles, 
the articulation was 40 per cent. Hie point (600, 60) indicates that 
when a low pass filtmr, ^e cut>off faequent^ of which was 600 cydes, 
was inserted, 60 per cent of the total voice energy remuned. 
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L, i, and i can be transmitted with an error of less than 3 per cent 
by transmitting approximately half of the voice range of frequencies. 
On the other hand, the short vowels u, o and e have important charac¬ 
teristics carried by frequencies below 1,000 cycles. If this frequency 
range is eliminated, 20 per cent error or 80 per cent articulation occurs 
for these sounds while removing frequencies above 2,000 cycles causes 
practically no errc^. The fricative consonants «, z and th need for com¬ 
plete enunciation frequencies above 5,000 cycles. If these higher fre¬ 
quencies are eliminated, the effect is noticeable although all frequencies 
below 1,500 cycles can be removed without effect. 

For a given telephone system, assuming the speech is clearly enunci¬ 
ated into the transmitter, there is a definite intensity or loudness in 
the received speech which gives maximum intelligibility—any decrease or 
increase of intensity resulting in a decrease in intelligibility. The de¬ 
crease which is produced by a large increase of intensity is partially 
due to the fact that the response of the ear deviates more and more from 
the condition of being proportional to the sound stimulus striking it. 
However the optimum intensity increases as extraneous noise is intro¬ 
duced into the system in increasing amounts. 

Heretofore, 800 cycles has been considered the best representative 
single frequency of the voice and a large number of computations of tele¬ 
phone engineering problems have been made at this frequency. In the 
light.of recent investigations, however, it appears that if a single frequency 
is to be used, computations on commercial telephone systems will more 
nearly check with the results of voice tests if a single sinusoidal frequency 
of 1,000 or 1,100 cycles is assumed. It is evident, however, that inasmuch 
as intelligible speech cannot be transmitted by means of any single 
sinusoidal wave it b necessary, if a high degree of accuracy is desired, to 
make computations at several different frequencies and weight the results 
in accordance with their observed importance in contributing to the 
transmission of intelligence. 

1.2 Telephone Instruments. 

1.21 Transmitters.—In circuit analysis and design it b frequently 
necessary to make certain assumptions regarding the characteristics of 
the instruments used for converting sound power into electrical power 
and vice versa. In the case of the transmitter it b ordinarily assumed 
that the instrument acts as an a-c. generator provided ar^iven amount of 
direct current flows through it or a given magnetic flux exbts—if the 
instrument b of the magnetic type. It b, furthermore,' assumed that 



6 


TELEPHONE TRANSMISSION CIRCUITS [Chap. I 


for a definite agitation of the transmitter there will be effectively a 
definite internally generated electromotive force acting in series with 
the impedance of the transmitter. In other words, for practically all 
circuit problems a transmitter can be regarded as a source of constant e.m.f. 
acting in series with the impedance, Z^, of the transmitter. This e.m.f. 
moreover is not affected by changing the manner of supplying the direct 
current—provided, of course, that the latter is kept constant. These 
statements appear to be justified by a considerable amount of both 
theoretical and experimental investigation. 

One of the important characteristics of the carbon button type of 
transmitter—the type in common use—is its impedance characteristic. 
It has been found that this is practically pure resistance (i.e., it has no 
reactance). Investigation has furthermore shown that the effective 
resistance of a transmitter is not, in general, equal to its talking resistance — 
as measured by a d-c. voltmeter and ammeter. The effective or a-c. 
resistance, R, of any device is defined as the ratio of the power absorbed by 
the device to the square of the current flowing through it. It is frequently 
assumed that the alternating-current or effective resistance of a carbon 
button transmitter is approximately 80 per cent of its apparent talking 
resistance—a figure which holds closely for a considerable number of 
typical cases. Although the effective resistance of a transmitter varies 
with the direct current flowing through it and with the amouiit of agita¬ 
tion, it is, however, essentially independent of the a-c. load to which the 
transmitter may be connected. In certain types of transmission problems 
it is frequently necessary to determine the variation in the transmitter 
resistance with the change of direct current, but in such cases it is usually 
assumed that the transmitter is subjected to a definite amount of 
agitation. 

A fairly accurate method of measuring the effective resistance of a 
carbon button transmitter is by means of a circuit which makes it possible 
to determine when the voltage across a known resistance, to which the 
transmitter is connected, is one-half of the e.m.f. generated by the trans¬ 
mitter on open circuit. A simplified sketch of this circuit is shown in 
Fig. 3. The operation of this circuit is as follows. With the transmitter 
agitated by the voice or some other suitable source of energy, with the 
resistance R made infinite and with the voltmeter V across the terminals 
A-C, one-half of the total e.m.f. E generated by the transmitter is evi¬ 
dently ineasiured by the voltmeter. This is, of course, on the assumption 
that the impedance of the retardation coil, as well as that of the two 5,000 
ohm resistances, is very large in comparison with the transmitter resistance 
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and that the 2 mf. condenser is of sufficiently large capacity so that its 
impedance is negligibly small. Then, with the voltmeter connected 
across the terminals B-C, B is varied until the voltmeter reads the same 
as in the preceding case. The corresponding value of R will evidently be 
equal to the a-c. resistance of the transmitter—on the assumption 
previously made that the carbon button transmitter can be regarded as 



a source of constant e.m.f. E acting through the a-c. resistance of the 
transmitter. 

1.22 Receivers .—An ideal telephone receiver would, at any frequency, 
convert into sound all the electrical power which it absorbs. In the non¬ 
vibrating or damped condition the impedance of the ideal receiver would 
be pure inductive or pure capacitative reactance. This condition would 
also hold for the ideal receiver if vibrating in a vacuum.* 

Actual receivers do not, of course, convert into sound all of the power 
absorbed by them. The efficiency of receivers also varies to some extent 
with the amount of electrical power put into them. However, for most 
practical purposes it is safe to assume that the efficiency of the receiver 
is more or less independent of the electrical power absorbed, and that 
for maximum electrical power absorbed maximum sound output is 
produced. 

Present types of permanent magnet receivers have considerable 
reactance, and the phase angle of their damped impedance is approaching, 
fairly closely, /90®. As an example of this it is interesting to note that 
the hand receiver which was commonly employed in subscribers^ stations 
until about 1912 has a damped impedance whose phase angle is approxi¬ 
mately /^. The receiver which at present is standard in substation 

• For a complete discussion of the theory of the telephone receiver, see “ Electrical 
Vibration Instruments,^' by A. E. Kennelly, and “Theory of Magneto-Mechanical Sys¬ 
tems as Applied to Telephone Receivers and Similar Structures," by R. L. Wegel, 
Journal A. I. E. E.. Vol. 40, Oct., 1921, pp. 791-802. For a more condensed discussion, 
see Chapter II of “ Radio Communication " by J. Mills. 
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sets has an impedance whose phase angle is roughly /50®, while the 
present standard type of operators* receiver has an impedance whose 
phase angle is more nearly /60®. Electromagnet receivers, or receivers 
which have no permanent magnet in them, have a still higher phase 
angle, which often approximates /70®. As will be seen later, this high 
phase angle makes it extremely difficult to get the maximum possible 
power into the receiver, except over a small range of frequencies. 

An assumption frequently made in receiver design is that the absolute 
magnitude of the impedance of the receiver may be varied over wide 
limits, by varying the number of turns in its winding, without affecting 
the phase angle. This result can be accomplished very closely provided 
the receiver is wound with the proper number of turns—always keeping 
the winding volume or cross-section the same. This is equivalent to 
assuming that the receiver impedance can be varied in exactly the same 
way as could be done if it were associated with an ideal transformer of 
the desired impedance ratio. This assumption fails to be justified only 
where very small gauges of wire (such as No. 39 or No. 40 A.W.G.) 
are employed, in which case the ratio of copper to that of insulation 
becomes so small that the d-c. and hence the effective resistance of the 
receiver goes up faster, relatively, than does its inductance, thereby re¬ 
sulting in a decreased phase angle. 
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MEASURES OF TELEPHONIC EFFICIENCIES 

2.0 In any telephone system there are two factors which determine 
the intelligibility of the system—or its capability for transmitting the 
meaning of the connected and organized speech sounds of conversation. 
These factors are (1) the volume or acoustic power transmitted over the 
system and (2) the quality or the faithfulness of reproduction of the 
speech sounds. In order then to determine quantitatively how any 
system compares with any other system, it is necessary to have quantita¬ 
tive means for expressing (1) the volume efficiency of the system and (2) 
its articulation efficiency. 

2.1 Volume Efficiency.—Largely on account of the radical differ¬ 
ences, which evidently exist between the problems and requirements 
of power and telephonic transmission, the same terms used for each 
field have grown to have different meanings. In telephone work 
volume efficiency is usually expressed as a loss below or as a gain 
above some standard condition and as a result the terms efficiency and 
loss—or gain—have essentially the same meaning. 

Three different units have been used to express telephonic volume 
efficiencies: (1) the natural attenuation unit, also designated as a napier 
or as a hyp; (2) the mile of standard cable or simply a mile, and (3) the 
so-called transmission unit or TU. Although these three types of units 
are defined in radically different ways it will be noted from what follows 
that, in the last analysis, each is sipaply a logarithmic measure of the 
ratio of one power to another and consequently that the units differ from 
each other, basically, only in magnitude. The desirability of employing 
logarithmic units is based on Weber’s Law, which states essentially that 
any two sounds of different loudness but of the same nature can just be 
distinguished as different from each other provided the intensity of one 
sound bears a certain ratio to the intensity of the other. 

2.11 The Nahiral Attenuation Unit, Napier or Hyp.—Since any 
change of current can always be expressed in exponential form, perhaps 
one of the most obvious measures of a current ratio is the exponent to 
which the natural base e has to be raised to give this ratio, thus 

= or e=log.^ 

i2 


(1) 
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where I\ is the value of the current nearer the source of e.m.f. and h is 
the value of the current more remote. Each of these currents is assumed 
tolbe flowing into the same or equal impedances. In the above equation, 
0 will in general be a complex quantity—of the form a + j/3. As a rule, 
however, we are only interested in the real part of 0, since this is the 
portion of 0 which determines the relative magnitude of the two currents 
7i and 1%. For example, from the relation given in equation (37) of 
Appendix B 





= I «“+•»» I = 


h 

h 


or 


Na. = a - log. 


h 

I2 


— 2.3026 logio 


h 

h 


( 2 ) 


where the vertical bars are used to signify the absolute or scalar magnitude 
of the quantities they enclose and the three parallel bars (=) are used to 
signify equals by definition. In other words, Na is stated to be equal 
to O', and is the number of attenuation units corresponding to the given 
current ratio. The value of a in (2) is then a measure of the ratio of the 
absolute values of two currents—provided they flow into the same or 
equal impedances—and is expressed directly in nafiers or hyps. 

If Wi and W 2 represent the corresponding powers produced by the 
flow of Ii and 1 2 into the same resistances, it is apparent that equation 
(2) may be written 

Na = 1.151 logio (3) 

Ir 2 


2.12 The Mile of Standard Cable.—Largely on account of the incon¬ 
venient size of the napier, another unit has been used quite gen<i^ally in 
the past, whose size is a great deal more convenient in the handling of 
most telephone transmission problems. The name of this unit, which 
is known as a mUe of standard cable, or simply a mile, is also fairly sig¬ 
nificant since the number of miles or the distance over which a person 
can talk with satisfactory volume is, when other things are equal, a 
logical measme of the eflBciency of any communication system. 

In order that we may obtain a clearer idea of what is meant by the 
loss of a mile of standard cable, it is first necessary to get a more concrete 
picture of the definition of standard cable and a knowledge of its propaga¬ 
tion characteristics. Standard cable is defined as a cable having uniformly 
distributed resistance of 88 ohms per loop mile and uniformly distributed 
shunt capacitance of .054 microfarad per mile. Its series inductance and 
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shunt leakance are assumed to be zero.* The mile of standard cable is 
based upon the constant percentage decrease in current (or in power) 
per mile which takes place when an e.m.f. of any frequency, such as / 
cycles (/ = co/27r = 5,000/27r), is impressed at one end of an infinite length 
of such a cable. From the definition of the term prapagatim constant, P 
(see Sect. 11.11), the ratio of currents, at any two points separated by 
Dailes of standard cable, in an infinite length of such a structure, is 


or 


h 


h 

h 


£"*^M.8.C. 


(4) 


where is the current at the point more remote from the source of e.m.f. 
and where the vertical bars are, as before, used to indicate the absolute 
magnitude of the quantity enclosed thereby. A is the real portion 
of the propagation constant or—in the case of a symmetrical structure— 
is the attenuation constant and at 796.4 cycles (co = 5,000) its value for 
standard cable may be shown—from formula (29) of Chapter XII—to 
be equal to .109 napier. From the above, we then have 


or 


.109 X iVM.8.C. 


log. 


h 

h 


N 


M.S.C. “ 


2.3026, 


h 

h\ 


21.13 logio 


h 

li 


(5) 


This last expression gives us then the number of miles of standard cable 
(^M.8.c.) corresponding to any ratio of currents, provided the latter 
flow into equal Impedances. Comparing this expression with that given 
in (2) it is seen that the unit known as a mile of standard cable is only 
about 1/10 of the size of the napier. 

If Wi and Wi represent the corresponding powers, we evidently have 


N. 


10.56 logic 


E}\ 

Wt\ 


( 6 ) 


Consequently, if we have two conditions, in which the ratio of the received 
powers is WifW^, equation (6) gives the corresponding number of miles 
gain or loss—depending upon whether Wi is greater or less than — 

* In England it has been customary to assu^ue an inductance of .001 henry per 
loop mile—^which assumption reduces the attenuation constant of the cable by approxi¬ 
mately 3 per cent. 
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caused by the change from one condition to the other. The relative size 
of the mile of standard cable and the various other units is given in 
Table II. It may be shown from the above formulae, that for small 
changes, each per cent decrease in current corresponds to a loss of approxi¬ 
mately .1 mile of standard cable so that a 10 per cent change in current, 
for example, corresponds to approximately one mile of standard cable. 

2.13 New Telephone Transmission Unit (TU).—Due to the objec¬ 
tion that the attenuation constant of standard cable varies with frequency 
and also to the fact that the use of a frequency of 796.4 cycles (co = 5,000) 
is not Yiniversally agreed upon, there has recently been adopted a new 
transmission unit which (1) does not vary with frequency, (2) is of a 
convenient size or magnitude—avoiding one of the chief objections to 
the napier or natural attenuation unit—and (3) has a simple physical 
* significance so that its eventual universal adoption would appear probable. 

This new transmission unit (referred to for the sake of convenience as 
a TU) is defined by the relation 

= 10 logic (IV,IW^) (7) 

in which iV^u is the number of TU by which any two powers Wi and IV 2 
are said to differ. 

The relation between the TU and various power ratios is shown in 
Table I. 

TABLE I 


No. of Units, 

Approximate 

Exact Power 

Ntxj 

Power Ratio 

Ratio 

3 

2 

1.995 

4 

2.5 

2.512 

6 

4 

3.981 

7 

5 

.5.012 

9 

8 

7.943 

10 

10 

10.000 


The relative sizes of the various transmission units which are in use 
are given in Table II. 

TABLE II 


Relations Between Various Types op Transmission Units 


Multiply 

by 

to obtain 

miles 

0.947 

TU 

miles 

0.109 

napiers 

napiers 

9.176 

miles 

napiers 

8.686 

TU 

TU 

1.066 

miles 

TU 

0.115 

napiers 

2.2 Articulation Efficiency.- 

-It is 

( 

evidently of no use to have a 

telephone system over which a 

large 

volume of sound can readily be 
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transmitted unless at the same time the quality of the sound transmitted 
is also up to a certain grade. It is of course equally undesirable to have 
a system in which the quality of reproduction is very high but in which 
the volume of sound transmitted is so low as to be unintelligible. In 
other words, in order to have a satisfactory system for the transmission 
of intelligence we must have one which reproduces the initial sound 
waves with a sufficiently loud volume and at the same time one that 
reproduces them with a high degree of faithfulness. 

The ability of a telephone system to transmit the meaning of con¬ 
nected and organized speech sounds is called the intelligibility of the 
system and is measured by the percentage .of total ideas which are 
successfully conveyed. It is evident that the intelligibility of a system 
varies with the volume efficiency, the frequency distortion, and room 
or line noise. It is, moreover, a difficult quantity to measure quantita¬ 
tively and consequently the intelligibility of a system is obtained in¬ 
directly by means of what are called articulation tests. The articulation 
of a system is the capability of the system for transmitting detached 
speech sounds and is measured by the percentage of total sounds spoken 
which are correctly received. In articulation tests, speech sounds are 
grouped into meaningless monosyllables. Lists of these monosyllables 
are then read aloud and listeners over the system under test write what 
sounds they think were spoken. In special high quality systems which 
have been constructed for laboratory investigations (which systems are 
highly efficient over a frequency range from 80 to 8,000 cycles) it is 
possible to obtain an articulation of as high as 98 per cent. 

Although articulation tests were proposed in 1910, by Campbell,* it 
is only within the last five years or so that the technique of making 
articulation tests Ims been sufficiently well perfected so that the results 
obtained can be regarded as reliable. To-day, when any new piece of 
telephone transmission apparatus is developed, it is customary to make 
both articulation and volume tests on it and to determine the suitability 
of the newly developed apparatus by a proper weighting of the results of 
these tests. 

* “Telephonic Intelligibility," G. A. Campbell, Philosophical Magazine and Journal 
of Science, Vol. 19 (1910), pp. 152-159. 



CHAPTER III 

CIRCUITS INVOLVING SIMPLY TRANSMITTERS AND RECEIVER 


3.0 The simplest telephone circuit which we can form consists of a 
transmitter directly connected to a receiver. Such a circuit will evi¬ 
dently permit conversation in one direction only. Let us consider such 
a circuit and determine how it should be designed in order to attain the 
maximum possible efficiency. 

3.1 Simple One-Way Transmission—Negligible Length of Line. 
—Assuming such a circuit as is shown in Fig. 1 and keeping in mind 



Fia. 1. Simple series circuit, with transmitter directly connected to receiver. 


the assumptions which have previously been made regarding the charac¬ 
teristics of a transmitter, it is evident that the alternating cui -ent flowing 
in the receiver of the circuit is 


^ ^ _ E _ 

Zt + Zr {Rt + jXr) + {Rr + J-^b) 


( 1 ) 


where Rt and Xt are respectively the effective resistance and reactance 
components of the transmitter impedance Zt, and Rr and Xr are the 
corresponding components of the receiver impedance Zr. 

The power W expended in the receiver—which it is desired to make a 
maximum—is, by definition of the term effective resistance, the square of 
the current multiplied by the effective resistance of the receiver, or 




Rt + jXt Hr Rr “H JXr 


__■ B?Rr _ -n. 

{Rt -H Rb)* -h (Xr + X«)» ^ 


If it is assumed that the direct current flowing through the transmitter 
is fixed by other considerations, the simplest way to improve the 
efficiency of such a circuit, as is shown in Fig. 1, is by changing the number 
of turns in the receiver winding. According to the assumptions previously 
discussed in Sect. 1.22 such a change will affect only the modulus (i.e 
absolute magnitude) of the impedance of the receiver and not its phase 
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angle. In other words Zr ^ Rr + JKRr = Rr(X + jK) where TiT is a 
constant but Rr ot \Zr\^ is a variable. Putting the value of KRr for 
Xr in equation (2), we get 

{Rt + Rr? + (Zr + KRrY 

Differentiating this expression with respect to Rr, it is found that the 
power W in the receiver is a maximum when 

ylRj^ -f- Xt^ = Rr^I “t* or | Zt | = | Zr | (4) 

In other words the absolute magnitude of the receiver impedance must 
be made equal to that of the transmitter. Under these conditions, the 
power in the receiver becomes 

=- --- (5) 

2[Rr + KXt + V(Rr" + Zr^)(l + A^)] 

Suppose now that the receiver impedance is variable in phase as well 
as in magnitude. Such an effect can evidently be accomplished, for any 
given frequency, by first winding the receiver to the proper absolute 
impedance, and by then inserting a reactance, such as a condenser or 
inductance, of suitable value, in series wijth the receiver until the desired 
phase angle is obtained. 

In other words, assume that both the effective resistance Rr and the 
effective reactance Xr o( the receiver are variable and that the problem 
is, as before, to find what impedance the receiver should have in order 
that it may absorb the maximum possible power from the transmitter. 

If, in equation (2), W is differentiated with respect to Rr, the power W 
is found to be a maximum when 

Rr^ = Rt^ + (Xt + Xr)^ (6) 

Similarly, differentiating with respect to Xr, it is found that the 
power IF is a maximum when 

Xr = — Xt (7), 

Solving equations (6) and (7) simultaneously, the power W in the 
receiver is found to be an absolute maximum when both 

Rr = Rt and Xr = — Xt (8) 

Putting the values of (8) in equation (2) we get 

^ (9) 


* Vertical bars are employed throughout to indicate the modulus or the absolute 
(scalar) magnitude of the complex quantity enclosed thereby. 
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Therefore^ the maximum amount of power which it is possible for a re- 
ceiving device to absorb from a source having an electromotive force E, and an 
effective resistance Rt, is the square of the electromotive force {E?) divided by 
four times the effective resistance (4Rr), <ind is obtained when the impedances 
of the source and the receiver are conjugates."*^ 

By comparing (5) and (9) it is seen that it is practically always possible 
to draw more power into the receiver when both the effective resistance 
Rr and the reactance Xr ol the receiver are variable, than it is when 
only the absolute magnitude of the receiver impedance is variable. If, 
however, the phase angle of the receiver impedance is the negative of 
that of the transmitter, equations (5) and (9) become identical, and the 
absolute maximum power is drawn from the transmitter in either case. 

3.2 Simple Two-Way Transmission—Series Circuit.—In practically 
all commercial circuits it is, of course, necessary to provide means for 
communication in both directions. This evidently involves a transmitter 
and receiver at each end of the circuit. The simplest possible form of 
such a circuit is when the four instruments are all connected in series, 
as is shown in Fig. 2. 


C=^ 


■vWV\A- 

Ul + 


/<r = Hr + j\ r 


/» » F- j\a 


i 


/r /{r 4-y.Vr 
.if=o /.H - n,. 4 y iKli.. 


Fig. 2. Simple series circuit for two-way transmission. 


Assume a circuit, such as that of Fig. 2, in which the line is short so 
that its shunt capacity is negligible but that the line has, nevertheless, a 
series resistance of Rl ohms which cannot be neglected. Assume, further¬ 
more, that the transmitter impedance is pure resistance (as it would be 
in the case of a carbon button transmitter) or in other words that Xr = 0, 
that the phase angle of the receivers is constant—i.e., that the ratio K of 
the reactance of the receivers to that of their effective resistance is 
constant, and that the problem to be solved is to find the impedance to 
which the receivers should be wound in order that the maximum com¬ 
bined transmitting and receiving eflSciency may be obtained in the above 
circuit. 

*One impedance is said to be the conjugate of another impedance when their 
effective resistances are equal and their reactances are equal in magnitude but are 
opposite in sign. 
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Assuming an a-c. electromotive force E acting in one transmitter, 
the current flowing through the distant receiver is evidently 


Ih 


E 


E 


2{Zt + Zr) + Rl 2(Rt + Rr + JKRr) + Rl 
The a-c. power absorbed in the receiver will be 

E? 


= = 


+ Rr + JKRr) -j- Rl]* 


Rr 


( 10 ) 


( 11 ) 


Since the absolute magnitude of any complex quantity is equal to the square 
root of the sum of the squares of its real and imaginary components, it is 
evident that 


W = 


__ 

(2Rr + 2Rr + Rl)* + (2RR«)* 


( 12 ) 


Assuming Rr to be the variable, it is found, by differentiation of the 
above expression, that the received power W is a maximum when 

Rr Vi R* = Rt ~ or \Zr\= Rt + ^ (13) 


This equation states as the condition for maximum voice-frequency efBci- 
ency that the absolute value of the impedance of each receiver should be 
made equal to the resistance of either transmitter plus one-half the re¬ 
sistance of the line. For example, if the value of the effective resistance 
Rt of the transmitter is taken as 40 ohms and if the line resistance Rl 
is assumed to be 100 ohms, the impedance of each receiver should be 
40 + 100/2 = 90 ohms absolute value—irrespective of the phase angle 
of the receiver. In the above equation it should, of course, be kept in 
mind that Rt is simply the effective resistance of the transmitter and that 
in some cases, as stated in Sect. 1.21, this may not be more than three- 
fourths of its d-c. resistance. 

It is evident from the above that, if the line resistance Rl were zero, 
the absolute impedance of each receiver \Zr\ should be made equal to 
the resistance Rt of either transmitter. On the other hand, if the 
resistance Rl of the line is large, as compared to the resistance Rt of the 
transmitters, then the absolute value of the receiver impedance \Zr\ 
should be approximately equal to one-half the resistance of the line. 

By combining equations (12) and (13) 


4(2Rj’ Rl)( 1 “1“ Vl "k R*) 


( 14 ) 
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which is the power obtained in each receiver provided the receivers are 
wound to such an impedance as will give maximum circuit efficiency. ' 
The square root of the ratio of equations (12) and (14) is 


r 


4RH(2Rr + RlKI + Vl + A") 
\ (2Rt + 2R]i + Rl)^ + (2KRb)^ 


(15) 


This expression gives the value of the current ratio (hjli) corresponding 
to the number of attenuation units, miles of standard cable, or TU, by 
which the efficiency of the circuit indicated in Fig. 2 could be improved, 
provided the receiver impedance is given the best possible value—as 
indicated by equation (13). The conversion of this current ratio into 
any of the various transmission units may be made by means of the 
formulae given in Chapter II. 

As an example of the use of the above formula consider a circuit having 
the following constants at 800 cycles: 

Rt ~ 40 = 0 

Ri = 100 Xl = 0 

Rfl = 20 ‘ K = 1.73 

From the assumed values of Rr and K the reeeiver impedance is 
found to be 40 /60° ohms or, in other words, equal in absolute value to 
the transmitter resistance Rt- It has already been found, ho>vever, from 
(13) that, with a transmitter resistance of 40 ohms and with a line re¬ 
sistance of 100 ohms, the circuit would have the greatest possible voice- 
frequency efficiency with a receiver impedance of 90 /60 ° ohms. 

In order, then, to see how much voice-frequency loss has been incurred 
by winding the receiver to an impedance of 40 /60° ohms, instead of to 
the ideal value of 90/60° ohms, it is only necessary to put the assumed 
data in equation (15) and find the corresponding value of r. This value 
of r is found to be .901, which corresponds to .104 napier, to .96 mile of 
standard cable or to .91 TU. Consequently, by winding the receiver 
with finer wire—keeping the spools full—to an impedance of 90 /60° 
ohms, the voice-frequency transmission efficiency of the circuit would be 
improved by approximately one mile of standard cable. 

In order to get the actual difference in transmission efficiency under the 
above conditions it would, in this particular case, be necessary to consider 
the difference in the d-c. or current supply losses for the two conditions. 
By increasing the impedance of the receiver, as indicated, the a-c. 
efficiency of the circuit would be increased by .104 napier but, at the 
same time, the increased d-c. resistance of the receivers and the con- 
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sequent reduction in the amount of direct current flowing through the 
transmitters—provided the latter were supplied, as is indicated in Fig. 2, 
by a battery of voltage Ei in series with the instruments—would reduce 
the amount of a-c. power given out by the transmitters. In a similar 
way, if electromagnet receivers were employed, the reduced amount of 
direct current flowing through them might also cut down their inherent 
efficiency, that is, their ability to convert electrical power into sound 
power. Consequently, in any such circuit it is always necessary to 
consider the algebraic sum of the a-c. and the d-c. losses in order to 
determine when the maximum transmission efficiency of the circuit has 
been obtained. 

It has been shown that (12) gives the received power in any simple 
series circuit containing two transmitters and two receivers—the con¬ 
stants of which are known—while (14) gives the received power in such a 
circuit, provided the receivers are wound to the best possible impedance 
for maximum overall a-c. efficiency. In general, however, equation (14) 
does not give the maximum a-c. efficiency that can be obtained. 

As has been pointed out in the case of the simple series circuit, in 
which the transmitter was directly connected to the receiver, the absolute 
maximum efficiency of such a circuit requires that the reactance of the 
receiver be annulled {Xr — — Xt)- This can be done, of course, at any 
frequency by simply inserting a condenser of the proper capacity in series 
with the receiver—on the assumption that the difficulties due to battery 
supply are to be neglected. It also requires that the effective resistance 
of the receiver be made equal to that of the transmitter and, finally, that 
the effective resistances of the transmitters and receivers be made so 
large that the series resistance introduced by the line is negligible in com¬ 
parison with them. In such a case K and Rl in equation (14) are zero 
and the received power is 

By comparing (16) with (9) it is seen that the power received, in the case 
where both a transmitter and a receiver are used at each end of the circuit, 
is only one-fourth of that obtained in the receiver in the case where there 
was simply one transmitter operating directly into a receiver. Conser 
quently, it may be stated as a general proposition that in any ideal invari¬ 
able circuit* in which two-way transmission is required, the power received 
will he only one-fourth of that which would exist in a similar circuit in which 
* A circuit is said to be invariable when it is electrically identical in both its receiving 
and transmitting conditions. See Chapter X. 
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only one instrument is used at each end of the circuit. This power ratio 
of one-fourth corresponds to .693 napier or to approximately 6.4 miles of 
standard cable, 

3.3 Simple Two-Way Transmission—Parallel Circuit.—Although 
the series type of circuit is, so far as is known, the only type of local or 
interphone circuit in extensive use, there are, under certain conditions, 
material advantages, from a transmission standpoint, in using a parallel 
type of circuit, such as is shown in Fig. 3. It takes only very rough 


Hl + jO 



computations of the eflBciency of the ordinary series type of circuit to 
show conclusively that by far the largest losses in such circuits are those 
which have been called battery supply losses. Even with the longest 
interphone circuits (approximately one-half mile of No. 22 A.W.G. wire) 
the voice-frequency loss is, in general, less than one mile. Consequently, 
it is evident that any great improvement in the transmission efficiency of 
such circuits must lie in the direction of improved current supply condi¬ 
tions. Let us first, then, make a comparison of the series type of circuit 
with the parallel circuit from a current supply or direct current point jf 
view. 

Assume in each case a battery of voltage Ei and that the d-(i. re¬ 
sistances dt the receiver, transmitter and line are, respectively, Rr, Rt 
and Rl- The direct current in the transmitters Irg or in the receivers 
Ir^ in the series circuit (Fig. 2) is then 

^ 2iRB + Rt) + Rl 


In the parallel type of circuit the direct current Itp in the transmitters is 

EiR, 


j ^ _ 

^ RlCRji Rt) “I" 2RbRt 
and the direct current 7*^ in the receivers is 

r ^ EiRt 

^ RiiRit “I" Rt) 2RbRt 


(18) 


( 19 ) 
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Taking the ratio of (18) to (17), it is found that the ratio Tt of the direct 
current in the transmitter in the parallel circuit to that flowing in the 
transmitter of the series circuit is 

_ 2Rs(Rjt + Rt) + RrRl -rto') 

Rl(Rs "f* Rt) "t" 2RrRt 

If the line resistance Rl is so small that it can be neglected, equation 
(20) gives 

= 1 + ( 21 ) 

JlCt Ht 

If the line resistance Rt is equal to 2Ri?IRt, equation (20) gives 

rr = 1 (22) 

Hence, for all lines in which the line resistance is smaller than 2Ri?IRt 
there will be more direct current in the transmitters of the parallel 
circuit than in those of the series circuit and, hence, the parallel circuit 
will, for those line conditions, be the more efficient from a current supply 
standpoint. 

For the sake of a specific example, consider the circuits when using 
transmitters the d-c. resistance Rt of each of which is equal to 40 ohms 
and receivers the resistance Rr of each of which is equal to 83 ohms. 
With these assumptions it is found from the relation Rl = 2Rr^IRt 
that the transmitters in the parallel type of circuit would receive more 
direct current than they would in the series type of circuit—provided 
the line resistance Rl did not exceed 345 oIhus, a resistance seldom 
approached in so-called interphone or local telephone circuits. Since, 
as previously stated, the current supply losses are by far the most serious 
in such circuits, the use of a parallel type of circuit for such work would 
appear to be highly advantageous, unless a very low resistance receiver 
(such as one of the electromagnet type) and a very high resistance 
transmitter were used, in which case it is probable that the line resistance 
Rl would be greater than 2Rr^/Rt and the series circuit would be prefer¬ 
able to the parallel circuit. 

By taking the ratio of Ir in equation (19) to that in equation (17), 
it is found that there will be more direct current in the receivers of the 
parallel circuit than in those of the series circuit if Rl < 2ftr*/R«* lo the 
case just considered where Rt = 40 ohms and Rr = 83 ohms, the re¬ 
ceivers would get more direct current in those cases in which the line 
resistance did not exceed about 40 ohms. On the other hand, if trans¬ 
mitters of 500 ohms resistance and receivers of 80 ohms resistance were 
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used, there would be more direct current in the receivers in the parallel 
circuit case for all line resistances up to 6,250 ohms. Hence, the parallel 
type of circuit would appear to have a marked advantage under such 
conditions. 

Considering now the parallel type of circuit from a voice-frequency 
point of view and assuming an a-c. electromotive force E in one trans¬ 
mitter, the a-c. current in the distant receiver can be easily shown to be 


EZfZit 

^Zt + ZbJZl^Zt -|* Zr) 2 ZtZr] 


(23) 


or 

j __ ERt{Rr+3KRr) _ 

* {RT+RR+jKRR)lRi.{RT-VRR^-jKRR)+2RT{RR+jKRR)-} ^ ^ 


in which Zt, Zr, Rr, Ri and Rt now represent the a-c. or voice-frequency 
constants of the various circuit elements. 

Whence the power in the distant receiver is 


_ e:‘Rt^Rr\i + K^) _ 

-1- 2iir)(l — A*) -f- Rt{RlRt + 2Rr\Rl -f 

-j- 4[^Rr^K{Rl + 2Rt) + RrKRt{Rl + Rriy (25) 

By taking the ratio of the power W as given by (25) to that given by 
(12) a power ratio is obtained which gives a measure of the relative a-c. 
efficiencies of any simple parallel and series types of circuits. 

If we assume a negligible line resistance (i.e., Rl = 0), equation (25) 
gives 

nr — _ E^Rr _ 

4CR«»(1 -h K^) -H Rt{Rt + 2R«)] ^ 

By differentiation, it can be shown that the power as given by (26) 
is a maximum when 

Rr = RsVl-f-= (27) 

In other words, with a line of negligible resistance the parallel circuit, 
as well as the series circuit, is most efficient from an a-c. standpoint when 
the absolute impedance of the receiver is equal to that of the transmitter. 



CHAPTER IV 

SIMPLE SERIES CIRCtJIT—ON LONG CONNECTIONS 


4.0 In all circuits previously considered, we have assumed that the 
telephone line was electrically short; that is, that the impedance of the 
receiving apparatus was the controlling factor in determining the amount 
of alternating current which flowed from the transmitting set. In an 
extremely large percentage of all commercial connections and especially 
in all toll or long distance connections, where it is extremely important 
to obtain maximum efficiency, the impedance of the listening or distant 
set has a negligible effect upon the amount of current or power leaving the 
transmitting or near set. The reason for this can be seen by studying 
the formula * for the impedance of an electrically long line, i.e., one having 
a large attenuation constant. Consequently, in the commercial case 
we have a given line impedance Zl to which the subscriber’s set is con¬ 
nected—this impedance being independent, for all practical purposes, 
of the constants of the distant subscriber’s set. The problem, in the 
simple series case—without any induction coil, etc.—can then be easily 
attacked by considering such a circuit as is shown in Fig. 1. 


Zr ~ Rr+ ](> 

A - «* + M'/?* 



Fig. 1. Simple series circuit connected to an electrically long line of impedance Zl. 

In an ideal series circuit of this type—that is, one in which the im¬ 
pedance of the instruments can be varied as desired to give maximum 
combined transmitting and receiving—or overall efficiency—it has already 
been proven that the effective resistance of the transmitter Rt would be 
equal to that of the receiver Rr and that the sum of Rt and Rr would be 
equal to the effective resistance of the line Rl^ Furthermore, the react¬ 
ance of the line would be exactly annulled by that of the receiver, or 

Zl = - KRr 
* See equation (48) in Sect. 11.6. 
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In general, however, we do not have commercially available an 
efficient transmitter whose effective resistance Rt is as large as •Ri/2; 
moreover, it is not usually practicable to vary the reactance of the receiver 
KRr without at the same time varying its effective resistance Rr, The 
actual problem ordinarily confronting us is, having given as fixed the 
values Rl, Xl, Rt and K, to determine for what value of Rr the series 
circuit shown in Fig. 1 is most efficient. 

4.1 Transmitting Efficiency.—If we first consider simply the trans¬ 
mitting efficiency of the circuit, and assume an a-c. electromotive force 
E acting in the transmitter, the current entering the line is 

; ^ 

{Rr -|- Rl + Rt) + jiXh + KRr) 
and the power Wl delivered to the line is 


Wl = 


___ 

{Rr + Rl + RtT + (At + KRrY 


( 2 ) 


With Rr as a variable it is easy to show from (2) that maximum power 
is delivered to the line, and hence, that the set has maximum transmitting 
efficiency when 


Rr 


— {Rl + Rt + XlK) 
1 + A* 


(3) 


Since a negative value of the effective resistance Rr is something 
physically unattainable, (3) means that, if Xl is positive, maximum 
transmitting efficiency is obtained when Rr = 0, this being the nearest 
physical value to a negative quantity that Rr can have. If on the other 
hand At is negative and is of such a magnitude that XlK is grealer—in 
absolute value—than {Rl + Rt), then the value of Rr as given by (3) 
is positive and is physically attainable. Consequently, under these last 
conditions, (3) gives us the value of Rr which will make the set have 
maximum transmitting efficiency. Under all other conditions the re¬ 
ceiver must be omitted {Rr = 0) if the set is to have maximum trans¬ 
mitting efficiency. 

4.2 Receiving Efficiency.—Assume an electromotive force e acting 
in series with the line impedance Rl 4" jAi,. The justification for this 
assumption is given in Chapter VIII. The current in the receiver is then 


Ir = 


_ e _ 

{Rr -H Rl -f- Rt) + }{Xl + KRr) 


(4) 
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and the power dissipated in the receiver is 


Wb== 


__ 

(R« + Rl + Rr)* + + KKrY 


(5) 


Assuming as before that Rr is the variable, it can be shown that the 
power in the receiver is a maximum when 


\Zr\ = <Rr\\ + R*) = >1{Rl+ Rt? + Zl* = I Zi + Zr 1 (6) 


In other words, maodmum receiving efficiency is obtained when the 
absolute value of the impedance of the receiver is made equal to that of the im^ 
pedance to which the receiver terminals are connected. 

4,3 Combined Transmitting and Receiving Efficiency.—The total 
combined transmitting and receiving efficiency of the set will be a 
maximum when the product oIWl and as given by (2) and (5), is a 
maximum. This product is 


WiWr = 


F?^RrRl 

1(Rr + Rl + Rt? + {Xl + KRrTJ 


(7) 


Assuming Rr to be the variable, we find from (7) that maximum over¬ 
all or combined transmitting and receiving efficiency of the set is obtained 
when 


Ra = 


V(Rl + Rr 4“ XlKY + 3(1 + K^)\_{Rl + RtY + Xl^^ 

3(1 + K^) 


Rl+Rt+ XlK 
~ 3(1 + K^) 


( 8 ) 


From (6) and (8) it can be shown, that for typical trunk conditions, 
the impedance to which the receiver of a simple series set should be 
wound in order that the set may have maximum overall or combined 
transmitting and receiving efficiency is not, in general, sufficiently high 
to make the set impedance as high as that of the line impedance. 

From (1) and the corresponding value for the line current in an ideal 
invariable substation circuit (equation (21), Chapter X), we get 


Lt = 21.13 log 


^{Rr + Rl + Rr)* + (A^l + KRrY 


2<2RlRt 

where Lt is the number of miles of standard cable by which the trans¬ 
mitting efiidency of any simple series circuit, of the type shown, is below 
that of an ideal invariable substation circuit. 

In a similar way, we have when receiving 

V(R« +Rl+ Rr)* + (Zi 4- KXl^ 


JjR — 21.13 logi( 


2 V 2 R/ei 27 » 


( 10 ) 
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where Lr is the number of miles (computed for <a = 50(X)) by which the 
receiving efficiency of any simple series circuit is below that of an ideal 
invariable substation circuit. 

If the reactance JITl of the line is zero, (8) reduces to 

P _ {Rl + Rr)C‘'/4 + “0 

~3(1 + K^) 

The product of equations (1) and (4) gives 

"b d" Rt) + HXl + ARb)]* ^ ^ 

Considering simply the absolute value of (12) we have 

\IlXIr\= ^^ (13) 

which is, as previously stated, a criterion of the total or overall efficiency 
of the circuit. The corresponding criterion of the combined transmitting 
and receiving efficiency of the ideal circuit is, as will be proved later 
(equation (23), Chapter X), 

\IlX Ir\= (14) 


I /l X /«I = 


/l X Ir\ = 


SRl^ RjiRq 


The ratio r of (13) to (14) is 


_ SRl^RrRt r\ 

{Rr+ Rl + /Jr? + "(1 l +KRRr 

and is the current ratio corresponding to the number of miies which the 


TABLE I 



Impedance of receiver for max. 
overall efficiency (Eq. (8)) 

Rr 

KRr 

\Zr\ 

e 

mm 

BESI 

0 

277 

247 

320 

/O® 

/60® 

84 

366 

375 

/ir 

0 

428 

428 

/90* 

260 

0 

260 


191 

331 

382 


102 

440 

452 

/77" 

0 

514 

614 

/90* 


Total a-Kj. effi¬ 
ciency of set- 
miles below ideal 
(from Eq. 16) 
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actual circuit is below, in total transmitting and receiving efficiency, that 
of the ideal invariable circuit. 

In order to get a clearer idea of the effect of the reactance of the line 
impedance, there are given in Table I a few numerical cases, computed 
at a frequency of 800 cycles. 

4.4 Summary. 

4.41 Best Impedance for Receiver.—From an inspection of the 
data in the above table it is evident that, for maximum combined 
transmitting and receiving efficiency of a simple series circuit and 
with the constants of apparatus ordinarily employed, the impedance 
of the receiver—and consequently roughly the impedance of the set— 
may lie anywhere between approximately .3 and .6 that of the line 
impedance. If, for example, the line and receiver impedances are both 
pure resistances, maximum efficiency is obtained when Rr = {Rl + Rt)IS 
while, if the line impedance is pure resistance and the receiver impedance 
is pure reactance, the best impedance for the receiver is given by the 
relation Rr = (Rl+ Rt)I^^- In general, the larger the negative re¬ 
actance of the line or the larger the phase angle of the receiver, the 
greater will be the receiver impedance. Since in formula (8) Rr occurs 
only in connection with the effective resistance of the line Rl and since 
in most cases encountered commercially the transmitter resistance Rt 
is negligibly small in comparison with that of the line Rl, it is evident 
that the best value for the receiver impedance will not change appreciably 
with moderate changes in the transmitter resistance. 

Moreover, on the assumption previously made, namely that it is 
possible to vary only the absolute value of the impedance of the receiver 
and not its phase angle, we have shown that the circuit will have maxi¬ 
mum transmitting efficiency when (3) is fulfilled, maximum receiving 
efficiency when (6) is fulfilled, and maximum overall or combined trans¬ 
mitting and receiving efficiency when (8) is satisfied. 

4.42 A-C. Efficiency of Simple Series Circuit.—With a 40 ohm 
transmitter and a receiver having a phase angle of from 45® to 60® and 
an absolute impedance such as to give the circuit maximum overall 
efficiency, the transmitting efficiency of a simple series circuit, when con¬ 
nected to a typical telephone circuit, is approximately seven miles below 
that of an ideal invariable substation circuit. Under the same assump¬ 
tions as made above, the receiving efficiency of a simple series circuit 
will be about two miles better than that of the ideal invariable circuit. 
Consequently, the overall efficiency of such a typical circuit is about five 
miles below that of the ideal invariable circuit. 



CHAPTER V 


KIRCHHOFF’S LAWS AND THE RECIPROCITY THEOREM 

5.0 In solving circuit problems involving either direct or alternating 
currents, use is practically always made of certain fundamental laws or 
principles—the most important of which are called Kirchhoff’s Laws. 

5.1 KirchhofTs Laws.—These laws may be stated as follows: 

(1) The algebraic sum of all the currents flowing toward a junction 
point in any network of conductors is zero. It is to be noted that a 
current Rowing from a point is the algebraic equivalent of a negative 
current flowing toward that point. 

(2) Around any closed path in a network of conductors, the algebraic 
sum of the e.m.f.’s is equal to the algebraic sum of all the potential 
drops. Otherwise stated, the algebraic sum of all potentials around a 
closed path or mesh is zero. 

5.11 Simple Two-Mesh Circuit.—The method of employing these 
laws in the solution of circuit problems may perhaps be best understood 
by considering a simple case such as that shown in Fig. 1. In this circuit. 



Fig. 1. Two-mesh circuit involving three impedances and two e.m.f.’s. 

in which the voltages and currents may be either the d-c. values, the a-c. 
instantaneous, or r.m.s. values, the voltages and currents are assigned 
arbitrary directions. When the directions of the currents have been 
chosen, the first of Kirchhoff’s Laws should then be applied. For ex¬ 
ample, at the point P in the above circuit it has been arbitrarily assumed 
that the current I a is flowing into the junction while the currents I b and 
Ic are flowing away from the junction. We then have 

Ia = Ib+ Ic (1) 

It is then necessary to determine the values of simply two currents, Is 
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and Ic- This is, moreover, a general condition, namely, that after 
applying the first law there will always be as many independent variables 
as there are distinct meshes or loops in the circuit under consideration. 

Considering next the left hand mesh or loop in Fig. 1, and applying 
Kirchhoff’s second law, we get 

E = IaZa + IcZc = (Jb + Ic)Za + IcZc (2) 

Similarly, by considering the right hand mesh or loop, and applying 
Kirchhoff’s second law, we have 

e = IbZb — IcZc (3) 


The negative sign before the last term is required in view of the fact that 
the current /cwas originally drawn as opposing the current 7 b in the 
mesh under consideration. Solving these last two equations simultane¬ 
ously we get 

Y _ EZc + e{ZA + Zc) 

ZaZb~+ZaZc+ZbZc 


EZb — oZa 

ZaZb + ZaZc + ZbZc 


7a = 7b + 7c 


E{Zb "f" Zc) ”1“ ^Zc 
ZaZb + ZaZc + ZbZc 


( 6 ) 


If, for an example, we assume the following impedances and voltage 
values: 

Za = 100 
Zb = 200 /0° 

Zc= 50/^® 

E = 100/0° 
e = 10/^ 

we find that 

7a = .73 /52° 23', 7b = .195 /14° 22', 7c = .588 /64^ 


In solving such problems by means of Kirchhoff’s Laws, it is usually 
easier to apply the first law while designating the currents in the 
various arms. In other words, in Fig. 1 instead of writing 7c for the 
current in the impedance Zc we could have written immediately {I a— Is). 
This procedure reduces the number of unknown currents to only two. 

Referring again to Fig. 1, if we let the electromotive force e be zero, 
the circuit is as shown in Fig. 2 and equations (4), (5) and (6) become 
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respectively 


/c = 


EZc 


ZaZb + ZaZc ZbZc 
EZb 

ZaZb "I" ZaZc + ZbZc 

I = E(Zb + Z c) _ 

ZaZb + ZaZc + ZbZc 


(7) 

( 8 ) 
(9) 



Fia. 2. 



Two-mesh circuit involving three impedances and one e.m.f. 


From these last three equations certain well-known relations are almost 
immediately evident. For instance, the expression for Ia (see equation 
(9)) may also be written 

j ^ E ^ ^ 

y I ZbZc . Zr ( 10 ) 

^ Z b + Z c 


where Zb is the impedance to the right of points 1-2 and consists of the 
impedance Za in series with an impedance ZbZcKZb + Zc). From this 
it is evident that the effective impedance of two impedances in parallel is 
equal to the product of the two parallel impedances divided by their sum. 
This is equivalent to saying that the admittance of the combine,tim is 
equal to the sum of the individual admittances. 

Two other important relations also may be obtained from the above 
equations. By dividing (7) by (9) we have 


1b _ Zc 
IA Zb + Zc 



Similarly, by dividing (8) by (9) we get 


— = 

IA Zb + Zc 


Ic = 


^^{zb+Zc) 


( 11 ) 


( 12 ) 


From (11) and (12), it will be noted that the ratio of the current in either 
parallel arm to the external current I a is entirely independent of the 
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value of the external impedance The relations expressed in these 
two equations will often be found very useful, especially in problems 
where only the ratio of the current at one point to that at another is 
desired. 

5.12 Simple Bridge Circuit.—In order to illustrate more fully the use 
of Kirchhoff’s Laws, we shall consider still another structure (see Fig. 3) 



and solve for the currents in the various arms. This ty|>e of three-mesh 
structure is the generalized form of the well-known Wheatstone bridge. 
From Kirchhoff’s first law we can write the following relations between 


the currents: 

/« = + h (13) 

/6 = /* + U (14) 

h - h = U - h (15) 

From Kirchhoff’s second law we have 

E = /gZ* •+■ IzZz + /4Z4 (16) 

0 = IiZ\ -}- /gZg — ZgZs (17) 

0 = /2Z2 — Z4Z4 — ZgZg ( 18 ) 


Equations (16), (17) and (18) are obtained by considering, respectively, 
the meshes adcfe, ahd and bed. We could,-however, equally well 
have taken any other closed meshes, such as, for instance, the mesh 
abefe or the mesh abed. As far as the solution of the problem is 
concerned, it makes no difference what three independent meshes we 
choose to consider. In general, however, the solution of the simultaneous 
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equations will be made somewhat less complicated by using the arm 
containing the electromotive force only once. Solving the above six 
equations simultaneously (see equations 21, 22 and 23 of Appendix A), 
we obtain the following expressions: 


‘ H 

T _ + Zi) + Zt(Zi + Zs)^ 

* H 

j _ E[_Zi{Zi + Z 2 ) + Zi(Z2 + 

h ^ 

J _ E[^Zt{Zi + Z2) + Z 2 (Z\ + Z3)] 

* H 

T _ E£^Z2Zs — ZiZy] 

‘ H 

J _ E\^Zi{Zi + Z3) + {.Z2 + Zt)(Zi Zs Z^~\ 

‘ H 

in ail of which 


(19) 

( 20 ) 
( 21 ) 
( 22 ) 

(23) 

(24) 


H = {Zi + Z-^^ZtZi + ZiZi) + (Z 3 + Zi){ZiZ2 + Z^Zi) 

+ (Zj + Zi){ZiZi + Z2Z3) + Zi{Z\Zz + Z2Z4) ( 25 ) 

+ Z«(ZiZ2 + Z3Z4) 


It will be seen that from equation (23) we can immediately get the 
condition for zero current in the arm Zb. This is the usual condition of 
balance in case the above circuit is used in an impedance bridge. It is 
obtained by equating the expression for /b to zero (assuming E and // to 
be finite). This gives 

Z2Z3=ZiZ4 or (26) 

Z2 


For reference purposes, there are given in Appendix E formulae, 
derived by KirchhofFs Laws, for various types of commonly used 
circuits. 

5.2 The Reciprocity Theorem.—In any system composed of invari¬ 
able bilateral elements (i.e., in electrical circuits, where the resistance, 
inductance and capacity of each branch does not change with current 
satmration and where devices having unilateral impedances —like vacuum 
tubes or crystals—are not employed) it can be shown* that if any electro- 

* “Electricity and Magnetism,” by C. Maxwell, Vol. I, p. 405. 

“Theory of Variable Dynamical-Electrical Systems,” by H. W. Nichols, Physical 
Review, 1917, Vol. 10, pp. 171-193. 

“Electric Oscillations and Electric Waves,” by G. W. Pierce, Chapter XIII. 
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motive force E is applied in any branch and the current I is measured in any 
other branch, their ratio {frequently called the transfer impedance) E/I is 
equal in magnitude and in phase to the ratio obtained if the positions of E 
and of I are interchanged. This theorem is known as the reciprocity theorem. 
It holds for practically all networks or circuit arrangements encountered 
in telephone practice. 

As an example of this theorem and its use, consider the anti-side-tone 
substation circuit shown in Fig. 9 of Appendix E. It is seen from a 
comparison of formulae (63) and (70) in the appendix referred to that 
with an e.m.f. in Zr, the expression for the current in Zl (equation (63)) 
is exactly the same as it is provided the given e.m.f. is acting in Zl and the 
current in Zt is determined (equation (70)). 

As an illustration of some of the uses which may be made of this 
principle consider an e.m.f. acting in Zt and assume that the condi tion of 
anti-side-tone (i.e., no current in Zr) be fulfilled or that ZlJZn 4= yIZc/ZD- 
Tlien the current in Zl (or in Zn) will be independent of the value of Zr. 
Hence, by the reciprocity principle, with an e.m.f. acting in Zl (or in Zn) 
the current in Zt will also be independent of the value of Zr. Similarly, 
by assuming an e.m.f. acting in Zr the current in Zl (or in Zn) will not 
be affected by the value of Zt —provided, as before, the condition for no 
side-tone is fulfilled. Hence, by the reciprocity theorem, with an e.m.f. 
acting in Zl (or Zn) the current in Zr will not be affected by the value 
of Zt- This last statement means that the receiving efficiency (measured 
by the value of Ir with an e.m.f. acting in Zl) of any substation circuit that 
is actually anti-side4one is not affected by changes in the resistance of the 
transmitter. This is in marked contrast with other forms of substation 
circuits where effects on the receiving efficiency, due to variations in the 
transmitter resistance, are quite marked. 

By similar methods of reasoning it can be shown that if the second 
conjugacy condition ordinarily existing in anti-side-tone or repeater 
circuits is fulfilled, namely, that an e.m.f. acting in Zl (or Zn) produces 
no current in Zn (or Zl) —this condition holding approximately when 
ZcdIZa 4= Zr/Zt —the value of the current II (or In) produced by an 
e.m.f. acting either in Zt or Zr will be independent of the value of Zn 
(or Zl). 

From the preceding, it is seen that the reciprocity theorem is a very 
important principle, which when taken in conjunction with certain 
circuit conditions—such as the qonjugacy conditions referred to above— 
frequently makes it possible to analyze circuit conditions much more 
clearly and readily than could otherwise be done. 



CHAPTER VI 

CHARACTERISTICS OF IDEAL TRANSFORMERS 

6.0 If we have telephone instruments of fixed impedances and a 
circuit of known a-c. constants, a problem which is frequently of great 
practical importance to communication engineers is, how can these 
elements best be associated with a transformer so as to obtain the maxi¬ 
mum transmitting and receiving efficiency. As we shall see later, under 
the heading Thtoenin'a Theorem, a similar problem arises when we are per¬ 
mitted to enter a telephone circuit at any point and ar^ called upon to 
determine what improvement can be made in the telephone circuit by 
inserting some sort of apparatus at that point. In either of the above 
cases, a partial answer usually is to insert an induction coil or transformer 
in the circuit. Consequently, a problem of extreme interest in telephone 
transmission work is to consider what are the characteristics of ideal 
transformers and how do actual transformers compare with ideal trans¬ 
formers in eflBciency. 

Since a transformer may be defined as any structure with two or more 
windings between which there exists mrdval impedance, it is important 
first to define what is meant by muliud impedance. As it is ordinarily 
used in telephone work we may define the mvtml impedance between one 
pair of terminals and a second pair of terminals as the vector ratio of the electro¬ 
motive force produced between either pair of terminals, on open circuit, to the 
current flowing between the other pair of terminals. In view of the fact that 
the mutual impedance is a vector ratio, it may have either of two signs 
depending upon the assumed directions of the input current and the out¬ 
put voltage. The sign of the mutual impedance is, in general, identified 
by its effect in increasing (aiding) or in decreasing (opposing) the vectoi 
impedance of the meshes in which it exists. Examples illustrating the 
method of handling mutual impedance in simple series or parallel meshes 
are given in Sects. 6.1 and 6.2. 

6.1 Impedance of Two Windings in a Series Aiding or Opposing 
Connection.—With the above definition of mutual impedance in mind 
let us consider the impedance of two windings in a series aiding connec¬ 
tion; that is, a series connection in which the flux produced by the current 
in one winding is aided or increased by the current flowing in the other 
winding. 
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If we assume the notation shown in Fig. 1, in which there is a mutual 
impedance Zu between two windings whose self impedances are Zp and 
Za (the self impedance of any structure is the vector ratio of the applied 
e.m.f. to the resultant current entering the structure when all other 



Fig. 1. Two windings of a transformer in a series aiding connection. 


accessible circuits associated with it are open), we have by Kirchhoff^s 
Laws and by our definition of mutual impedance 

E = (IpZp + IsZm) + {IsZs + IpZm) (1) 

and 

Ip = Is (2) 

Combining (1) and (2), the impedance of the two windings in 
series aiding is 

^8,A. Zp+^5+ ^Zm (3) 

Ip Is 

If we reverse the direction of either winding we will have what is 
commonly called a series opposing connection; i.e., the flux produced by 
the current in one winding is opposed or decreased by the current flowing in 
the other winding. The effect of changing the direction of any winding 
is evidently (from the definition of mutual impedance) to change the sign 
of any mutual impedance associated with that winding. In other words, 
if the direction of one of the windings is reversed so that we have a series 
opposing connection instead of a series aiding connection, the impedance 
Zg o. is (from equation 3) 

^8.0. = Zp + Z5 — 2 ZAf ( 4 ) 

In an ideal transformer, which is defined as a transformer which neither 
stores nor dissipates energy, there is no d-c. resistance, there are no eddy 
cmrent or hysteresis losses, etc., and there is perfect fiux linkage between 
the windings. In such a transformer it can be shown, by applying an 
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e.m.f. to either winding alone and to the two windings in series aiding, 
that the self impedances Zp and Zs and the mutual impedance Zm must 
all be either infinite or zero if there is to be no storage of energy or no 
energy dissipation. Then, if an ideal transformer is to deliver any 
current to a finite imj>edance Z^ it can be pro ved from equation (3) in 
Sect. 7.1 that the self impedances Zp and Zs must be infinitely great and 
Zm must equal ^ZpZs- Hence, in any ideal transformer the self im- 
pedances Zp and Zs are infinitely large pure reactances and 

Zm = ^ZpZs (5) 

These are two very important facts to keep in mind. 

It is evident from (3) that the series aiding impedance Zg.A. of 
a transformer in which equation (5) holds is 

Zs.A. = Zp+Zs+ 2<ZpZs = (V^ + (6) 

or if the two windings are equal we have 

= 4Zp = 4Zs (7) 

Similarly, the series opposing impedance Zg q. of such a transformer 
is (from equation 4) 

ZgQ = Zp -f- Zs “ 2^IZpZs = {^Zp — ^Zsfi (8) 

which, in the case of a unity ratio transformer (i.e., one in which Zp = Zs), 
becomes zero. 

6.2 Impedance of Two Windings in a Parallel Aiding or Opposing 
Connection.—Let us now consider the case where the two windings are 
in a parallel aiding or opposing connection. The direction of winding in 
the parallel aiding connection is similar to that of the series aiding connec¬ 
tion; that is, it is such that the flux which is produced by the current in one 
winding is aided or increased by the current flowing in the other winding. 



Fio. 2. Two windings of a transformer in a parallel aiding connection. 

In such a circuit as is shown in Fig. 2, we have by Kirchhoff’s Laws 

E « IpZp + I sZm 


(9) 
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IpZp + IsZm = IgZa + IpZjd 


Solving these equations simultaneously we get 

j _ E(Za 

^ P ^ '7 'I ^ 

LpLs 

and 

j _ E(Zp — Zm) 

z7z7- Zi/ 


or 


1= Ip+h 


_ E{Zp +Za - 2 Zm) 


ZpZ a — Z, 


M 


(10) 

( 11 ) 

( 12 ) 

(13) 


Whence, the impedance Zp a. of the two windings in parallel aiding is 

Zp A s I = (14) 


I Zp + Zr — ^iZhf 
As has been previously explained, we can immediately get from (14) 
the impedance Zp o. of the two windings in parallel opposing connection 
by reversing the sign of Zm, Whence, the parallel opposing impedance is 


Z 


p.o. 


ZpZs — Zm^ 
Zp 4" Zs 4“ SZat 


(15) 


If we assume, as before, an ideal transformer, that is, Zm = "^ZpZs, it is 
apparent from (15) that the parallel opposing impedance is zero. On 
the other hand, if we put the above relation in the formula for the parallel 
aiding connection (equation (14)), we get zero except in the case where 
‘ Zp = Zs, in which case the value is zero divided by zero or is indetermi¬ 
nate without further investigation. 

As this is a condition which frequently comes up in telephone trans¬ 
mission problems, we will show how the actual value of the parallel aiding 
impedance may be determined. Assume that the transformer has a 
coefficient of coupling K, that is, assume that 


Zm = ZpZ s == KZp == KZs (15) 

where K has a value that is less than unity. Then the parallel aiding 
impedance as given by , (14) becomes 


^P.A. 


Zp2 - K^Zp^ 1 4- K 


Zp 


2Zp — 2KZp 2 
Whence, as the value of K approaches unity, we have 

^p.A. ^ ~ ~ Zli 


(17) 


(18) 
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Hence, the parallel aiding impedance of such a transformer with a unit^' 
impedance ratio (that is, when Zp — Za) is equal to the mutual impedance 
Zu, whereas, if the impedance ratio is not unity—no matter how little Za 
may differ from Zp —the impedance is zero. 

6.3 Impedance Looking into Ideal Transformers. 

6.31 Transformers with Two Separate Windings.—In the circuit 
shown in Fig. 3, if we assume that the arrows indicate the direction of 



Fig. 3. Circuit in which a source of e.m.f. is directly connected to an absorber of power 
by a transformer having two separate windings. 


the windings, that is, that 1-2-3-4 is a series aiding connection, we have 
by Kirchhoff’s Laws 

E = IpZp + laZu (19) 

and 

Is{Zs + Zr) + IpZni = 0 ( 20 ) 

Whence 


T _ — EZm 

^ Zp{Zr + Zs) - Zm^ 

and 


( 21 ) 


lp = 


E{Zr + Zfl) 
Zp{Zr + Zs) — Zm* 


( 22 ) 


In the case of a n idea l transformer the self impedances Zp and Za are 
infinite, Zu = '^ZpZs, and (21) and (22) become 


and 


Whence 


-Ia = 


E'^ZpZa _ E'^Za 

ZpZr + (ZpZa — ZpZa) Za'^Zr 


ZpZp -|“ {ZpZa — ZpZa) ZpZr 


Ip 


(23) 

(24) 


(25) 
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The impedance, Z, looking into the 1-2 terminals of the transformer is, 
from (24), 



or it is the ratio of the self impedance Zp of the adjacent winding to that of 
the distant winding multiplied by the impedance Zr through which the distant 
•winding is closed. This is a very simple relation whieh is fulfilled fairly 
closely by most actual transformers and is a relation which should always 
be remembered. 

The ratio of the voltages, VpIV s, across the two windings of the 
transformer is 


Vp^ IpZ _ Ip z 
Vs IsZr Is Zr 


(27) 


From (25) and (26) it is evident that (27) reduces to 

Vp_ _ Wp (28) 

Vs \Zp^ Zr \Zs 


This relation, together with that given in (25), are both very simple ones 
and at the same time are ones that should always be kept in mind. 
Since the number of turns (Np or Ns) on any winding of an ideal trans¬ 
former is proportional to the square root of the self impedance of the winding, 
it is evident from (28) that the ratio of the voltages across the windings of 
an ideal transformer is equal, numerically, to the ratio of the turns upon the 
two windings; that is. 


Vp\^^ 
Vs\ Ns 


(29) 


Also from (25) it is equally evident that the ratio of the currents flowing 
in the windings of an ideal transformer is inversely proportional to the ratio 
of the numbers of turns on the windings and, like the ratio of the voltages, 
is absolutely independent of the impedances or loads to which the wind¬ 
ings are connected. 

6.32 Auto-Transformers.—An auto-transformer, as ordinarily 
thought of, is a structure having two or more windings, at least one of 
which windings is common to more than one circuit or mesh. A simple 
two-winding auto-transformer is shown in Fig. 4. If we consider the 
windings to have the directions shown by the arrows (that is, 1-2-3-4 to 
be a series aiding connection), we get by Kirchhoff’s Laws 


E = IsZs + {la ~ Ib)Zm + la^ 


(30) 
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and 

Whence 


and 


(Is ~ Ir)Zp + IsZm = IrZb 

___ Zjt) _ 

(Zp + Za)(Zs + Zu) + (Zp + Zm)(Zr — Zu) 

__ E(Zp + Zm) 

(Zp + Zr)(Z8 + Zm) “i" (Zp Zm) (Zr — Zm) 


(31) 

(32) 

(33) 



Fig. 4. Auto-tranaformer with mutual impedance, Zm, between the windings. 

From (32) the impedance looking into the high side (1-4 terminals) of 
the auto-transformer is 

7 _ E _ (Zp •+• Zr)(Zs + Zm) + (Zp Zm)(Zr — Zm) 

- z,+z, --- 


Assuming as before an ideal transformer—in which Zp and Zs are 
infinite and Zm = ^ZpZs, we get from (34) that 

y/Zp + VZs 


z = 


Zp + Zs + 2Zm 
Zp 


r [^Zp+ ylZsTy 


(35) 


Since the number of turns on any winding of an ideal transformer is pro¬ 
portional to the square root of the self impedance of the winding, (35) 
becomes 


Z = 


[Np+Ns 
I ~Np 



(36) 


where Np and Ns are the numbers of turns on the windings whose self 
impedances are Zp and Zs respectively. 

It is evident, from (35) that exactly as in the case of the transformer 
having two separate windings, the impedance looking into the transformer is 
equal to the ratio of the self impedance of the adjacent winding (in this case 
the complete winding 1-2-3-4) to that of the distant winding (i.e., the 
winding linked with the had Zr or toinding 3-4) multiplied by the im¬ 
pedance Zr through which the distant winding is connected. 

It should be poii^gted out that an auto-transformer as described above 
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is always, for a given cost, somewhat more efficient than a similar trans¬ 
former having two separate windings, and that the amount by which the 
auto-transformer is more efficient than the one equipped with separate 
windings depends upon the ratio of the self impedances of the windings 
of the transformers. That the former is the more efficient can easily 
be seen by considering the two types of transformers when the trans¬ 
formation ratio approaches unity. Under this condition the two wind¬ 
ings of the separate winding, transformer will each have essentially the 
same number of turns (and impedance), each winding taking up one-h^lf 
of the total winding volume of the transformer. On the other hand, 
as the auto-transformer approaches the unity ratio condition, the auto- 
transformer approaches a one-wnding device or a retardation coil bridged 
across the circuit. For the same high-frequency loss this one winding 
must have approximately the same inductance, or number of turns, as 
each of the two windings in the other type of transformer. Consequently— 
it can be given twice the winding volume or can be made to have roughly 
one-half of the d-e. resistance of each of the windings in the type of 
transformer which employs two separate windings. 

6.4 Transformers Employing Three or More Windings.—Trans¬ 
formers employing three windings are used in various types of telephone 
circuits. The best known transformers of this sort are the so-called 
hybrid transformers used in **21 ** and **22** and 4-wirerepeater circuits 
for the purpose of making two branches of a circuit conjugate to each 
other; that is, such that an e.m.f. in one branch produces no current in 
another branch. 

The formulae applying to such transformers may be derived in the 
usual way—as explained under Kirchhoff’s Laws. For reference purposes 
rigorous formulae, applying to any transformer having three windings, are 
given in Appendix G. It is interesting to note that in the case of an 
ideal transformer having three separate windings whose self impedances 
are Zi, Z 2 and Z 3 , as shown in Fig. 5, the indicated impedance Z is: 


Z = 


ZzZaZb 


Z\Zb + ZzZa 


(37) 


From (26) and (37) it can be deduced that the impedance looking into 
any winding {called for convenience the primary winding) of an ideal trans- 
former having N windings is equal to the self impedance Zp of the primary 
winding multiplied by the product of all the load impedances {Za, Zb, Z^ Zd, 
• • • •, Zn) to which the other or secondary windings are connected^ and 
divided by the sum of the products of the various self impedances of the 
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secondary windings (Zi, Zj, Zs, Z4, ■ • •, Z„) ond the various load im~ 
yedances with which the different secondary windings are not directly 



associated. For example, consider the ideal five-winding transformer 
shown in Fig. 6 . The impedance Z looking into the Zs winding of this 



Fig. 6. Impedance looking into one winding of an ideal transformer having five 


transformer is 


separate windings. 


jr _ _ Zs(Z^ZpZcZp) _ 

Zi(ZbZcZjj) 4- ZsCZaZcZd) Zz{ZaZbZj)) ZtiZAZsZc) 

As an example, let us consider a specific case in which the values of 
Zi, Zt, Zs, Z 4 and Zs are respectively in the ratio of 1 :4 :9 : 16 : 10 
and the corresponding terminal impedances Za, Zb, Zc and Zd are re¬ 
spectively 5 ohms, 10 + jlO ohms, 0 — jbO ohms, and 30 — j30 ohms. 
With these data we find from the formu lae gi ven above that the impedance 
looking into the Zs winding is 14.1 /20®.3 ohms. Similar formulae for 
ideal auto-transformers can evidently be derived by application of the 
same general principle as enunciated above. Examples of such formulae 
for multi-winding auto-transformers are given in Appendix G. 






CHAPTER Vll 


TRANSFORMER AND TRANSITION LOSSES 

7.0 Three of the most important things a telephone transmission 
engineer has occasion to determine are: (1) how does the transmission 
efficiency of any actual transformer compare with that of the ideal trans¬ 
former; (2) how does the actual transmission efficiency of any circuit 
compare with the efficiency which it would have if at some point in the 
circuit an ideal transformer were inserted; and (3) how does the actual 
transmission efficiency of any circuit compare with the efficiency which 
it would have if at some point in the circuit there were inserted the best 
possible passive network— is, the best possible network that would 
not introduce power into the circuit, as would an amplifier. The losses 
in transmission which would be eliminated by the insertion at any point of 
an ideal transformer having the optimum impedance ratio, or of the best 
possible passive network, are called respectively the transformer loss and the 
transition loss at that point. 

7.1 Derivation of Formulae.—In order to obtain a quantitative idea 
of the losses defined above, let us consider the circuit shown in Fig. 1. 


2. - + ,Xm 

r 2 4 r 

Fig. 1. General case in which a source of power is connected by a transformer having 
two separate windings to an absorber of power. 

Assuming that 1~2~3~4 is the series aiding connection we have by 
Kirchhoff's Laws 

E = It{Zp + Zt) + IrZm (1) 

and 

IrZs 4” ItZm 4” IrZr = 0 
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( 2 ) 
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Solving these equations, we obtain for the current in Zr 
J = _ ^ 

(Zp + Zt)(Zr 4“ Zs) 


(3) 


The current which would have flowed in the receiver if the transformer 
had not been inserted is given by 


r E 

Zt + Zr 


(4) 


Equations (3) and (4) give at once a means of determining whether or 
not we have increased the current—and therefore the power—^^in Zr 
by the insertion of the transformer. 

Let us assume that the transformer which we have inserted is an 
ideal transformer. In such a transformer it has been shown that the self 
impedance of each vdnding approaches infinity and Zm = ^ZpZa- As¬ 
sume such a transformer, and let r = ZsjZp or Zs = Zp X r and Zm 
s 'iZpZs — Zp'^. Since Zp is large compared with Zt and Zr, 
equation (3) becomes 

_ _ — EZp '>lr _ — 

Zpif Zr + 2/j) d" ZtZr tZt + Zr 

_ __ ® 

r(Rr + jXr) + {Rr "f jXr) 

Since the absolute value of any complex quantity X + jT is 
the absolute value of 1r is 


1/r| — 


E<r 

<{Rr -j- tRt? + (Zk + rZr)* 


( 6 ) 


Differentiating this expression with respect to r we find that | /«| is a 
maximum when 


IRr^ + Xr^ _ 
MRj^ -I- Zr* 


is 

Zt 


(7) 


This expression is interesting in that it shows that ike ratio of the self 
impedances in an ideal transformer should, for maximum transmission 
efficiency, be equal to the ratio of the moduli or absolute (scalar) maanitudcs 
of the impedances looking away in each direction from the point at which 
the tran^ormer is to be inserted. 

If we let $ be the phase angle of Zr (i.e., Zr = \Zr\/6) and ^ the 
phase angle of Zt (Zt = |^r|/0), we get, by substituting the value of r. 
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as given in equation (7), in equation (5): 
|/aMAX.k ^ 


7 I! I _u 7 I ' 


E 


[w 


I 2 I 

cos 0 ^ cos 4> 




+ i 1 I sin 0 ^ I + I Zr I sin 0 ^ j 


E 


1 -^\ZrZt\[.{cos 6 + cos <l>) + jCsin 6 + sin 0)]| 

_ E _ 

VlZfiZrl ^(cos 6 "I" cos <^)* “1“ (sin 6 + sin <f>)^ 

E 

‘<i12\ZrZt\(1 + cos d cos + sin 0 sin <j>) 

_ E _^ E 

V21 ZrZtI [1 + cos (0 - <#.)] 2 V \ZrZt \ cos 


( 8 ) 


This expression gives us then the modulus or absolute magnitude of the 
maximum current that can be obtained in a receiving circuit of im¬ 
pedance Zr (or IZrI/O) when connected through an ideal transformer 
having the best possible impedance ratio to a transmitting circuit of 
impedance Zr (or |Zr|/0). If before inserting the ideal transformer 
we had annulled the reactance of the line in each direction by inserting a 
reactance of — Xr ohms in series with Zr and a reactance of — Xr ohms 
in series with Zr, (8) would become 


= 


\In 


and the power in Zr would be 




E 




MAX. 


^Rt 


(9) 

( 10 ) 


As we have previously seen, however, this is the maximum possible 
power which can be drawn out of the source by any passive network. 
Consequently, by first annulling the reactance of the line in each direction 
and by then inserting a perfect transformer of the best possible ratio, we obtain 
in the receiving impedance the absolute maximum amount of potoer which 
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it is possible to draw from the source—the value of this power being the 
square of the e.m,f, (E^) act mg in the source divided by 4 times the effective 
resistance Rt of the soune of the power. A structure which, when in¬ 
serted in a circuit, enables this maximum possible power to be absorbed 
in the receiving circuit is called an ideal transducer. 

If we let -d^RF. be the transformer loss (expressed in napiers), we get, 
by taking the ratio of the current in the receiver before and after inserting 
the transformer, 


Atrf. = 


2VlZ«Zr| 2-) 

\Zt + Zr\ 


( 11 ) 


The factor 2 ^ZrZtI(Zt + Zr) has been commonly called the reflection 
factor of the impedances Zt and Zr. Hence, the transformer factor (11) is 
equal to the absolute magnitude of the reflection factor multiplied by the 
cosine of one-half of the angular difference between the two impedances. 
In other words, if we insert at any junction an ideal transformer of the 
best possible ratio, we will thereby obtain a gain that counteracts the 
reflection loss at that junction plus a gain that depends upon the angular 
difference of the impedances so connected. 


Z 

If we let r = I and ^ = 6 — <p, then 
! Zt 

cAtkf. = ICI I cos <^ + i I cos 0] + j[ | Zt \ sin </► + \ Zr | sin 0] 

2VlZ^^ cos^ 


and ^ = 6 — <p, then 


' I ^ 

rl CO.5 


2V1Z«Z; , 

= i ± 1 ^Al^+ 21 Z«Zr i cos_^ 

2V|z;:^ cos I 

Squaring and dividing by |Zrl* 


Whence 


a aiviaing oy \£ jt \ , 

jatrf = ^ + 2r cos /3 + r* _ 1 + 2r cos ^ + r* 
■" 4rcos«(|)^ 2r(H-cos0)^ 


( 12 ) 


( 13 ) 


A 1/0 1 l + 2rco3i8 + r® iirioi 1 + 2r cos )3 + r* , 

1/2 fag- + 27 ( 1 +wr 

If we wish to express the transformer loss, miles of standard 



Chap. VII] TRANSFORMER AND TRANSITION LOSSES 47 
cable we have 


Lt-ov. “ 


A 


TRF. _ 

Ac 


1.1513,^ l + 2rcos0 + j* 
Ac 2r(H-cos^P' 


298, i + 2r cos |8 + r* 

= —logio- 

V/ 2r(l + cos /3) 


(15) 


in which / is the frequency employed and ^ c is the attenuation constant of 
standard cable. If / is 796 cycles (co = 5,000) equation (15) gives 


L 


TRF. 


10.56 logio 


1 + 2r cos /3 + 
2r(l + cos /3) 


(16) 


Curves plotted from this equation are given in Fig. 2 and are found to be 
very useful in determining whether or not the gain to be obtained by 
inserting a transformer at any point in a circuit is suflBciently large to be 
worth the expense involved. This gain is evidently another way of 
expressing the transformer loss 



Fia. 2. Transformer loss curves—or curves showing the gain obtained by insert¬ 
ing an ideal transformer of the optimum ratio at the junction of two circuits whose 
impedances have the ratio r I ±fi. Computed for a frequency of 796 cycles. 




48 


TELEPHONE TRANSMISSION CIRCUITS [Chap. VII 


If we let ^ the transition loss and Ao s (^xrt. ~ in 

which both nnd Ao are expressed in attenuation units or napiers, 

we get from (8) and (9) 

__ 2VRr X Rb _ 

V2|Z«Zrl[l + cos (0- »] 

__ (17) 

_ 2 VI JZg I cos 0 X Zt \ cos <l> 

^2\ZrZt\\A H" cos (d — 0)] 


c-^O = 


2VIZrIr cos i? X |Zr| cos 0 
V^Z,:y»ffr+ cos (9 - 0)j 


I cos 0 _ / 2 cos d cos 0 

— ^)1 > 1 + cos (0 — 0) 


Whence 


Ao = 1/2 log. 


1 + cos (6 


= 1.1513 logio 


1 + cos (0 — 0) 


2 cos 0 cos <l> 2 cos 0 cos 0 

Ao has been called the phase difference loss since it is evident from (19) 
that its value depends solely upon the phase angles of the impedances 
and their difiference. 

If we let Lo be the difference between the transition loss and the 
transformer loss—or the phase difference loss—expressed in miles of 
standard cable, we have 

. Ao 1.1513, 1 +cos (0-0) 

Lo = = — A — ”o-Z-IT" 

Ac Ac 2 cos 0 cos 0 

298, 1 +cos (0-0) 

= logio -75- ^ 

V/ 2 cos 9 cos 0 

in which Ac is, as before, the attenuation constant of standard cable. 
If / = 796 cycles (or <a = 5,000), equation (20) becomes 


Lo = 10.56 logic 


1 + cos (0 — 0) 
2 cos 0 cos 0 


Equation (21) is plotted in Fig. 3. 

As an illustration of the use of the above equations in determining 
the transformer and the transition losses existing at any point in a circuit, 
let us consider the circuit shown in Fig. 4. The ratio (r) of the im¬ 
pedances at the point under consideration is evidently 


1,500 /55" 
500 


= 3 /75" 
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Consequently, r = 3 and j8 = 75®. From the curves in Fig. 2 it is seen 
that the insertion of an ideal transformer at this point would cause a 
gain in efficiency of the circuit amounting to 1.94 miles. Moreover, 
from the curves in Fig. 3—in which 6 is taken as /20® (or — 20®) and 0 
as /55® »(or + 55®)—it is found that we must add .70 mile to the trans- ‘ 
former loss in order to get the transition loss at the junction under con¬ 
sideration. Hence, the transition loss in the case assumed is 1.94 + .70 
= 2.64 miles of standard cable. This latter value is, therefore, the 
maximum amount by which the efficiency of the circuit can be improved, 
regardless of the nature of the passive network which might be inserted 
at the junction under consideration. 

From the definition of and from (14) and (19) we get 


= A 


TRF. 


-f- Ao = 1.1513 logio 


1 + 2r cos |8 + 
2r(l + cos /3) 


+ 1.1513 logio 


1 + cos 
2 cos 6 cos </> 


( 22 ) 


or 


1.1513 logio 


1 + 2r cos ^ 
4r cos 0 cos 0 


(23) 


Similarly, expressing the transition loss Ltrt. miles of standard cable, 
we have 

7 _ 7 ,7 _ 298, l + 2rcos^+r2 

^TRT. - ^>TRF. + Lo- lOgxo 


, 298, 1 + cos |8 

+ 7 ? logio n - z -1 

V/ 2 cos 6 cos 0 


or 


298, 


1 + 2r cos (8 + r* 


r _ I J 

"'TRT, 7> mg 10 -Z T — 

V/ 4r cos d cos 0 


Also at 796 cycles (co = 5,000) we get from (24) and (25) 
1 + 2r cos /3 + r* 


X^trt, ”” 10.56 log 


10 - 


2r(l + cos d) 


+ 10.56 logio 


1 + cos 8 
2 cos S cos <l> 


or 


•^TRT. — 10.56 logio 


1 + 2r cos <3 + 

4r cos 6 cos <l> 

= 10.56 logio 


(24) 


(25) 


(26) 


1 H" 2r cos (_6 — 0) -|- r* 
4r cos 0 cos 0 


(27) 
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7.2 Determination of the Best Terminal Impedances for Any Given 
Structure. —It is frequently desirable to be able to determine what is the 
minimum transmission loss which must be encountered in a telephone 
circuit—by employing a given network in that circuit—as compared 
with the loss in a properly designed circuit which does not include the 
given network. 


v>ony . 


-1V10I5S* 


- • » - 

Fig. 4. Circuit illustrating the use of the terms transformer loss and transition loss. 


Suppose we have a circuit (Fig. 5) in which Za, Zb and Zc are the 
impedances of the three arms of a T network. It can be proved that 
such a T network can, at any given frequency, represent any passive 
bilateral device such as a transformer, a length of line, etc. Formulae 
for reducing various pieces of apparatus to such an equivalent T network 
are given in Sect. V of Appendix D. 



Fig. 5. Dissymmetrical T network connected between reactances and transformers 
of such constants as to cause no transition losses at the junctions of the T network and 
the rest of the circuit. 


If we connect the substation sets by ideal transformers Ti and T 2 
and by series reactances Xi and Xt and so adjust the ratios of these trans¬ 
formers and the values of the reactances that the impedances, Zi and Z 2 , t 
looking into the T network are the conjugates respectively of the im¬ 
pedances Zi and Z 2 looking into the sets, we have then eliminated all the 
transition losses existing in the circuit—on the assumption that we can not 
change the eflSciency or constants of the substation sets or the construc- 

♦See G. A. Campbell’s paper on '*Cisoidal Oscillations,” TransacHons cf the A, 
i. E. E., Vol. XXX, 1911, Part II, pp. 873-909. Also see Chapter VIII. 

fA dash over a 83 rmbol is employed throughout to indicate that the quantity 
represented is the conjugate of the quantity which would be represented by the symbol 
without the dash. 
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tion of the T network under consideration. Under the above conditions, 
the circuit is therefore as eflScient as it can-be if we are required to use the 
given substation sets and the given T network. 

Suppose now that the T network were eliminated from the circuit and 
that we were again to design the circuit so that it would still have the 
maximum possible efficiency. We would then adjust the ratios of the 
transformers and the values of the reactances so that the impedances Zi 
and Zt would be the conjugates of each other, thereby eliminating the 
transition loss at the junction of the two substation sets. 

A comparison of the received currents in the two cases—with the T 
network in and with the T network out—would then give us a measure 
of the minimum transmission loss which mmt be encountered in a tele¬ 
phone circuit by employing the given T network. 

7.21 Dissymmetrical (T) Network—General Case.—Let us consider 
then the case of a dissymmetrical T network which can, as will be 
demonstrated in Chapter VIII, represent any composite circuit or any 
piece of apparatus (except repeater elements and their like) and obtain 
expressions for the best values of the terminal impedances—these ex¬ 
pressions being in terms of the effective resistances and reactances of the 
various arms of the T network and being such that there will be no transi¬ 
tion losses existing at the junctions of the network and the terminal 
impedances*'* 

Consider then the circuit shown in Fig. 6. If there are to be no 

Z, - /f.i + jXi. Za •• }X^ A, - + }Xn 

+ )X, 


Fia. 6. Dissymmetrical T network connected between generalized terminal impedances 
of such values as to cause no transition losses. 



transition losses at the terminals of the T network, we evidently must 
have the relations 

_ -7 , Zc{Zb + Zi) 


Zi = Za + 


Zc + Zb + Zi 


7—74- + ^0 /-ooN 

Zc+ Za + Zi 

* The solution of the problem discussed in this section was first given by P. B. 
Flanders. 
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Taking the conjugates of each side of the last equation, we have 


Zj = Zb + 


Zc{Za + Zi) 


(30) 


Zc*+ Za + Zi 

Putting in this last expression the value of Zi as given by (28), we have 

Zc(Zb + z,) 1 


Z 2 = Zb + 


[ 


Za Za 


Zc + 4* -Za + 


Zc + Zb + Z 2 . 
Zc{Zb + Z 2 ) 


(31) 


Zc 4" Zb 4“ Z 2 


or 

Z 2 == Zb 4“ Zc\i{ZZA-^-Zc)Z2^{ZZc){ZA-^-Z a)'\'ZbZ c] ^^2) 

Z2(Za4-Za4'Zc4“Zc)4‘(Za4-Za4"Zc) (Zb4-Zc)4"ZbZc 


Whence 


Z2^[[Za4" Za4“ Z c4" Zc] 

4”Z2[^(Za4"Za)(Zb”-*Zb4"Zc"“Zc)4"(Zc+Zc) (Zb^Zb)] 
— (^(Za4“Za)(Zb4'Zc)(Zb4‘Zc) 

4“ZbZb(Zc4'Zc)4-ZcZc(Zb4'Zb)]=0 


Solving this quadratic equation and expressing the results in terms of the 
effective resistance and reactance components of the various' impedances 
involved, we get: 


Z2 = 


RaRb 4" RbRc 4" RaRc 

Ra 4" Rc 


4 


1 4- 

RaRb 4" RbRc 4" RaRc 


-4 


Xb + 


R^c 

Ra + Rc 


(34) 


Similarly from the symmetry of the structure under consideration, we 
evidently have: 


Zi = 


RaRb "f" RbRc "t* RaRc 
Rb d' Rc 


4 


1+ 


Rc* + ^c* 


RaRb H“ RbRc "h RaRc 
RbXc 


-•[ 


Xa + 


Rb 4“ Rc 


] 


(35) 


As a numerical example showing the use of the above formulae, let 
us consider a typical local battery induction coil and determine, first, 
between what impedances it will work most efficiently and, secondly, 
what is the minimum loss caused by such an induction coil—on the 
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assumption of ideally designed circuits. We will assume the following 
800 cycle constants for the self and mutual impedances of the coil; 

Zp = 3.1 + i24 
Zs = 36.6 + j413 
Zm = 3.7 + i93.5 

From the well-known formulae (see Fig. 23B, Appendix D) for reducing 
a transformer to its equivalent T network, the induction coil under con¬ 
sideration can be reduced to the equivalent T network shown in Figure 7 




t 


vwwIaaaaa 



>aaaa]vw\aa 


3 


4 


Fig. 7. Etjuivalent T network, representing a local battery induction coil at 800 cycles. 


in which 

/Za = - .6 = 32.9 Rc = 3.7 

Za = - 69.5 Xb = 319.5 Xc - 93.5 


Putting these values in equations (34) and (35), we get 


Zi = 25.7 - il4.5 

and 

= 303 - i301.4 


If, then, we consider the induction coil to be connected to terminal im¬ 
pedances having the values given above, we have the circuit shown in 
Fig. 8, in which the absolute magnitude of the computed current .(see 



Fig. 8. Induction coil connected between terminal impedances of such values as to 
result in no transition loss—either at the points 1-2 or 3-4. 


formula (3)) in one branch with an electromotive force E acting in the 
other branch is 

1/1= .00509JB 


56 


TELEPHONE TRANSMISSION CIRCUITS (Chap. VII 


If there were no transformer in the circuit but if the two impedances were 
connected directly to each other, the current, E/(Zi + Z 2 ), would have 
been 

|/|= .00219E 

If the two impedances had been connected together by an ideal trans¬ 
former of the best possible impedance ratio, the current (computed by 
formula (8)) would have been 

|/|=.00449E 

while, if the impedances had been connected together by an ideal trans¬ 
ducer, the current (computed by formula (9)) would have been 

1/1= .00567/? 

Assuming a frequency of 796 cycles (co = 5,000), it may be shown 
from these currents that, in the above circuit, (1) the introduction of the 
induction coil has caused a gain of 7.75 miles of standard cable, (2) the 
eflBciency of the induction coil is actually 1.15 miles of standard cable 
abase that of the ideal transformer in efficiency and (3) the efficiency of 
the induction coil Ts only 1.0 mile below that of an ideal transducer. In 
other words, it is possible for a telephone transformer that is ordinarily 
regarded as relatively inefficient, such as a local battery induction coil, to be 
actually more efficient, when connecting together certain impedances, than 
would be an ideal transformer at the same junction. This is never possible, 
however, unless one or both of the reactances of the branch circuits are 
negative—in which case these reactances may be effectively annulled 
by the positive or inductive reactances of the transformer. 


7.22 Symmetrical (T) Network.—Let us now consider the case of a 
symmetrical T network, such as is shown in Fig. 9. 



Fia. 9. Symmetrical T network connected between terminal impedances of such 
value as to cause no transition losses. 


Let Zo be the open-circuited impedance of the T network, or 

Zo s ZiQ Ziv (36) 

Similarly let Z& be the impedance of the T network with its distant end 
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short-circuited, or 


O' fj 1 ZgZn 

Ls ^ - 

Zfo "h Ln 

(37) 

Solving these two equations simultaneously. 


Z^= AZo^^Z^a 

(38) 

and 


Zo=Zo- >IZo‘- ZoZs 

(39) 


If we let Z = /J + jX be the value of one terminal impedance to which 
the T network is to be connected, it is evident from the symmetry of the 
network itself that the other terminal impedance will also be Z. 

Let Z be the conjugate of Z, or Z ^ jR — jX, If there is to be no 
transition loss at the junction of the network and the terminal impedance 
Z, it is evident that we must have 


Z Zg + 


Zn(Zg 4“ Z) 
Zg + Zisr + Z 


(40) 


or 


Z(Zg + Zat) + ZZ = Zq{Zg + Zn) + ZqZ + Zn{Zg + Z) (41) 
Putting the values of Zn and Zg as given by (38) and (39) in (41), we get 


ZZ “f" ZZo — ZZq — ZqZ s — 0 
If we let Zq = Ro "h jXo and Z 5 = Rs 4" jXsy (42) gives 

(R jX){R + jX) + (R - jX){Ro + jXo) 

(R + jX){Ro + jXo) — (Ro + jXo){Rs + jXs) = 0 

or 

(R^ +X^+ 2XXo - RoRs + XoXs) 

- jiRoXs + RsXo + 2RoX) = 0 

Equating the imaginary part of (44) to zero, we get 

Y __ RqX s 4“ RsXo ___ ^ / V 1 _ RsXo\ 

2Ro “ Ro ) 

Similarly, equating the real part of (44) to zero, 

R* + X" = RoRa - XoXs - 2ZXo 

= RoRs - XoXs - 2Zo ^ 


Y I RsX 

A S+ D 

tio 


”)] 


(42) 


(43) 


(44) 


(45) 


(46) 


or 


ft* + = RoRa + 


ftsXo* 

Ro 


Ro 


{Ro^ + Xo^) 


(47) 
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Whence 

R=J^{Rd‘+Xo^)-X* 

(48) 


If then we are given a symmetrical T network with known values for the 
impedances of the arms, Zq and Zn^ dfid wish to determine the value Z of 
the terminal impedances which will result in the maximum transfer of power 
through the T network, we can first determine Zo and Zs cis given by (36) 
and (37) and then determine X and R by means of (45) and (48). Whence 
Z is determined—since Z = /i + jX. 

In order to illustrate the use of such formulae, let us determine what 
is the minimum transmission loss that will be encountered in an ideally 
designed circuit due to the insertion of a 1 mile length of standard cable. 
The equivalent T network of such a length of cable at 796 cycles is as 
shown in Fig. 10, or Zo = 44 + jO and Z^r = 0 — j3,700. From for- 


+4 + /) 44 + ;(> 



Fig. 10. Equivalent T network representing one mile of No. 19 gauge (88 ohms, 

.054 mf.) cable at 796 cycles. 


mulae (36) and (37) we have Zo = 44 — j3,700 and Zs = 88 — j.5 or 
jRo = 44, Zo = — 3,700, Rs = 88 and Zs = — .5. Putting these 
values in (45) and (48), we get Z = 3,700 and R = 3,700. A maximum 
transfer of power through such a length of cable will, therefore, be ob¬ 
tained when it is working between two equal impedances whose phase 
angles are approximately + 45°. The effective resistance and effective 
reactance of each of these impedances, moreover, will be equal to the 
absolute magnitude of the shunt impedance of the equivalent T network 
of the cable. Assuming that the given T network is connected between 
the best possible terminal impedances of 3,700 + j3,700 (see Fig. 11) and 
that an e.m.f. E is acting in one of the impedances, the current in the 
other impedance is |/|= JE/7,488. If the cable had not been inserted 
and the reactance of the terminal impedances had been annulled, the 
current flowing in the distant impedance would have been 1/| = E/7,400. 
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The ratio of these two currents is 7,400/7,488 = .988. This corresponds 
to .12 mile of cable at 796 cycles. In other words, the insertion of a 
mile of standard cable in the case of two ideally designed circuits will, 
at 796 cycles, cause a transmission loss of only .12 mile. 



Fig. 11. Equivalent T network, representing; one mile of standard cable, connected 
between the best possible terminal impedances. 

The insertion of a mile of standard cable may, of course, in any given 
case actually cause an appreciable gain instead of a loss. Suppose, for 
example, that in the case under consideration we had compared the 
current flowing (/ = 7^/7,488) with the T network inserted in the circuit 
as compared with the current flowing when the T network was omitted. 
The current in the latter case w^ould have been £J/(7,400 + 77,400) 
or £/10,460. The ratio of this current to that flowing when the mile of 
cable was in the circuit is 7,488/10,460 = .715 which corresponds to 3.1 
miles of standard cable at 796 cycles. In other words, at 800 cycles, 
the insertion of a mile of standard cable would actually have caused a 
gain of approximately 3 miles of standard cable. The fact that the 
insertion of a given length of cable can actually cause a gain, of greater 
value than the length of the cable inserted, is well known. A particularly 
familiar example of this sort is exhibited by the characteristics of the 
so-called system reference standard. In this system, the insertion of two 
or three miles of standard cable in the trunk eircuit does not actually 
produce a loss in the efficiency of the circuit but on the other hand pro¬ 
duces a slight gain so that a system whose transmission equivalent is three 
miles is actually more efficient than a system whose equivalent is zero. 
A curve showing the relation between the transmission equivalent and 
the transmission loss in the system reference standard is shown in Fig. 12. 
It is to be noted that this curve, which is the result of computations made 
at 800 and 1,500 cycles, does not become linear until approximately 8 
miles of standard cable have been added to the circuit. 

7.23 Dissjrmmetrical T Network Whose Arms are Pure Resistances. 
—Let us next consider the special case of a dissymmetrical T network 
all of whose arms are pure resistances (see Fig. 13). If the terminal 
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TRANSMISSION FQri\ \[,F\T - MIl.KS OF .sTANOAIO CMH.F, 

Fig. 12. Relation between transmission equivalent and transmission loss in the system 

reference standard. 



* 


Fig. 13. Dissymmetrical T network whose arms are composed of pure resistances 
and connected between terminal resistances of such values as to eliminate all transi¬ 
tion losses at the junction points 1-2 and 3-4. 


impedances Ri and R 2 —which in this case will be pure resistances—are to 
be such that there will be no transition losses at the terminals 1-2 and 
3-4, we evidently wdll have 


and 


-Ri = Rx + 


= Rz + 


Rjr(R 2 Rz) 
Ry "P R 2 "t“ Rz 

Rr(Ri •+* Rx) 
Ry + Ri "b Ri 


(49) 


(50) 
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Solving these equations simultaneously, we have for the optimum values 
of the terminal impedances 



D l(Rx + Ry)(RxRy + RyRz + RxRz) 

\ Ry+ 

(51) 

and 

{Ry + Rz){RxRy + RyRz “1" RxRz) 

^ Rz+Ry 

(52) 

Since the open- and short-circuit impedances of the given T network from 

the 1-2 end 

are respectively 



Zo = Rx 4" Ry 

(53) 

and 

y RxRy + RyRz + RxRz 

Ry-\-Rz 

(54) 

and the corresponding impedances from the 3-4 end are 



Zd = Ry 4“ Rz 

(55) 

and 

V f ^ RxRy + RyRz 4” RxRz 
^ Rx + Ry 

(56) 


we can rewrite equations (51) and (52) as follows: 


Ri = ^ZqZs 

and 

R2 = VZo'Z/ 


(57) 

(58) 


These latter equations give a ready means for determining the 
optimum values of the terminating impedances when the open- and short- 
circuit impedances of any structure, which is comprised simply of pure 
resistances, are known. 

If we take a special case of the above in which the Rz arm is of zero 
resistance, the circuit reduces to that shown in Fig. 14. In this circuit 
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let us consider the problem of determining the minimum difference in 
transmission efficiency which must exist between two telephone circuits 
each properly designed for maximum efficiency—one of which includes 
and the other of which does not include the L-shaped network (1-2-3-4) 
shown in Fig. 14. 

It is seen from formulae (51) and (52) that a network having resistance 
arms Rx and Ry^ as shown above, will cause a minimum transmission 
loss in a circuit of the above type when the transformer ratios are such 
that 

Ri = >IRx{Rx + -ftr) (59) 

and 


If we change the notation slightly and let Kr (instead of Rx) be the 
series arm of the network and let r be the resistance of the shunt arm 
(instead of Ry), we have the circuit shown in Fig. 15. 



-♦-vvvvv^ 


ll)K\L THAN.SFOIIMKH 



IDI’.AL 'iK\.N>K()R\lKll 


Fig. 15. L network whose arms are composed of pure resistances of such values 
as to eliminate all transition losses at the junction points 1-2 and 3-4 (slightly diffen nt 
notation from Fig. 14). 


Formulae (59) and (60) now become 

Rx = <KT{Kr + r) = rVr V/C + 1 

^ _ rV/Tr _ rVA' 

^ VATr + r V/v 4- I 


(61) 

(62) 


The ratio of the currents in the receiver after and i)efore inserting 
the network (1-2-3-4) is 

li _ t{Rx -f Ri) 

lx {Rx + KT){Ri + r) + RiT 


Putting in (63) the values of Rx and Ri as given in (61) and (62), we get 


K+2 _ 

h 1 4-(V/if + + 1)* 


(64) 
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If we assume a frequency of 790 cycles, the minimum transmission 
loss—in miles of standard cable—which the insertion of the network 
will cause in the above circuit is 


u 


21.13 logic 


1 + rVA+ Va+ 1)2 
A + 2 


(65) 


It will be noted that if K is very large, the above expression reduces to 
Li = 21.13 logic 4 = 12.7 miles (66) 

On the other hand, if the network were not to be inserted in the circuit 
and if we were to have maximum transmission efficiency, the impedances 
Ri and R 2 should be equal. Hence, in order to determine what is the 
minimum transmission loss which mmt be encountered by employing 
such a network in a circuit—as compared with the loss in a properly 
designed circuit which does not include the* above network—we must 
add to the value of Li, as given by (05), the transformer loss corresponding 
to the ratio of R 1 /R 2 . From (61) and (02) it is seen that this ratio is 

~ = /v + 1 (67) 

il2 

The transformer loss corresponding to this ratio may be obtained from 
curves such as are shown in Fig. 2, ^r assuming a frequency of 796 
cycles, it may be obtained from the formula 

Lj = 21.13 log ,0 (68) 

2VA + 1 


Consequently, the sum of (65) and (68'', which is 

1 + (VA + VA + I)'" 

2VA'+ 1 (69) 

= 21.13 logio [^VA + 1 + VA] 


L = Li-\- Li = 21.13 log 


10 


gives us the minimum number of miles of standard cable (at 796 cycles) 
by which the efficiency of any properly designed telephone circuit that is 
required to include the network, as shown, will be below that of a similar 
circuit also designed for maximum efficiency, but not including the 
network. 

For the sake of reference, there is given in Table I a set of values 
plotted from (69): 


A' 

L 

0 

0 

1 

8.1 

10 

17.1 

25 

21.2 

50 

24.4 


K 

L 

100 

27.5 

200 

30.7 

300 

32.5 

500 

34.9 

1000 

38.0 


TABLE I 
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We have seen that for large values of K the value of L\ (at 796 cycles) 
approaches 12.7 miles of standard cable. Hence, for large values of K, 
the value of L —corresponding to any given value of K —is approximately 
12.7 miles plus the transformer loss, corresponding to the resistance 
ratio (K -|- 1). 

As a typical numerical example of the above, suppose that we had a 
network which had a series resistance of 100 ohms and a shunt resistance 
of 1 ohm (see Fig. 16). 


UK) 1- 



Fig. 16. L network connected between its optimum terminal impedances. 


Using the notation which we have employed, K is equal to 100 and 
r = 1. Whence we find from formulae (61) and (62) that in order for 
the network to cause a minimum transmission loss, the transformer ratios 
must be such that 

iJ, = = VlM X 101 = 100.5 ohms (70) 

Zp 

and 

= = .994 ohm (71) 

With transformers of these ratios, we find from (65) that the insertion 
of the network in the above circuit causes a transmission loss of 


U = 21.13 log 


10 


1 + (Vioo+ Vioi)* 

100+2 


= 12.6 miles 


(72) 


which is within .1 of a mile of the maximum value which can ever 
have. If the circuit did not include the network, however, the resistances 
fli and R 2 would be equal to each other. Hence, we must add the trans¬ 
former loss corresponding to the ratio of Ri/Ri = /(+! = 101. This 
loss, as given by (68), is 

109 

Li = 21.13 logio , " = 14.9 miles (73) 

2 V 1 OI 


The sum of the values of Li and Li as given by (72) and (73) is 27.5 miles 
which is identical with that given by equation (69) and listed in Table I. 
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It is thus shown that any circuit which includes the particular network 
chosen—a network whose series resistance is 100 times its shunt resistance 
—must have an efficiency which is at least 27.5 miles (at 796 cycles) 
below that of a similar circuit, properly designed, but which does not 
include the network. This loss is very closely equal to 12.7 miles plus the 
transformer loss corresponding to the ratio of the resistance of the series 
arm to that of the shunt arm of the network. 

Equation (69) and the tabular values which have been computed from it 
give a very ready means of determining approximately the minimum trans¬ 
mission loss which any given L network of pure resistances will introduce 
into a properly designed circuit. 

If one is interested in any frequency /, other than 796 cycles, it can 
easily be shown that the general formulae corresponding to (65), (68) and 
(69) are respectively 


Li 


596, 1 + (a/A + VA:+1)^ 

^,-iog,.- x-+-2- - 


(74) 


and 


L, = 


596, K + 2 

r~ lOglO V ' - 

yff 2 VA + 1 


(75) 


L — Li + iyo — "■ 7= logio ( \A’ + 1 + VA) (76) 


7.3 The Equivalent T Network of an Ideal Transducer or Trans¬ 
former.—We have already shown in Sect. 7.1 that if we have given a 
circuit whose sending end impedance is Ri + jXi and whose receiving end 
impedance is Ri + jXi, we will be connecting these impedances by an 
ideal transducer provided we first annul the reactances jXi and jXi of 
the terminal impedances by the insertion of equal negative reactances 
— jX\ and — jXi in series with them (see Fig. 17) and then insert (be- 


H, \ }.\ , ■ ' \ \ J( \ . - W) - jV; 



Fig. 17. T network (hiiving terminals 1-2 and 3-4) composed of pure reactances 
and equal in transmission efficiency to an ideal transformer of the optimum impedance 
ratio when connected between terminal impedances {Ih and Rt) having no reactances. 

tween the terminals 1-2 and 3-4) a T network that is equivalent to that of 
an ideal transformer of the optimum ratio. In other words, under such 
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conditions the maximum possible energy (£^/4i?i) will be absorbed in the 
receiving end impedance, Z 2 . 

In Fig. 17 we have between terminals 1, 2, 3 and 4 a 7’ network whose 
arms are assumed to be made up of pure reactances. If there is to be no 
transition loss either at the junction 1-2 or at the junction 3-4, we evi¬ 
dently must have the relations 

Ri = KXp - Xm) + +(77) 

iX2 + jA s 

and 

Ri = iiXs - Xm) + J (78) 

ti\ + jAp 


From (77) we can derive the relations * 



j 4 

Fin. 18. Ideal transducer connected l>etween terminal impedances whose reactances 

have been annulled. 


which evidently represents an ideal transformer, or an ideal transducer 
when working between pure resistance terminal impedances—insofar as 
the value of | / 2 1 is concerned. 

Between the terminals 1-2 and 3-4 in the network shown in Fig. 18, 
jX is a variable pure reactance that may arbitrarily be given any desired 
value between zero and infinity without affecting the value of | / 2 1. If 
X is infinitely large, the network of Fig. 18 reduces to that shown in Fig. 
19—the T network of the ordinary well-known type of transformer. 

Under this condition the make-up of the arms of the T network is 
simply dependent upon the ratio R 2 IR 1 and the phase of I 2 is either 0® or 
180® out of phase with E. 

* These equations were first derived by R. L. WcRel. 
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If, in Fig. 18, we assume the variable X to be zero, we find that the 
arms of the T network are a function simply of the product of Ri and R 2 
(instead of being a function of their ratio as in the preceding case), the 



Fig. 19. Equivalent T ni^twork of in ideal two-winding transformer of the ordinary 
type connected between optimum terminal resistances. 


network reducing to the structure shown in Fig. 20. In this case, the 
phase of h is 90° out of phase with E. 



Fig. 20. T network (comprised of reactances, equal numerically to the square root of 
the product of the terminal resistances) which is equivalent to an ideal transformer. 

Finally, if we let = R 1 R 2 + X^{R 2 lRi), the left arm of the general 
type of T network (in Fig. 18) becomes zero and the structure then re¬ 
duces to the two-arm or L type of network shown in Fig. 21. In this 



Fig. 21. L network comprised of pure reactances of finite values and equivalent to an 

ideal transformer. 


latter case, the make-up of the ideal transformer is seen to depend both 
upon the ratio and upon the product of R\ and R^* Similarly, the phase 
of I 2 is, in general, between 0° and it 90° or between zb 90° and zb 180° 
out of phase with E —depending upon the relative magnitudes of Ri 

andi22* 
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From Fig. 21 it is apparent that we can always make up an ideal 
transducer out of not more than four reactances, two of which, — jXi 
and — jXi, may be used to annul the reactances + jX\ and + jXi of the 
terminal impedances and the other two—as shown in the L network 
of the above figure—to function as the equivalent of an ideal transformer 
of the proper impedance ratio, insofar as the magnitude of /2 is concerned. 
Suppose, for a typical example, we have a circuit in which an 800 cycle 
e.m.f. E is acting through 1,000 ohms and we connect it to a load im¬ 
pedance of 100 + jO ohms—(see Fig. 22). In such a circuit, the current 



2 4 

Fig. 22. Simple circuit in which a source of power is directly cotmccted to an absorber 

of power. 


received would be 


I = 


E 

1,000 + 100 


= .000909E 


(81) 


If now an ideal transformer of the ordinary type and of the proper im¬ 
pedance ratio (that is, ZpjZs = 1,000/100) were inserted between the 
terminals 1-2 and 3-4, as shown in Fig. 23, the received current wpuld be, 


ifXX) 4- /O 

VvVW^-^ 


3 


Vi 


1 


Fig. 23. Circuit in which a source of power is connected to an absorber of power by 
means of a two-winding transformer. 

from (9), 


/ = E , = .001581E 

2yi,000 X 100 


(82) 


Assume now the equivalent two-reactance structure of an ideal trans¬ 
former (see Fig. 21). Since we have Ri = 1,000 and R 2 = 100, our 
circuit reduces to one of those shown in Fig. 24A or 24B. In either of 
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Figs. 24A and 2 IB. Circuits in which a source of power Ls connected to an absorber of 
power i)y means of L networks composed of pure reactances. 


these circuits the received current can be shown to be (by applying the 
formula for this type of circuit such as equation (3) of Appendix E) 

I = .0015817^: /7r 34' or I = MIBSIE /7T° 34' (83) 

the sign of the angle depending upon which sign is taken for the react¬ 
ances, or whether the circuit in Fig. 24A or 24B is assumed. Thus, if 
we insert between terminals 1-2 and 3-4 a two-reactance structure having 
the constants shown in Fig. 25, the received current—at 800 cycles—will 



4 


Fig. 25. Circuit in which a source of power is connected to an absorbi^r of power by 
means of an L network comprised of a capacity and an inductance. 

be .0015817^ /71° 34' or will be exactly the same in absolute magnitude 
as if an ideal transformer of the ordinary type—that is, having two 
inductive windings with mutual inductance between them—and of the 
optimum ratio were inserted between the terminals 1-2 and 3-4. 

7.4 Practical Applications of Transformer and Transition Losses. 

7.41 Transformers.—In order to get a clearer idea of what is meant 
by transformer and transition losses as well as to get a more concrete 
idea of their order of magnitude, let us consider the case of an e.m.f. E 
acting through a sending end impedance Zi of 240 — jl23 ohms and con¬ 
nected to a receiving end impedance Z 2 of 623 — j350 ohms. 

If now we connect these terminal impedances by an induction coil, 
of the type used in common battery subscribers* sets and having the 800 
cycle constants shown in Fig. 26, and if we assume an electromotive 
force E acting in one of the impedances Zi, the ahgolute value of the 
current in the other impedance Z 2 is 1 /1 = .001232£ (see equation) (3) 
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With an ideal transducer connecting these two impedances, the magnitude 
of the current would be .001293E (see equation (9)). If the impedances 
were directly connected together without any transformer, the correspond¬ 
ing current would be .001016E, while if they were connected together by 
an ideal transformer, the current would be .001139E (see equation (8)). 



Fig. 2G. Typical common battery induction coil connected between terminal im¬ 
pedances Zi and Zi. 

From these currents, and assuming a frequency of 796 cycles, it will be 
found that under the above circuit conditions, (1) the introduction of the 
induction coil has improved the efficiency of the circuit by 1.76 miles of 
standard cable, (2) the coil is .71 mile above the ideal transformer in 
efficiency so that the transformer loss at the junction of the two given 
terminal impedances—before the introduction of the induction coil—w^as 
1.76 — .71 = 1.05 miles. Likewise, the introduction of the coil removed 
all but .44 mile of the transition loss, i.e., the induction coil is only .44 
mile below' the ideal transducer in efficiency. Hence, the transition 
loss at the junction of the terminal impedances was approximately 
1.76 + .44 = 2.20 miles of standard cable. These figures are somewhat 
analogous to those obtained in Sect. 7.21 for a local battery type of 
induction coil when working between the best possible values for the 
terminating impedances and indicate how remarkably efficient a relatively 
cheap type of telephone transformer can be—particularly if it is working 
between terminal impedances having negative phase angles. 

7,42 Transmitter Testing,—Fig. 27 shows schematically one of the 
circuits frequently used for testing the relative volume efficiency of tw^o 



Fia. 27. Typical circuit for testing common battery transmitters. 
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transmitters. For equal agitations of the two transmitters, balancing 
cable is inserted until equal volumes of sound are obtained from each 
transmitter in the receiver of the receiving set. The number of miles of 
balancing cable required is taken as a measure of the relative volume 
efBciencies of the two transmitters in this circuit. It is to be noted that 
eight miles of standard cable are permanently connected in the circuit 
in order to eliminate such interaction or transition effects as have already 
been noted in Sect. 7.22 in connection with the reference to the system 
reference standard. This is done to insure that a given number of miles 
of balancing cable will produce a loss in the system which is proportional 
to the length of inserted cable. 

The results of tests in such a circuit as this give relative volume 
efficiencies which are true only for this particular circuit, due to the fact 
that, in general, there is a different transition loss for each transmitter at 
the junction of the transmitter and the rest of the circuit. Thus, two 
transmitters of widely different resistances may show a relative efficiency 
in this circuit quite different from their relative efficiency when tested in 
some other circuit. In this particular circuit the 800 cycle impedance at 
the transmitter terminals is approximately 307 — j74 ohms. It is, there¬ 
fore, seen that with present commercial types of transmitters, ranging 
between 30 and 150 ohms in resistance, this circuit will discriminate in 
favor of the transmitter having the higher resistance. 

Fundamentally, we are interested in the power delivered by a trans¬ 
mitter when it is working under its ideal condition; that is, when it is 
delivering power to an impedance that is the conjugate of its own internal 
impedance. The efficiency of one transmitter under this condition as 
compared to another transmitter under its ideal condition may be ob¬ 
tained from tests in the above testing circuit by calculating the transition 
losses existing at the junction of each transmitter and the rest of the 
circuit and by adding the difference of such fosses to the relative or 
observed eflSciencies of the instruments. That is, if L is the observed 
loss of transmitter 2\, as compared to transmitter T^y and if L\ is the 
transition loss for and L 2 is the transition loss for T 2 y then L\ — 
may be called the correction loss or Lc- The true relative power effimency 
may then be obtained from L + Lc. It has been customary to determine 
the transition loss for 800 and 1,500 cycles and to take the arithmetic 
average of the results so obtained as the proper value. 

From these corrected or relative powder efficiency values we can again 
determine the relative eflSciencies in any other circuit by reversing the 
above steps and adding to the relative power efficiency the difference in 
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transition losses for the new circuit which will give us the relative or 
observed efficiency of the transmitters in that circuit. The above correc¬ 
tions assume that the direct current supplied to the transmitters is the 
same under the several conditions. If, however, the direct current 
varies, it is necessary to know the relative efficiency of the transmitters 
for these currents and also to have information on the change of trans¬ 
mitter resistance with direct current. 

Two forms of transmitter testing circuits which are frequently used 
are those shown in Figs. 28A and 28B. The circuit shown in Fig. 28A 




h« 2HA Kip 28B 

Figs. 28A and 28B. Power efficiency testing circuits for transmitters. Fig. A—Em¬ 
ploying transformer coupling. Fig. B—Employing resistance coupling. 

makes it possible, by varying the taps on the transformer, to have both 
the standard and the test transmitter always working into approximately 
their own impedances. Consequently, the circuit makes it possible to 
determine readily the relative power efficiency of any two transmitters. 
The circuit shown in Fig. 28B accomplishes a similar purpose without 
the use of a transformer and its resultant frequency distortion. 

As an illustration of the use of transition corrections in transmitter 
efficiency analysis, let us consider the case in which two transmitters 
are tested in the circuit of Fig. 27. Assume that the impedance Zi of one 
transmitter is 30 ohms, that the impedance of the second transmitter Z 2 
is 60 ohms and that by test the first transmitter Ti is 2 miles le.ss efficient 
than the second transmitter 7^2. As previously stated, the impedance at 
the transmitter terminals of the testing circuit is 307 — j74 ohms, or is 
316 /13°.5 ohms at 800 cycles. Then when Ti is used, the ratio of the 
impedances at the junction of the transmitter and the rest of the circuit is 

316 /i^/30 /O^ = 10.5 /13°.5 

From (16) the transformer loss corresponding to the above impedance 
ratio is found to be 5.4 miles. Similarly, from (21) the phase difference loss 
or the loss which must be added to the transformer loss in order to obtain 
the transition loss is found to be .08 mile. The transition loss at this 
junction is, therefore, 5.48 miles. 
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Similarly, at the junction of T 2 and the rest of the testing circuit, the 
impedance ratio is 

5.27,'lr:5 

60 AT ' 

which corresponds to a transformer loss of 3.20 miles, to a phase difference 
loss of .08 mile, as before, or to a transition loss of 3.28 miles. The 
difference between the two transition losses is seen to be 2.20 miles. 
Obviously, the circuit discriminates against Ti which would, therefore, 
if working into its own impedance, be relatively more efficient than it 
appears to be by such a test. As shown above, it will be better by 5.48 
miles while would only be better by 3.28 miles. Therefore, T 2 has 
the advantage over Ti of 2.20 miles as noted above and the relative power 
efficiency of Ti compared to T 2 is then 2.20 — 2.00 = + .20 mile. That 
is, Ti is inherently .20 mile more efficient than ^ 2 . 

From this corrected efficiency let us now consider what would be 
the relative efficiency of these two transmitters if they were w'orking 
into a circuit having an impedance of 15/0°. For Ti the impedance 
ratio at the junction of the transmitter and the testing circuit w^ould be 
30 /()° / 15 /0° = 2 /0°. From Figs. 2 and 3, or from formulae IG and 21, 
this ratio corresponds to a transformer loss of .55 mile and to a zero phase 
difference loss—or to a transition loss of .55 mile. 

Similarly, for T 2 the impedance ratio at the junction of the trans¬ 
mitter and the testing circuit will be 60 /0°/15 /(F = 4 /0°. This ratio 
corresponds to a transformer loss of 2.05 miles, a zero phase difference loss 
or a transition loss of 2.05 miles. The difference between the transition 
losses is, therefore, 1.50 miles and the circuit favors the low resistance 
transmitter. Hence, the 30 ohm transmitter will appear to be 1.50 miles 
better than its true relative efficiency and the observed relative efficiency 
on the 15 ohm impedance circuit will be .20 + 1.50 = 1.70 miles, which 
is the efficiency of Ti compared to T 2 on this particular circuit. 

From the nature of the phase difference loss it follow^s that for trans¬ 
mitters whose impedances have the same phase angles (such as carbon 
button transmitters whose impedances are essentially pure resistances) 
the phase difference losses will always be the same. Hence, it is not 
necessary actually to determine the phase difference loss—or even the 
transition loss—in those cases in which we are interested only in deter¬ 
mining the relative efficiency of tw^o instruments whose impedances have 
the same phase angle. It is only necessary to determine the transformer 
loss as indicated in the above example. 
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7.43 Receiver Testing.—Fig. 29 shows a cable testing circuit for 
measuring the relative efficiency of any two receivers. The conditions 
of test are similar to those for the transmitter testing circuit of Fig. 27. 
In most tests of standard receivers it is not necessary to consider d-c. 
supply as the receivers ordinarily employ permanent magnets. We do 
not, therefore, have to consider a variable impedance for the receiver 
as we do in the case of the transmitter. Corrections for relative efficiency 
are otherwise made in the same manner as already described for trans¬ 
mitters. 



Fig. 29. Typical circuit for testing local and common battery receivers. 


For convenience, the efficiency of any receiver under test is ordinarily 
referred to that of a receiver standard —the code number of the receiver 
which has most frequently been used for a receiver standard in the Bell 
System being designated as the No. 122. As a result, the inherent 
efficiency of any receiver is determined by the ratio of the electrical power 
consumed by the receiver to the electrical power consumed by the No. 122 
receiver standard when both receivers are delivering the same sound output. 
This efficiency may, of course, be expressed in terms of miles of standard 
cable, napiers, or transmission units. 

If we are dealing with an electromagnet receiver, it is necessary to 
consider its efficiency with various values of direct current or ampere- 
turns and the above testing circuit is then modified to vary the amount 
of direct current supplied to the receiver. 

Another circuit which is frequently used for determining the inherent 
efficiency of receivers is the so-called power efficiency testing circuit shown 
in Fig. 30. 

7.5 Terminal Impedances Which Result in no Reflection Losses. 

7.51 Image Impedances of a Network.—It is frequently of interest 
to determine the values of the impedances, Zj^ and Zi^ —called, as we 
shall see later, the image impedances of the network—which, when 
terminating any structure, will result in no reflection losses at the junc¬ 
tions of the structure and the terminal impedances. No reflection loss 
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Fig. 30. Power efficiency testing circuit with transformer coupling, for testing reccivei-s. 


will exist (see Sect. 11.7) at any junction provided the impedance in one 
direction is equal to that in the other direction. Consequently, in Fig. 31 



Fig. 31. T network terminated in impedances of such values that no reflection losses 
exist either at junction 1-2 or 3-4. 


there will be no reflection losses at either the junction 1-2 or at 3-4 
provided the impedances are, as indicated, the same in each direction. 
This is evidently equivalent to stating that 


and 

'z y i 2 c(Zb+Z/) 

^^ + z„+z.+ z,. 

(84) 


y _ y _i_ Zic{Za + Z/,) 

^" + Zc+Zx-+ 

(85) 

Solving these equations for Z/, and Z/, 

Z/j — , {ZaZb + ZaZc + ZbZc) 

^ Lb ”r 

and 

(86) 

Z/, = 


(87) 

If we let Zo and Zs be the open- and the short-circuit impedances re¬ 
spectively of the T network, as measured from the 1-2 terminals, and 


Zo and Zs be the corresponding impedances, as measured from the 34- 
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terminals, then 


Zo = Za + Zc 
y __ ZaZb + ZaZc + ZbZc 

Zo = Zb ”t" Zc 


Zs' ^ 


ZaZb + Z«Zc + ZaZc 
Za + Zc 


and equations (86) and (87) become 

Zj, = VZsZo 
Zj. = VzZ^ 


( 88 ) 

(89) 

(90) 

(91) 

(92) 

(93) 


Equations (92) and (93) furnish a very simple means for determining the 
values of the terminal or iviage impedances Zj^ and Z/,, in terms of the 
open- and short-circuit impedances of the given structure or network, 
which will result in no reflection loss at either junction of the structure 
and the terminating impedances. Consequently, since the image im-- 
pedances, Zj^ and Zi^ of any network^ having two input and two output 
terminals^ are defined as those impedances which will terminate the network 
in such a way that at either junction the impedance in either direction is the 
same, then such a definition is eqxdvalent to saying that the image impedance 
at either end of a structure is the geometric mean of the open- and short- 
circuit impedance of the structure as determined from that end. This is 
what Kennelly has called the surge impedance. 

7.52 Image Transfer Constant of a Network.— The image transfer 
constant * of any passive network may be defined as one-half the natural 
logarithm of the vector ratio of the steady state volt-amperes entering and 
leaving the network when the latter '^s terminated in its image impedances. 
The ratio is determined by dividing the value of the volt-amperes at the point 
nearer the transmitting end by the value of the volt-amperes at the point more 
remote. 

With this definition we will prove that the image transfer constant 
of any structure, which will hereafter be called 0, is also equal to the 
hyperbolic anti-tangent of the square root of the ratio of the short- 
circuit impedance to that of the open-circuit impedance of the structure. 
In other words, referring to Fig. 31, it will be proved that 


® ■ I 'o*- Rf:=^/l= n/Iz 

* O. J. Zobel has suggested calling this term simply the transfer constant. The 
omission of the word image would certainly simplify the expression and might not lead 
to any confusion. 
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By Kirchhoff’s Laws it can be shown that 

h = -V Zc -{■ 

li Zc 


and that 

Fi _ ZaZb + ZaZc + ZbZc + Zi^(Za + Zc) 
V2 ‘ ZcZf, . 


(95) 


(96) 


Mso from (88) and (89) or from (90) and (91): 

lZ's_ fz7_ IZaZb + ZaZc + ZbZc ,, 

\Zo \Zo' \~(Za + Zc)(Zb+ Zc)' ^ 

Hence, it is only necessary to prove that 

1 [Zb + Zc + Z..XZ^Z„ + ZaZc + Z^Zc + Zr.(Zx + Zc)] 

2 Zc^Zi. 


is equal to 

tanh~* 


Zs' 

Zo' 


or to 


tanh' 


-‘4 


ZaZb ZbZc ZaZc 
{Za + Zc){Zb + Zc) 


where Z/, has the value given by (93) or where 

Z/, = VzTV = (ZaZb + ZbZc + ZaZc) (98) 

V Z/A [ 

By employing the relation given in equation (53) of Appendix A, it 
can be shown that 




1 + 




1 - 



+ Vz^z/ 

- yIZo'Zs' 



Zo' + Zj, 
Zo' - Zr, 



Zb + Zc + Zf, 
Zb + Zc — Z/, 


But 

Zb + Zc + Z/, 

Zb + Zc - Z,, 

_ CZb + Zc + Z;,XZ,iZfl + ZaZc + ZbZc + ZjJ^Za +Zc;] 

Zc*Z 7 , 


(99) 


( 100 ) 
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Hence * 

aoi) 

and the relation expressed in (94) is thus proved to be valid. We can, 
therefore, readily express the image transfer constant 0 of any network 
in terms of its open- and short-circuit impedances as well as in terms of 
the volt-amperes entering and leaving the network—when the latter is 
terminated in its image impedances, and Z/,. This matter is dis¬ 
cussed further in Sect. 11.22. 



CHAPTER VIII 

THfiVENIN’S THEOREM AND EQUIVALENT (T) NETWORKS 

8.0 Thfevenin’s Theorem.—Practically all of the formulae which 
have so far been derived, such as, for example, those for transformer and 
transition losses, have been derived on the assumption that we have had 
simple series circuits, that is, an e.m.f. E acting in series with an im¬ 
pedance and terminating at the distant end in a simple receiving im¬ 
pedance. As a matter of fact even a line which has no actual apparatus 
bridged across it has shunt capacitance and leakance so that actually 
every line is made up of both series and shunt impedances. In order 
then to show that the above-mentioned formulae are of general use and 
can be made to apply to any circuit, no matter whether it be of the simple 
series type such as has already been discussed, or whether it be of the 
most complex type imaginable, let us consider a simple but extremely 
useful proposition which is called Theveniri^s Theorem. 

8.1 This very useful and important theorem* may be stated as 
follows. If a source of simple harmonic electromotive force £, and of 
internal impedance Zr, is connected to the input terminals (1-2) of any 
invariable network and if an impedance Zr is connected to the output 
terminals (3-4) of the same network, the current in Zr will be E'I{Zt 
+ Zr), where E' is the open-circuit voltage across the terminals 3-4 and 
Zt is the impedance that would be measured across 3-4 with the source 
replaced by a simple series impedance equal to its internal impedance Zt- 
This is the same as saying that in so far as the terminals 3-4 are con¬ 
cerned the combination of source E and four-terminal network, 1-2 and 
3-4, is equivalent to a new source of electromotive force E' and a series 
impedance Z/, where E' and Z/ are independent of the impedance Zr 
externally connected across the 3-4 terminals. 

Thevenin's Theorem follows at once—as may be seen from the fact 
that the received currents Ir in the circuits shown in Figs. 1A and IB are 
identical—from the important and well-known proposition that any 
passive network, comprised of invariable elements and having two input 
terminals 1-2 and two output terminals 3-4, is externally equivalent, at 
the frequency of the source of e.m.f., to a properly designed simple 

* See Camp^ Rendus for 1883, v. 97, p. 159. Also J. B. Pomey’s “Cours d'filec- 
trioit^ Th^orique,’* v. I, p. 136, and A. Vaschy’s “Trait<^d’Electricity et E>e Magnetisme,” 
V. 1, p. 153. 
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three-parameter network such as a T or 11 network. The general proof 
of this* is somewhat involved but the fact that any specific passive net¬ 
work can, at any single frequency, be reduced mathematically to a single 
equivalent T network becomes almost self-evident when it is considered 
that any two T networks (as shown in Fig. 2A) can be combined into a 
single equivalent T network (see Fig. 2B). 



Fiq. IB. 

Figs. 1A and IB. Equivalent circuits—insofar as the received current Ir is con¬ 
cerned. Fig. A—Circuit employing a T network which may represent any structure. 
Fig. B—Equivalent circuit employing a simple series impedance. 

Consider for example the two circuits shown in Figs. 2A and 2B. The 
circuit shown in Fig. 2B is said to be the equivalent of that in Fig. 2A 
if for any values of Zl, Zr and E the current II entering the terminals 
1-2 in Fig. 2A is equal in phase and in magnitude to the current II 
entering the terminals 1-2 in Fig. 2B and if the current Ir leaving the 
terminals 3-4 in Fig. 2A is equal to the current Ir leaving the terminals 
3-4 in Fig. 2B. By applying Kirchhoff’s Laws to each of these circuits, it 
can be shown that the expression for 7 l is identical with that for I l and 
that the expression for is identical with that for Ir'; hence, the two T 
networks {Za, Zb, Zc and Zp, Ze^Zf) shown in Fig. 2A are said to be 
equivalent to the single T network shown in Fig. 2B. 

* See ‘‘Cisoidal Oscillations*' by G. A. Campbell, Transactions of the A. /. E, E. 
(1911), Volume XXX, Part II, pp. 873-909. Theory of Variable Dynamical Electrical 
Systems,” by H. W. Nichols, Physical Review, 1917, Vol. 10, pp. 171-193. 
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It is evident from the above that if we have any sort of a complex 
line or circuit made up of series and shunt impedances, we can combine 
them one by one until we have the entire circuit reduced to a single 
equivalent T network. 



I A +. 


7.c(Z,±Z^) 


7t p • " ' Zh -h Zc 4- Zb -f 

|vV\A/'VvVVV\AAA' 


Z* 4- ; 


4- Z*) 


Z» 4- Zr 4" + Zb 

VWVW\A 


ft 


IcZf 

Z, + Zf 4- Zb 4- Zb 


Fig. 2B. 



Figs. 2A and 2B. Circuits showing the external equivalence of two T networks 
and a single T network. Fig, A—Circuit employing two T networks. Fig. B—Circuit 
employing an equivalent .single T network. 


Having pointed out that any line, no matter how complex, is reducible 
at any frequency to a single T network, let us consider a little more in 
detail the practical importance of Thevenin's Theorem. We now know 
that any composite circuit, such as is shown in Fig. 3, is exactly equivalent, 
in so far as lo and Ir are concerned, to that shown in Fig. 4 in which 
Zq, Zr and Zsy as well as Zxy Zy and Zz, can be determined provided the 
constants of all the component parts of the actual circuit are known. 



Fig. 3. Diagram representing two complicated circuits connected by a transformer or 

other device at the point P 
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Fig. 4. Circuit employing two 7' networks but equivalent, in so far as lo and Ir are 
concerned, to the circuit shown in Fig. 3. 


In view of Thevenin's Theorem^ the above circuit can then be reduced, 
in so far as the currents lo and Ix are concerned, to the simple series 
circuit which is shown in Fig. 5. In this circuit, we can at once calculate 



Fig. 5. Circuit, employing simple series impedances, in which the transmission 
loas caused by the introduction of any device at the point P is identical to the loss caused 
by the introduction of the same device in Fig. 3 or Fig. 4. 


Ix in terms of Now, if in the actual circuit we change nothing to the 
right of the point F, Ix will evidently always bear a constant ratio to /«. 
Consequently, if FJ remains constant—as it must if the electromotive 
force E and the network to the left of point P remain constant—and we 
compute the values of Ix with the line at P connected together first by 
one kind of apparatus and then by another, the ratio of Ix under these 
two conditions will be the same as the ratio of Ir under the same condi¬ 
tions. Hence, for the purpose of computing the loss or gain due to the 
insertion of any apparatus at the point P, it is only necessary to know what 
are the values of the impedances, Zl and Z/r, looking in each direction 
from the point at which the apparatus is to be inserted and treat them 
as series impedances with a constant electromotive force acting through 
one of them. //, iher^ore, any apparattis is inserted in a circuity no matter 
how complex the circuit may be, we can at once tell what the transmission 
loss or gain due to such insertion will be, provided we simply know the im¬ 
pedances in each direction from the point under consideration. 
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The above fact makes it possible for one to derive formulae on the 
assumption of simple series impedances and to apply them, by a proper 
interpretation, to any type of telephone circuit, no matter how complex 
its structure. For example, since the circuit shown above is equivalent 
to an electromotive force E' acting through the series impedance Zl, 
it is evident, from what has been proved before regarding the simple series 
circuit, that the greatest possible poicer is absorbed from any given circuit 
when the latter is terminated in a receiving end impedance which is the 
conjugate of the impedance looking towards the electromotive force and this 
power is the square of the e.m.f. divided by foxir times the effective resistance 
of the source of power. 

The above proof also shows that the various formulae which were 
derived for transition losses, transformer losses, etc., on the assumption 
of simple series circuits, are general in their application provided that in 
their use Zt and Zr are considered to be the impedances measured in the 
two directions looking away from the point at which the transformer 
or other apparatus is to be inserted. 

In this connection it is interesting to note, from the curves in Fig. 2 of 
Chapter VII, the relatively small gains which can be obtained by inserting 
an ideal transformer, of the optimum ratio, in a circuit—provided the 
impedance in one direction is not materially greater than it is in the 
other direction. For example, if the impedances have the same phase 
angles and the impedance in one direction is 50 per cent greater than it is 
in the other direction, the insertion of an ideal transformer will only give 
a gain of .2 mile of standard cable. Similarly, if the impedance in one 
direction is twice that which it is in the other direction, the gain to be 
obtained by the insertion of an ideal transformer at that junetion is 
not much greater than .5 mile. Inasmueh as the usual type of telephone 
transformer has losses, due to the d-c. resistance of its windings, etc., 
of the order of several tenths of a mile, it is evident that there is, in general, 
nothing much to be gained—in increased efficiency—by using a trans¬ 
former unless the impedance ratio at the junction at which it is to be 
inserted is at least as great as 2 ; 1. 

8.2 Equivalent T Network of a Transformer.—The use of equiva¬ 
lent r or n networks is often of great value in making it possible to 
analyze the transmission losses introduced by certain apparatus much 
more readily than could otherwise be done. For example, the use of an 
equivalent T network to represent a two-winding transformer makes it 
relatively easy to see the effect of changes in the transformer constants 
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upon the transmission efficiency of the circuit. The equivalent T net¬ 
work of such a transformer is shown in Fig. 23B of Appendix D. 

If the windings of the transformer shown in Fig. 23A of Appendix D 
are in such a direction that, when terminals 2 and 3 are connected to¬ 
gether, they are in a series aiding connection, the corresponding equivalent 
T network has for its series arms Zp — Zm and Zs ^ Z \r, respectively, and 
for its shunt arm Z^^, The other signs shown in Fig. 23B hold when the 
direction of the windings is such that connecting terminals 2 and 3 to¬ 
gether gives a series opposing connection. The T network in which the 
series arms consist, respectively, of the differences of the primary and the 
mutual impedances, and of the secondary and the mutual impedances is 
the most convenient form for ordinary considerations and w ill, therefore, 
be briefly discussed. 

If, to simplify matters, w e consider a unity ratio transformer (that is, 
one in which Zs = Zp), the impedance {Zp — Zm) of each of the series 
arms of the equivalent T network may be -egarded as containing one- 
half of the total d-c. resistance of the transformer and one-half of the 
total leakage reactance. By means of the methods outlined in Chapter 
IX it is then possible to compute how much transmission loss is intro¬ 
duced by the series arms—or by the d-c. resistance and the leakage 
reactance. In a like way it is possible to determine the loss caused by 
the shunt arm or by the mutual impedance Zm. In most well-designed 
transformers the transmission loss caused by the two series arms .should 
be of the same order of magnitude as that caused by the bridged or shunt 
arm. This statement is analogous to that frequently made in power 
transformer design work, namely, that for maximum efficiency the copper 
losses should be approximately equal to the core losses. 

The impedances of the series arms of the equivalent T network are, 
in an efficient transformer, relatively small, while that of the shunt arm 
is relatively large as compared with the circuit impedances between which 
the transformer is to be connected. Winding such a unity ratio trans¬ 
former with a larger number of turns of smaller gauge wire will evidently 
increase the impedance of both the series and the shunt arms of the 
equivalent T network, thereby increasing the loss caused by the series 
impedances (Zp — Zm) and decreasing the loss caused by the shunt or 
mutual impedance Zm- It is thus seen that by a study of the relative 
magnitudes of the losses caused by the series and the shunt arms of the 
equivalent T network of a unity ratio transformer it is possible to de¬ 
termine whether or not there are too many or too few turns on the 
transformer for maximum efficiency. 
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In the case of a transformer having an impedance ratio that is not 
unity, that is, Zs 9^ Zp, the equivalent T network of the transformer, as 
given in Fig. 23B of Appendix D, is not as useful as in the preceding case 
of a unity ratio transformer. This is due to the fact that in the equiva¬ 
lent T network of the transformer which does not have a unity ratio, 
the impedances of the two series arms (Zp — Z.w) and (Zs — Zm) are not, 
in general, small quantities nor are they equal to each other either in 
magnitude or in phase. 

Consequently, in analyzing the losses in such a transformer it is 
customary to regard it (as shown in Fig. 25B of Appendix D) as a 
combination of an equivalent T network of a unity ratio transformer and 
an ideal transformer of the optimum impedance ratio. The particular 
structure shown in Fig. 25B is strictly equivalent to the transformer 
shown in Fig. 25A only when the self impedances (Zp and Zs) of the latter 
have identically the same phase angle. This is, however, a condition that 
holds very closely in most all well-designed transformers. 

If then we consider the 1-2 terminals of the equivalent T network 
to be connected to the normal impedance with which the 1-2 terminals 
of the transformer shown in Fig. 25A are to be connected and if the 5-6 
terminals of the T network are connected to ZpjZs of the impedance 
between which the 3-4 terminals of the transformer are to be connected, 
we have a means for analyzing the various losses occurring in such a 
transformer that is essentially similar to that holding for the unity ratio 
type of transformer. 

For reference purposes, examples of various structures and their corre¬ 
sponding equivalent f or 11 networks are given in Figs. 22 to 34 inclusive 
of Appendix 1). 
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THE COMPUTATION OF TRANSMISSION LOSSES 

9.0 It is evident that ThSvenin^s Theorem, taken in conjunction 
with the fact that any circuit can be reduced at any frequency to a single 
r or n network, enables us to simplify greatly all transmission problems 
which involve simply the determination of the ratio of the received 
current or energy, before and after making a change in the circuit. 

If, as is seldom the case, it is required to determine the actual 
numerical value of the received current in any structure, in terms of a 
known electromotive force acting in the circuit and the various impedance 
elements ol the circuit, we can, in general, do so either by using specific 
formulae applying to the circuit in question—such as those given in 
Appendix E—or by the somewhat more general method outlined below. 

Fig. 1 represents any structure comprised of series and shunt im-. 



Fig. 1. Ladder type of structure whose transmission loss is to be determined. 


pedances. In computing the transmission loss introduced by the inser¬ 
tion of such a structure between terminals 1-2 and 3-4, the quantities 
indicated below are determined in turn. 
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Zr, =llZ^ 

(6) 

h 

Z4 + Zc 

IjC 

h 

Zb ^ Zb + Zd 

(7) 

II 

Z, 

Zb “t" Zb 

(8) 

Zp = Y Zb 

(9) 

Zo - Zt + Zp 

(10) 

Ij 

h 

I 7 _ Zg 

II Z% + Zo 

(11) 

Zn = ~Z (7 
I9 

(12) 

Z/ = Z9 + Zu 

(13) 
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Then 


/i, = /« = 


E 


Zl + Zr 


T _ w W W -^7 w T 

i« — 7-A7-A7-AfAi» 
ij is h it 


(14) 

(15) 


The factors necessary to get Ir in (15) are directly obtainable from (2), 
(5), (8), (11), and (14). 

Without the structure in the circuit, the current {Ir') flowing through 
Zr would be 




E 

Zl Hh Zr 


(16) 


The ratio of the currents given by (15) and (16) makes it possible to de¬ 
termine the transmission loss caused by the introduction of the structure. 
The loss, in miles of standard cable L, is then given by the relation 

21.13 logio^ (17) 

Ir 


The method outlined above is particularly general in its application 
in view of the fact that, as previously stated, all structures, comprised of 
invariable elements, can be reduced, at any given frequency, to equiva¬ 
lent T networks. A means of calculating the transmission loss of some 
structures that is, in general, simpler than the method outlined above is 
by means of a knowledge of the iterative impedances and of the propaga¬ 
tion constant or of the image impedances and the image transfer constant 
of the structure. This will be taken up in detail in Sect. 11.8. 

In most cases, however, we do not need to know the absolute values 
of the alternating currents in a telephone circuit but simply their relative 
value. This is especially true in those cases where one is interested in 
determining the tra'nsm'ission loss caused by the introduction of any 
apparatus into a telephone circuit. The transmission loss caused by any 
modification of a telephone system is the loss in the power delivered to the 
receiving device of the system and is measured by the ratio of the received 
powers before and after such a modification. 

Consequently, the problem of finding the transmission loss due to a 
piece of apparatus inserted in or bridged across a telephone line is the 
problem of finding how the current entering the receiving set is altered 
by the inserted or bridged apparatus. The apparatus may consist of 
series or bridged impedances, transformers, lengths of cable or open 
wire lines, etc. 
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In general, there are folir terminals to a piece of inserted apparatus; 
that is, two connected to the telephone circuit going in one direction and 
two connected to the circuit going in the other direction. A simple 
bridge may be considered as having four terminals by including with it 
“a foot of line'’ on each side of it. The above statement of four terminals 
assumes the usual condition of the two sides of the circuit, and also of the 
inserted apparatus, being nearly symmetrical, so that the presence of the 
ground or other neighboring bodies need not be considered. If this 
condition does not hold, the apparatus has another terminal to be con¬ 
sidered—the ground. 

As stated in Sect. 1.1, it is often assumed, in rough work, that the 
transmission loss calculated at a frequency of about 1,100 cycles is perhaps 
as satisfactory a value as any, in estimating the transmission loss 
existing with voice currents. This is not a safe assumption, however, 
when the loss varies widely for different frequencies between 250 and 
2,500 or perhaps 3,000 cycles, as is apt to be the case where losses due to 
the insertion of condensers or the omission of loading coils, etc., are being 
considered. As pointed out in Chapter I, frequencies outside of the 
limits given above are not particularly important in the transmission of 
commercial telephonic speech although frequencies as high as 8,000 
cycles must oftentimes be considered in the transmission of high quality 
speech or music. 

It is evident that computations or measurements at no single frequency 
are as good as at two or more frequencies because of the possibility of 
a sharp resonance at a frequency near that used, and the erroneous 
results which might be caused by such a resonance. At present, it is 
quite general in rough computation work to use an average of the results 
of computations obtained at 800 and 1,500 cycles. In certain types of 
problems, however, it may oftentimes be necessary to consider a larger 
number of frequencies and to use a weighted average in obtaining the 
final result. 

We have shown by Thevenin’s Theorem that if one is interested only 
in knowing the ratio of the current in a circuit before and after inserting 
any apparatus, it is simply necessary to take the line at the place where 
the apparatus is to be inserted, find the impedance of the line in both 
directions and then assume that a constant e.m.f. is acting through one 
impedance, thus causing a current to flow in it and in the second im¬ 
pedance, and then compute how the current flowing in the second im¬ 
pedance is altered by the insertion of the apparatus. The ratio of the 
currents with and without the apparatus will give the factor which in 
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turn may be translated into miles of standard cable, napiers or TU by 
formulae such as are given in Chapter II. The only assumption made 
in the above is that the change }>roduced in the magnitude of the currents 
by the inserted apparatus does not affect the constants of the circuit or 
the magnitude of the e.m.f. acting in the transmitter. 

9.1 Transmission Losses Due to the Insertion of Series Impedance. 
—Any apparatus inserted in a telephone line may offer either series or 
bridged impedance to the line or it may offer both. Let us first con¬ 
sider the case of apparatus inserting simple series impedance in the line. 
Let the line at the point where the apparatus is to be inserted have an 
impedance Zi in one direction v.nd an impedance Z 2 in the other direction. 
Then if we assume, in accordance with Thevenin’s Theorem, an e.m.f. 
E acting through Z^ on to Z 2 , the current in Z 2 is Ej^Zi + Z 2 ). Now, if 
apparatus having a series imi)edance Zc be inserted between Zi and Z 2 , 
the current ffowing into Zo is /^/(Zi + Z 2 + Zc). 

Whence, the absolute magnitude of the ratio r of the currents; after 
and before inserting the apparatus, is: 




Zi + Z2 


Zi + Z2 + Zc 


(18) 


r may then be clianged into loss, in terms of any of the various types of 
transmission units, by means of the formulae given in Chapter 11. 

9.2 Transmission Losses Due to the Insertion of Bridged Impedance. 
Suppose now that instead of the apparatus otfering a series impedance 
to the circuit it had offered a bridged impedance Zs. As before, the 
current in Z 2 before the insertion of the apparatus is Ii = El{Zi + Z 2 ) 
(see Fig. 2A). After, the insertion of the bridge (see Fig. 2B), it is 


I2 


EZs 

ZiZs+ Z2ZS+ Z1Z2 


(19) 



2A and 2B. Circuits illustrating the method of calculating transmission losses 
due to a simple bridged impedance. 
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Then from the above expressions 

1_ I 

h ZiZi I (20) 

Zs{Zi+ Z2)\ 

Equating (18) and (20) gives 

Zi + Z2 1 _ _ 1 

Zi -{• Z 2 Zc j , Z 1 Z 2 (21) 

or 

ZcZs = Z 1 Z 2 ( 22 ) 

From this relation we may draw the following useful conclusion. If 
any network is inserted in series between any two terminal impedances — 
whose product is a constant pure resistance—the transmission loss caused 
thereby will be exactly the same, at all frequencies, as if the corresponding 
inverse network of constant resistance product {see Sect. 18.1) is shunted 
across the circuit. 

An illustration of the use of this principle may be seen by referring 
to Figs. 3A and 3B. In other words, the netw^ork composed of the 



Fio. 3B. 

Figp. 3A and 3B. Typical circuits, (the product of whose terminal impedances is a 
eonstani resistance) whose efficiency is the same at all frequencies. 
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parallel elements Li = 1 henry, Ci = 1 microfarad and = 1,000 ohms 
in Fig. 3A causes exactly the same loss at all frequencies as does the 
corresponding inverse network in Fig. 3B. The elements of the inverse 
network, made up of the series elements L 2 = .36 henry, C 2 = 2.78 miOTO- 
farads and R 2 = 360 ohms, are related to those of the network in Fig. 3A 
by the relations given in equation (1) of Chapter XVIII or 

L2IC1 = L1IC2 = R1R2 = Z 1 Z 2 = 360,000 ohms 

9.3 Series and Bridged Impedance.—Let us now consider the last 
and general case in which the apparatus offers both series and bridged 
impedance to the circuit. Suppose the apparatus has a shunt im¬ 
pedance of Zs and series impedances of Za and Zn as shown in Fig. 4B. 



Fitf 4 A Fig. 4B 

Figs. 4A and 4B. Circuits illustrating the method of calculating transmission losses 
due to the insertion of any T network. 


As stated before, all apparatus—including lines, transformers, etc.—can 
be represented electrically by such an equivalent T network consisting 
of two series impedances and one shunt impedance. In this case 

__I (O-i) 

I Ii {Zi + Za){Z2 + Zn + Zs) + Zs{Z2 + Zb) 1 

If in any case r comes out larger than unity, the loss in such a case will 
actually be a gain. In other words, in such a case a greater current will 
flow into Z 2 with the apparatus inserted than when it is omitted and, 
consequently, there will be more power in the receiver after inserting the 
apparatus than there was before. It will also be noted that the loss 
depends simply upon the absolute or numerical value of the current ratio 
r and that the phase difference between I\ and I 2 does not enter into the 
problem. This is due to the fact that, as found by Helmholtz,* the ear 
cannot detect phase differences when listening to incoming speech from 
a single receiver, as is usual in commercial telephony. In other words, 
the ear analyzes the complex ave into its constituents independently 
of their phase relations. 

* “Sensations of Tones/' by Von Helmholtz, Chapter VI. 
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Fio. 6. Curves showing the transmission gain in TU caused by inserting in a circuit 
a simple series impedance, Zc* or a simple shunt impedance, Zs* 
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Q.4 Graphical Methods. —It will be seen from the foregoing that the 
process of determining the loss caused by the insertion of any apparatus 
in a telephone circuit, while not complicated, involves considerable com¬ 
putation and, in view of the fact that such computations have to be made 
very frequently, certain curves are, in practice, often drawn up to facilitate 
this work. The more general such curves are made the less labor they 
save, while on the other hand it is not feasible to draw up curves for each 
special condition of circuit, frequency, etc. 

There are two general types of curves which are in common use, one 
set permitting the losses or gains due to any series or bridged impedances 
inserted in any line (and at any frequency) to be determined with the aid 
of a small amount of mathemafical work and the other set permitting the 
determination, without any mathematical work, of the losses (at any given 
frequency) caused by impedances bridged across circuits of known im¬ 
pedances, such as at the middle of or at the end of long uniform lines. 

Curves of the first type, as shown in Figs. 5 and 6 , are very useful 
since they make it possible, with only a small amount of computation, 
to determine the transmission loss or gain caused either by the insertion 
of series or shunt impedances. Suppose, for example, we wish to bridge 
a piece of apparatus having an impedance Zs of 3,640 /90° ohms across 
the junction of a long No. 12 N.B.S. gauge open wire line having an iter¬ 
ative impedance Zi of 715 /12® ohms and a substation circuit whose 
impedance is 640 /30 ^ ohms. We find that the value of Zs/Zi + Z 5 /Z 2 
is approximately 10/80° and from the curves in Fig. 5 that the corre¬ 
sponding transmission loss is .19 transmission unit (TU). Similarly, if an 
impedance Zc of 210 /63° ohms is inserted in series between the line and 
the subscriber’s set referred to above, the value of (Zi + Z 2 )lZc is 
approximately 6 /70° which from the curves given in Fig. 5 corresponds 
to a transmission loss of .57 TU. 

Curves of the second type are shown in Fig. 7 and enable us, as 
previously stated, to determine at once and without any calculations the 
transmission loss caused by bridging any apparatus (such as relays, 
retardation coils, etc.) across the specific circuit for which the curves are 
drawn. For example, if a relay whose impedance is 400 + jl,200 ohms 
is to be bridged across the end of a long open wire circuit having an im¬ 
pedance in one direction of 711/14° 46' ohms and in the other direction 
728/10° 19' ohms, we find by reference to the curves in Fig. 7 that $he 
transmission loss caused thereby is 1.48 miles of standard cable. It 
should be noted that the curves of Fig. 7 are drawn for the specific values 
of the terminal impedances referred to above. 
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9.5 Calculation of Very Small Transmission Losses. —It is fre¬ 
quently desired to determine the transmission loss which is caused by the 
insertion either of a small series impedance or a large shunt impedance. 
Such a determination can properly be made by means of the formulae 
previously given, but due to errors in slide rule work, etc., it is often¬ 
times more convenient and more accurate to use formulae of the type 
which are derived below. 

Suppose we have the circuit shown in Fig. 8 and wish to determine the 
transmission loss caused by the insertion of a small resistance R. It 
is known that the absolute magnitude of the ratio of the currents after 
and before inserting the resistance is: 


j _ ,-LAc = + ^2 

h\ Zi + Zi + R 


(24) 


where L is the loss in miles of standard cable and is the attenuation 
constant of standard cable at the frequency considered. Squaring both 
sides of the above equation and using the component parts of Zi and Zg, 

.-2LAc = (^1 + ^ 2 )^ + (-^1 + A'j)* 

(R,+ R,+ Rf+ {XV+ 


Taking the reciprocal of this equation and the logarithm of both sides, 


2LA c 


I + R2 + R )^ -j- (^”1 -|- ^"2)* 

(Rr+ R2?+ {Xr+ ^ 


(26) 


The derivative dLjdR of this equation is 


dL _ R\ “ 1 “ Ri -|- R 

m ~ .4ci:(Ri + R2 + R? -1- (A'l + Z 2 )*] 


When there is no initial inserted resistance in the circuit, R is zero and 
equation (27) becomes 

dL _ Ri-\- R 2 _ Ri A- Ri 

dR /lcC(Ri + R2)*-f (;fi+X2 )»] Ac\Z^ + Z^\^ ^ 

The above value of dLJdR is, therefore, the loss in miles of standard 
cable per ohm of resistance inserted in the circuit. 

If a frequency of 796 cycles (w = 5,000) is assumed, the attenuation 
constant of standard cable, Ac, is .109 and hence equation (28) becomes 

Ri + Ri 

dR .ld9|Zx -l-Z 2 I* 


(29) 






Fio. 7. Curves showing the transmission loss, in miles of standard cable, due to 
bridging an impedance (R at the Junction of a long non-loaded No. 12 N.B.S* 
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gauge open wire line a nd a ty pical subscriber’s loop. Curves assume that the imped¬ 
ance of the line is 711 /14*46' ohms and that the impedance of the subscriber’s loop 
is 728 /10*19' ohms. 
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Fiq, 8. Circuit in which the transmission loss, due to the insertion of a small resistance 

R, is to be calculated. 

As an example of the use of this method, suppose we have the common 
battery substation circuit shown in Fig. 9 and wish to find the a-c. loss 



Fig. 9. Common battery substation circuit, illustrating the calculation of the trans¬ 
mission loss due to the insertion of a small series resistance. 


resulting from increasing the effective resistance in the 1-2 winding of 
the induction coil by a small value—say 10 ohms. Assuming a frequency 
of 796 cycles, equation (29) gives 


dL _ 250 + 600 

dR .109[(250 + 600)2 + (230 - lOO)^] 


.0105 mile per ohm (30) 


Consequently, for small values of inserted resistance each ohm increase 
in the 1-2 winding will increase the voice-frequency transmitting (or 
receiving) loss of the substation set by .0105 mile of standard cable. 
The loss due to the 10 ohms will, therefore, be .105 mile. 

We can, by a similar method, determine the transmission loss caused 
by shunting a very high impedance across any point of a circuit. For 
example, consider the circuit shown in Fig. 10. If we let rJO s ZsIZa 





Fig. 10. Circuit illustrating the calculation of the transmission loss due to the bridging 

of a high impedance Zis.. 
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+ Zs/Zb, then it can be shown that the transmission loss, L, in miles of 
standard cable caused by the bridged impedance Zs is 

, 2.303, r, ,2cos0, n 

When Zs is large, and provided 6 does not equal ± 90° 


j ^ cos 6 
' Ter 


(32) 


in which Ac is the attenuation constant of standard cable (.109 at 796 
cycles). This last formula holds very closely when r has a value of ten 
or greater—unless 9 is extremely near ± 90°. 



CHAPTER X 


SUBSTATION CIRCUITS 

10.0 If, by some method, a substation circuit can be so arranged 
that (1) when transmitting, the receiving element is removed from the 
circuit and (2) when receiving, the transmitting element is removed 
from the circuit, the transmission eflSciency of the circuit may be materially 
improved. A substation circuit that is capable of such a change is 
called a variable suhsiatiarT circuit in contradistinction to an invariable 
substation circuit in which the circuit is identically the same electrically 
whether transmitting or receiving. 

10.1 Ideal Variable Circuits.—If we are to have a variable sub¬ 
station circuit that is ideal from a transmission point of view, it is evident 
that, on receiving, all the incoming power which it is possible to absorb 
from the line, or source of power, must be dissipated in the receiving 
element and, similarly, on transmitting there must be nothing in the 
substation circuit but the transmitting element—associated, of course, 
with such a transformer, etc., as may be found desirable to impart the 
maximum possible power to the line. 

Consider, for example, the simple circuit shown in Fig. 1 in which a 



Fig. 1. Simple ideal variable circuit. 


transmitting element of impedance Zt is connected by a transformer to 
an electrically long line whose impedance, as measured from the terminals 
of the substation circuit, is Zl. At the other end of the line is a receiving 
set consisting simply of a receiving element Zr associated with a suitable 
transformer. 

10.11 Receiving. —If we now consider the transmitter to be a source 
of constant a-c. electromotive force, we can, by means of Thfivenin^s 
Theorem, reduce the above circuit—in so far as changes in current at the 
receiving end are concerned—to the circuit shown in Fig. 2. 

102 
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The problem then, so far as the receiving end is concerned, is to 
determine what relation must exist between Zb, Zc and Zb in the above 
circuit in order that there shall be maximum power dissipated in Zr. 



Fio. 2. Equivalent circuit of simple variable substation circuit, when receiving. 


Although the answer to this problem has been essentially obtained 
earlier (see Sect. 7.1), the complete proof will be given again for the 
sake of clearness. 

The current Ir is given by 


(Zl + Zd){Zr + 2c) {ZcdY 

It will be assumed that the transformer is ideal; i.e., that it has no 
capacity, resistance or flux leakage and that the self impedance of each 
winding is infinite. If then we let r ^ Zd/Zc and the mutual impedance 
ZcD == ^ZcZd = Zc Vr, equation (1) gives 


Ir 


e Vr 


Zl + ZrV 


e Vr 

+ {Rr jXR)r 


( 2 ) 


The power dissipated in Zr will be: 


\Ir\^Rr 


^tRr 

{Rl + RrtY + {Xl + XrtY 


(3) 


By the usual process of differentiation, this is found to be a maximum 
— if r is variable—when 


Zc ^Rr^ + Xr^ 'z«| 


(4) 


Substituting this value of r in (2) gives 





( 6 ) 


Next insert in series with the line (at the point z, y) a reactance of 
XI ohms. The impedance Z^ will then be effectively Rt, ohms. 
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Similarly, the insertion of a reactance of — Xr ohms in series with the 
receiving element will make its impedance Zr become effectively Rr ohms. 
Under these conditions (5) becomes 


Ir 


e 

2 VRiRs 


( 6 ) 


which represents the absolute maximum value of current that can be 
obtained in a receiver of impedance Zr = Rr + jXr ohms when con¬ 
nected to a line having an impedance of Zt = Rt + jXl ohms. 

Since the impedance of the substation circuit as measured from its 
terminals (x, y) has been shown to be (see equation (26), Chapter VI), 

Z^^Zr^tZr (1) 


it is evident from an inspection of (4) and (7) that the impedance of the 
substation set Z is equal in absolute value to that of the line Zl provided 
the set is so designed as to obtain maximum power in the receiving 
element. 

10.12 Transmitting.—In considering the transmitting eflSciency of a 
substation circuit, when connected to an electrically long line, it is only 
necessary to consider what design of the substation circuit will produce 
the greatest current at the outgoing end of the line. This is evident 
since the ratio of the current received at the far end to that starting out 
on the line will be a constant depending upon the electrical characteristics 
of the line and the receiving apparatus and is independent of anything 
that may be done to the circuit of the transmitting substation set. The 
problem then, in the particular case assumed, is to determine when the 
substatipn circuit will produce the maximum current in the line when its 
terminals are connected to an impedance Zl and to determine the value 
of this current. 

Referring to Fig. 3 the expression for II is 


_ EZab _ 

(Za + Zt){Zb + Zl) (Zab)^ 


(8) 



Fig. 3. Circuit of simple variable substation set when transmitting. 



Chap. X] 


SUBSTATION CIRCUITS 


105 


From the similarity of this equation with equation (1) it is evident that 
the current II is a maximum when 


!^i= ^ 

! Za j Zt 


(9) 


Moreover, when the reactances of Zt and Zl have been annulled, by 
inserting in series with them reactances of — Xr and — Xl ohms 
respectively, the value of outgoing current II will be 


II 


E _ 

2 ^IRtRl 


( 10 ) 


This is then the maximum value of outgoing current that it is possible 
to obtain on a line whose impedance is Zl — Rl + ohms, if the 
transmitting element has an electromotive force E and an internal 
impedance of Zr = Rr + jXr ohms. 

10.2 Ideal Invariable Circuits—with Unity Power Ratio.—In the 
case of an invariable substation circuit it is evident that if two-way 
service is to be had there must be both a transmitting element and a 
receiving element at each set. Since it is not known as yet what relations 
must exist between the impedances of the transmitting element, the 
receiving element, and the line so that the set may have maximum com¬ 
bined transmitting and receiving efficiency, ideal transformers will be 
assumed to be inserted as shown in the circuit in Fig. 4—in order that 
we may effectively give to the elements whatever impedances may be 
found to be the most desirable. 

10.21 Transmitting.—Assuming as usual that the transmitter may 
be considered to be the source of a constant a-c. electromotive force 
and that the set is to be connected to a long line of impedance Zl, the 
circuit is as shown in Fig. 4. 


Zr - /Jr 4 - jXr 




-♦ 



Fio. 4. Schematic of an ideal invariable substation circuit when transmitting. 
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Assuming ideal transformers, the expression for the current in the line is 


1l 


E 




Zm , 


Zs 


IjN 


( 11 ) 


10,22 Receiving.—On receiving we can assume (by means of 
Th6venin’s Theorem) an electromotive force e acting on the set in 
series with the impedance Zl as shown in. Fig. 5. 



Fig. 5. Schematic of an ideal invariable substation circuit when receiving. 


With ideal transformers, the current in the receiver would be 


/« = 



( 12 ) 


10.23 Combined Transmitting and Receiving.—Since the trans¬ 
mitting efficiency depends upon the value of II as given by (11) and the 
receiving depends upon the value of 1r in (12), the combined transmitting 
and receiving or overall efficiency of the substation circuit will be a 
maximum when the product of Ir and h is a maximum. This product is 



Assuming the ratio ZuIZn to be variable, and Zl, Zr and Zt to have 
equal phase angles, this product is a maximum when 


Zs 


Zl Zr 

ZZt 


(14) 
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Similarly, if the ratio ZsIZp is varied, the product of /« and II as 
given by (13) is a maximum when 


„ Zl+Pzt 

liB _ Zat 

Zp ^Zr 

(15) 

Solving (14) and (15) simultaneously, 


Zay Zl 

(16) 

and 

j Zl 

- -2 

(17) 

Since {ZsIZp)Zr is the effective impedance of the receiving element 
and (Zm/Zn)Zt is the effective impedance of the transmitting element, 
it is evident that the effective impedance of both elements must be 
equal to each other and that their sum, which is equal to the impedance 
of the set, must equal the impedance of the line Zl as measured from 
the set terminals. 

Substituting then the values of (16) and (17) in equations (11), (12) 
and (13), we get 

/l= ^ 

2 ^2ZtZl 

(18) 

IR = ^ 

2i'^2,ZrZ 1, 

(19) 

and 


IlXIr= 

8ZL ^ZtZr 

(20) 


which are, respectively, a measure of the transmitting, receiving and 
overall eflSciency of a circuit designed for maximum overall (or combined 
transmitting and receiving) efficiency. 

If, as before, the reactances of Zl, Zr and Zt are annulled by 
inserting in series with these elements reactances of — Xt, ~ Xr and 
— Xt ohms respectively, the above equations become 


Il = 


E 

2 '^2RiJRt 


( 21 ) 


/« 


e 

2V2iOK 


( 22 ) 
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and 




Ee 

SRt "ylRgRr 


(23) 


These last three expressions, representing as they do the maximum 
values of the transmitted and received currents (as well as of their 
product) which it is possible to obtain in an ideal invariable substation 
circuit designed for maximum overall eflBciency, furnish a very useful 
means of determining the relative transmitting, receiving and combined 
transmitting and receiving eflSciency of any type of substation circuit 
as compared with that of the ideal invariable substation circnit. 

We will now consider how the eflBciency of the ideal invariable circuit 
compares with that of the ideal variable circuit. From (6) and (10) the 
product of the currents in the ideal variable circuit is 


IlX 


j _ Ee 

^Rl ‘^RiiRt 


(24) 


A comparison of (23) and (24) shows that in the case of the invariable 
circuit the product of the currents, representing the total transmitting 
and receiving eflBciency, is only one-half of that obtained when variable 
sets are used. Since in both cases the impedance of the substation 
circuit is equal to that of the line, the power received in a system using 
invariable substation circuits is only one-fourth of that received over a 
system using variable substation circuits—which is exactly analogous 
to the result that was obtained in circuits using simply transmitters 
and receivers (see Sects. 3.1 and 3.2). Also, as previously stated, a loss 
in current of one-half corresponds to approximately 6.3 miles of standard 
cable at 800 cycles. Hence, it is evident that the trarurmission over any 
system using invariable substation circuits is inherenily 6 miles worse 
than that over a similar system using variable substation circuits. 

lOJ Ideal Invariable Circuits—with Power Ratio Y .—If we could 
increase the transmitting eflBciency of a substation circuit by simply 
causing a corresponding decrease in the receiving eflBciency of the circuit, 
it would be a highly desirable thing to do since the deleterious eflPects of 
extraneous line noises would thereby be minimized. In other words, 
the telephone currents would then be large as compared with extraneous 
or induced currents. The question then arises as to what effect will 
any such attempt to boost the transmitting eflBciency, at the expense 
of the receiving eflBciency, have upon the overall or combined transmitting 
and receiving eflBciency of the circuit. 




Chap. X] 


SUBSTATION CIRCUITS 


109 


10.31 Transmitting and Receiving Efficiency.—^As previously shown, 
the invariable substation circuit has maximum combined transmitting and 
receiving efficiency when the effective impedance of the transmitting 
element is equal to that of the receiving element, or, in other words, 
when the incoming power is equally distributed between the transmitting 
and receiving elements. Suppose, that when receiving, Y is the ratio of the 
power delivered to the transmitter to that delivered to the receiver and that the 
problem is to determine how the transmitting, receiving, and combined 
transmitting and receiving efficiency of a substation circuit varies as Y 
departs from unity. 

Referring again to Fig. 5, the above definition of Y states that 

Assuming as before that the transformers are ideal 


It-- Ii 




Substituting the values of (26) and (27) in equation (25) 


— itr 


Since for maximum eflBciency the impedance of the set must equal that 
of the line and’since the reactances of the transmitting and receiving 
elements must be annulled 

Zl = ^Rh+^Rt (29) 

Solving (28) and (29) simultaneously 

Zy Rt{1~+Y) ^ ^ 

and 

Zs _ Zt, 

Zn RbH + Y) 


(31) 
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Substituting the value found in (31) in equation (27) 

“ ^®'v/r/i(1 + F) 

Since, however, the impedance of the set equals that of the line 


Consequently, (32) becomes 

In = (34) 

2'>IZiRn{l + Y) 

When the reactances of the transmitter and receiver have been annulled, 
(11) becomes 


Z l ^Af p I ^ S p 
L + T” ^ tv/j 


From (29) and (35) 


Also from (30) and (36) 


EyiY 


XL, --- -- - 

2VZi.fir(l + Y) 

If the reactance of the line is annulled by putting in series between it 
and the set a reactance ol — Xl ohms, (34) and (37) become 

Ih = (38) 

2'>IRlRr{1 + Y) 


E^Y 


2V07-a + P) 

The product of (38) and (39) gives 

IlXIh= - (40) 

4/ii(l Y)'>lR tRh 

When the theoretically most efficient condition holds, i.e., when F =» 1, 
equation (40) reduces, as it should, to equation (23). The last three 
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equations then supply a method for determining the loss or gain in 
receiving, transmitting or combined transmitting and receiving 
efficiency due to a variation in the power-distribution ratio Y. For 
example, the current ratio corresponding to the loss in receiving, due to 
the fact that the value of Y is not unity, is 



Similarly, the ratio corresponding to the loss in transmitting efficiency 
is given by 



Finally, the ratio of currents corresponding to the combined trans¬ 
mitting and receiving loss is 



-»- \ -J-i nr IT M ... y. 

Fiq. 6. Substation oharaoteristics as functions of the power-distribution ratio Y. 
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In order to show more clearly what effect a variation in the power* 
distribution ratio Y has upon the efficiency of an otherwise ideal sub¬ 
station circuit, there are given in Fig. 6 curves obtained from (41), (42) 
and (43). 

10.32 Side-Tone.—^There is one more characteristic of the ideal 
invariable side-tone circuit which is of interest and that is the amount 
of current—called side-tone current—which will flow in the receiver 
of an ideal invariable circuit, whose power-distribution ratio is Y, when 
an e.m.f. E is acting in the transmitter. 

If the values of ZajZp and of II, as given by equations (31) and (39), 
are substituted in (27) and if the reactance of Zz, is annulled, the current 
in the receiver, when transmitting—that is, the side-tone current is 


Ir = 


E^lY 


E 


2VjR7*/J|j(K -4- 1) 4^ RtRr ^{Y 1) 


==X J- 

Rr V( 


4y 


If F = 1, 


Ir = 


E 


4 '^RtRr 


(44) 


(45) 


If then we compute the current in the receiver of any actual sub¬ 
scriber’s circuit—when transmitting—and compare it with the side-tone 
current flowing in the ideal invariable subscriber’s circuit—as given in 
(45)—we have a convenient and definite standard of reference by which 
the side-tone efficiency of any actual subscriber’s circuit can be expressed. 
There is then a definite standard consisting of an ideal invariable circuit 
with which the transmitting, receiving, or side-tone efficiency of any 
actual substation circuit can be compared. 

10.4 Efficiencies of an Actual Substation Circuit in Terms of the 
Ideal Invariable Circuit.—^To illustrate the use of the formulae of the 
preceding sections and the method outlined above for determining the 
transmitting, receiving, overall, and side-tone efficiencies of any actual 
substation circuit as compared with those of the ideal invariable circuit, 
consider the standard common battery circuit, the formulae for which, 
derived in the usual way by Kirchhoff’s Laws, are given in Appendix E. 
If it is assumed that the common battery set uses an induction coil 
receiver, transmitter, and a condenser and is directly connected to a 
long No. 12 N.B.S.G. open wire line, the circuit constants at 796 cycles 
(<■> *■ 5,000) might be approximately as follows: 
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Zl 687 - il81 
Zs = 33.8+i598 
Zp = 40.3+i424 
Zt = 40 -|- jo 


Zu = 15.8+i494 
Zc=o- iloo 
Z« = 140+il60 


TABLE I 


When 

Quantity 

Formulae used 

Computed value 

Transmitting 

lu C.B. circuit 

(53) of Appendix E 

|/tl = .001892^ 

/£, ideal circuit 

Equation (21) 

\Il\ = .002133JS? 

Ratio of line curren^>s 


r = .889 

Efficiency of C.B. 
circuit, in miles 
below ideal circuit 

L = 21.13 logio^ 

L = 1.1 miles 

Transmitting 

7/2, C.B. circuit 

(54) of Appendix E 

|/fi| = .00222^ 

7/2, ideal side-tone 
circuit 

Equation (45) 

|/k| = .00334B 

Ratio of side-tone 
currents 


r = .664 

Volume of side-tone, 
in C.B. circuit, be¬ 
low that in an ideal 
side-tone circuit 

L = 21.13 log.oi 

L = 3.8 miles 

Eleceiving 

7i2, C.B. circuit 

(57) of Appendix E 

|/b| = .000938« 

7i 2, ideal circuit 

Equation (22) 

|/r1 = .00114« 

Ratio of received 
currents 


mm 

Efficiency of C.B. 
circuit, in miles, 
below ideal circuit 

L = 21.13 log,op 

L = 1.8 miles 


Using the formulae for the standard common battery circuit as 
shown in Appendix E and comparing the resulting currents with those 
which would be obtained in the ideal invariable side-tone circuit, the 
data shown in Table I are obtained. 

From the table it is evident that, at 796 cycles (to = 5,000) and with 
the circuit constants assumed, the efficiency of the standard common 
battery substation circuit is, on transmitting, 1.1 miles and, on receiving, 
1.8 miles or in combined transmitting and receiving, or overall efficiency, 
is 2.9 miles below that of the ideal invariable substation circuit. In 
other words, if an infinite amount of money were to be spent on the 
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circuit or upon the induction coil or condenser, etc., we could improve 
the overall efficiency of the above circuit by only 2.9 miles of standard 
cable. Consequentiy, if any very large gain {such as 3 or more miles) is 
ever to be made in the overall efficiency of the present type of standard 
common battery set, it must be accomplished by the use of instruments that 
are inherently more efficient and not by the use of any new or improved type 
of invariable substation circuit. 

10.5 Side-Tone Circuits.—It is evident, from the preceding, that 
the side-tone of the standard common battery circuit, having the 
constants assumed, is 3.8 miles below that of the ideal invariable side- 
tone circuit. A little consideration will show that this is a natural 
characteristic which is to be expected of a series type of substation circuit 
in which the impedance of the set is lower than that of the line to which 
it is connected. By a series type of side-tone substation circuit is meant 
one in which the various elements {transmitter, receiver and line) are all 
effectively in series xcith each other as contrasted with a parallel type of 
circuit in which the elements are all effectively in parallel with each other. 
A list of all series and parallel types of side-tone substation circuits 
using not more than one transformer is given in Fig. 7. It may be 
noted that thirteen of the circuits are of the series type while forty-one 
circuits are of the parallel type. 

The classification of most of these circuits into the series and parallel 
types is obvious, such as, for example, the standard local battery form of 
substation circuit which is given in Fig. 7 as circuit No. 2 of Type A. 
On the other hand, there are some circuits such as those shown as circuits 
No. 5, No. 6, and No. 7 of Type A where the series relation is not quite 
so obvious. If, however, we inspect the formulae for the impedance of 
any of these circuits their proper type is clearly shown. For example: 
circuit No. 6 of Type A, which is the standard common battery type of 
substation circuit, can readily be seen to be of the series type by referring' 
to formula (59) for this circuit, as given in Appendix E. That the series 
classification is correct for this circuit is proved by the fact that the 
impedance of the circuit is equal to an impedance ratio Za/Zp multiplied 
by the receiver impedance, Zr, plus another impedance ratio multiplied 
by the transmitter impedance, Zr. 

It is evident that if the line impedance is large as compared with the 
impedance of the substation circuit, the side-tone in the series type of 
circuit will be relatively small while in the parallel tyiJe of circuit it will 
be relatively large. Similarly, the opposite will hold true if the line 
impedance is small as compared to the impedance of the substation circuit. 
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Fio. 7. List of ideal invariable side-tone substation circuits. 
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The relative advantages of the series and parallel types of side-tone 
circuits may be easily understood by a little consideration. In both 
types of circuits—if they are ideal and have a unity power ratio, Y 
—the power dissipated in the receiver, when transmitting, is one-half of 
that dissipated in the line. Possibly the most interesting characteristics 
which distinguish the two types of circuit are (1) that in the series type 
of circuit, the impedance from the transmitter (or receiver) terminals is 
(in the ideal case where the power ratio P = 1) three times that of the 
transmitter (or receiver) impedance, while in the ideal parallel type of 
circuit the impedance is one-third that of the transmitter (or receiver) 
impedance; and (2) that while the series and parallel types of circuits 
both have theoretically the same high frequency efficiency—namely, 
that of the ideal invariable substation circuit—the series type of circuit 
is, in most practical cases, somewhat more efficient. This is due to the 
fact that most carbon button transmitters have a lower effective resistance 
in their quiet condition than in their talking condition. The result is 
that they produce what is effectively a variable substation circuit— 
i.e., the a-c. constants of the circuit are not the same in the transmitting 
condition as they are in the receiving condition. This variable effect 
obviously tends to aid the receiving efficiency of a series type of circuit 
and to cut down the receiving efficiency of the parallel type of circuit. 
The quantitative effect of this change is quite appreciable and usually 
gives the series type of circuits a material practical advantage over the 
parallel type of side-tone substation circuits. 

10.6 Anti-Side-Tone Circuits.— An anti-aide-tone aubatoHon circuit ia 
one in which there ia, in the ideal caae, no power diaaipated in the receiver 
when an e.m.f. ia generated in the tranamitter. Anti-side-tone circuits are 
not, as is sometimes supposed, a new development in the telephone art, 
but have long been in use commercially. Probably the most widely 
known anti-side-tone circuit is that which is in wide use for common 
battery operators’ sets. This circuit has been used commercially for 
over twenty years and in many, ways is a very satisfactory form of 
anti-side-tone circuit. 

The number of possible forms of anti-side-tone substation circuits is 
almost innumerable,* depending upon what assumptions are made 
regarding the niunber of terminals to the various elements, the number 

* G. A. Campbell, who invented the anU-eide-tone substation circuit, using a single 
induction coil, has shown that with certain assumptions there are over one-half million 
of such circuits. See article entitled “Maximum Output Networks for Telephone 
Substation and Repeater Circuits,” by G. A. Campbell and R. M. Foster, TraruaetUm* 
of the A. I.E. E., Vol. XXXIX (1920). 
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of induction coils or transformers, etc. All efficient invariable anti-side- 
tone circuits using 2-terminal elements require four of such elements 
(line, receiver, transmitter and balancing network) or one more element 
than is required in an equally efficient invariable side-tone circuit. The 
necessity for this extra element—which is the balancing network —may 
be perhaps most clearly seen by considering some of the best-known 
forms of anti-side-tone circuits as developments of the well-known 
Wheatstone bridge circuit. 

Referring to Fig. 8A, there is represented an ordinary Wheatstone 



Fia. 8. Development of typical anti-si de-tone su station circuits from the Wheatstone 

bridge circuit. 

bridge. If there is to be no current in the galvanometer Zo, the potential 
at the junction of the arms Zc and Zd must be the same as that at the 
junction of the arms Za and Zb, This condition is satisfied when the 
current (/i) in arm Zc is equal to that in arm Zd and when the cur¬ 
rent in arm Za {1 2 ) is equal to that in arm Zb. Then 

IiZc^hZAl hZD^hZs (46) 

or 

^ z= ^ or 

/j Zc Zd Zb Zd 



118 TELEPHONE TRANSMISSION CIRCUITS (Chap. X 

which is the relation that must exist if the galvanometer current is to 
be zero. This is the relation given in equation (26) of Chapter V. 

Passing to Fig. 8B, suppose the impedance of a line Zl is substituted 
for the arm Zd, a receiver of impedance Zr for the galvanometer Zc and 
a transmitter of impedance Zr for the source of e.m.f. From the relations 
developed from the simple Wheatstone bridge circuit it is evident that 
when an e.m.f. is generated by the transmitter there will be no current 
in the receiver if the impedances are such that Za/Zb = Zc/Zl. There 
will, however, evidently be current in the line. It is also evident that 
with an e.m.f. in the line, current will pass through the receiver—so 
that incoming conversation can be heard. Such an arrangement, 
therefore, may be used as a telephone substation circuit and it will have 
the very desirable feature of eliminating side-tone provided the conditions 
of balance noted above can be satisfied at all telephonic frequencies. 
Actually, of course, it is impossible to secure an exact balance over the 
entire range pf voice frequencies. For any given line, however, the 
balance can be so adjusted that the side-tone is quite small. 

When transmitting with a circuit of this type, however, energy is 
evidently wasted in the arms Zx and Zb as well as in Zl and Zc. This 
can be avoided if we substitute the windings, Na and Nb, of a transformer 
or induction coil as is shown in Fig. 8C. The required relation for no 
side-tone will still be satisfied if the impedances are such that NaINb 
= ZcIZl. If Na and Nb were windings on an ideal transformer (that 
is, if they had no effective resistance), there would be no energy wasted 
in Na and Nb —the whole of it being consumed in Zc and Zl. In an 
actual transformer or ihduction coil, there will be only a slight loss 
due to the resistance of these windings. 

Using a separate winding for the transmitter, as shown in Fig. 8D, 
evidently does not change the “ bridge ” action of the circuit shown in Fig. 
8C, but does allow the impedance of any transmitter to be effectively 
stepped up or down in any desired ratio by a proper choice of Np. This, 
of course, is a very desirable feature as it enables a transmitter of any 
resistance to be used efficiently. The circuit in the form here shown is 
one of the most desirable types of anti-side-tone substation circuits for 
local battery use. In an actual set employing this circuit, the element 
Zc may consist of a non-inductive resistance, in which case it may be 
combined with the resistance of the winding Na- 

Instead of the two-winding coil used in the preceding circuit, an 
auto-transformer type of coil may be used, as shown in Fig. 8E. The 
transmitter is connected across the same number of turns Np as in the 
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preceding circuit and hence the action is essentially the same. The use 
of such an auto-transformer arrangement will obviously give a slightly 
more efficient circuit than that shown in Fig. 8D. 

Fig. 8F shows the circuit of Fig. 8E adapted for common battery use. 
It is one of the most desirable forms of common battery anti-side-tone 
circuits. This adaptation differs from the circuit shown in Fig. 8E in 
minor details only, the differences being as noted below: 

(1) Arm Zci in the circuit as developed, being a pure resistance, 
is combined with winding Na giving one winding of high resistance. 

(2) A condenser Q is added to Jorce all the direct current from the 
-line to flow through the transmitter. 

(3) Winding {Nb — Np) has been interchanged with the line (with 
which it is in series) in order to reduce the number of terminals required 
on the induction coil from 6 to 5. 

(4) A ringer has been added. 

(5) Switch hook contacts are shown. 

The analysis given above for two of the preferred forms of local and 
common battery anti-side-tone circuits is, in general, applicable to any 
other form of anti-side-tone substation circuit. Some anti-side-tone 
circuits, however, are extremely complicated and their proper design 
and efficiency characteristics can only be determined by a rigid mathe¬ 
matical analysis. The specific method generally employed in designing 
and determining the efficiency characteristics of such circuits is first to 
set up, by KirchhofFs Laws, the formulae for the currents in the various 
elements on the assumption (1) of an e.m.f. E in the transmitter, and 
(2) an e.m.f. e in the line. The conditions for no current in the receiver 
—with an e.m.f. in the transmitter—and for no current in the balancing 
network, when there is an e.m.f. in the line, are next determined. The 
second requirement mentioned above, namely, that there shall be no 
current in the balancing network when receiving, has been shown by 
Campbell to be a necessary requirement in order that the overall efficiency 
of the anti-side-tone circuit may be equal to that of the ideal invariable 
circuit. The impedance of the set is then calculated from the equations 
and is equated to the line impedance, Zl, as measured from the terminals 
of the set. From these three conditions and the given value of the power 
ratio Y it is possible to determine the ratios of the induction coil windings 
and the values of the impedances of the transmitter, receiver, and 
balancing network which must obtain if the circuit is to have the efficiency 
of the ideal invariable substation circuit. Although an invariable anti¬ 
side-tone circuit can theoretically be so designed as to have the same 
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eflBciency as an invariable side-tone circuit, it will actually, under most 
commercial conditions, be slightly lower due to the fact that the txeo 
conjugacy conditions — i.e. of no current in the receiver when transmitting 
and no current in the balancing network when receiving —cannot rigorously 
be met for all of the different line conditions, frequencies, and similar 
factors encountered in commercial practice. 

That the ideal invariable anti-side-tone circuit has the same overall 
eflBciency as that of the invariable side-tone circuit may be seen when 
it is remembered that in both circuits one-half of the total incoming power 
is dissipated in the receiver and oue-half is wasted in the transmitter. 
On the other hand, when transmitting, it can be proved that in either 
the ideal parallel or series type of side-tone substation circuit only two- 
thirds of the power given out by the transmitter is absorbed by the line, 
the remaining one-third of the power being absorbed by the receiver. 
It will, however, be remembered that the transmitter in the ideal in¬ 
variable side-tone circuit is working into an impedance which is 
either one-third of its own impedance or three times its own impedance 
—depending upon whether or not the circuit is of the parallel or series 
type. With such a ratio (3:1) it can be seen that the transmitter in 
an ideal invariable side-tone circuit is only giving out (see formula (13) 
of Chapter VII) 


4r ^4X3^3 
(1-h‘r)* (1-1-3)* 4 


(48) 


of the maximum possible power which the transmitter is capable of 
delivering to an external load. Hence, in the side-tone circuits, the 
actual power delivered to the line when transmitting is 2/3 X 3/4 =1/2 
of the total power which the transmitter is capable of delivering to an 
external load. This is, however, exactly identical to the power delivered 
to the line in an anti-side-tone circuit—in which the resistance looking 
away from the transmitter (or receiver) terminals is equal to that of 
the transmitter (or receiver) so that the power absorbed from the 
transmitter is the maximum power which the transmitter can deliver 
to an external load. Of this maximum power, however, one-half is 
dissipated in the line and the other half in the balancing network. When 
transmitting, therefore, the power delivered to the line is the same in 
either case—the only difference being that an anti-side-tone circuit 
draws the maximum possible power which it is possible to absorb from 
the transmitter while the side-tone circuit draws only three-fourths of 
this maximum power. 



CHAPTER XI 


TREATMENT OP PASSIVE NETWORKS AS EQUIVALENT 
SMOOTH LINES 

11.0 The transmission properties of passive networks may often be 
best determined by considering them as equivalent to lines having 
smoothly distributed constants. These networks will be divided into two 
general classes depending upon the symmetry of their structures. 

11.1 Properties of Recurrent Symmetrical Structures.—Many struct¬ 
ures, such as circuits having smoothly distributed constants or circuits 
loaded with series or shunt loading coils, may probably best be studied 
by considering them as special cases of a generalized recurrent structure 
such as is shown in Fig. 1. It is evident that such a structure can 


7, 47, lx 7, /. 



. Fig. 1, Recurrent structure, of infinite length, composed of series and shunt impedances. 

be looked upon as being composed of an infinite number of identical 
r or n networks. 

11.11 Iterative Impedance and Propagation Constant.—Consider, 
therefore, the characteristics of an infinite length of such a structure, 
when regarded as made up of an infinite number of symmetrical T 
networks (see Fig. 2). The impedance, Zk^ at the beginning of such an 


7. Ui 47, 47, hZx \Zx 



Fig. 2. Recurrent structure of infinite length regarded as made up of symmetrical 

T networks. 

infinite structure is obviously the same as it would be if the first section 
were omitted—since the structure would still be infinite in length. 
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Consequently, the value of the impedance, Zk, at the beginning of the 
first section must be equal (that is, closer than any assignable amount) 
to the impedance Zk in which it is terminated. 

The first section, then, can evidently be represented (see Fig. 3) as 


iz. 


— •—vWV 


K. ^ 

-\AAAr 


Z« 


I 

I 

L.. 


First Section 

Fig. 3. Single T network terminated in its iterative impedance Zk» 


having an input impedance Zk and being terminated in the same im¬ 
pedance, viz., Zk- 

From this figure we evidently have 



Zt-\-^-\- Zk 


or 

z. = ^z.[l+l|] (1) 

Since the iterative impedance of a atructure ia defined aa the vector ratio 
of the applied e.m.f. to the reavdtant ateady atate current upon a line of 
infinite length and uniform atructure or upon a network composed of an 
infinite number of recurrent structures, the above value of Zk is evidently 
the iterative impedance of the structure. The particular value of the 
iterative impedance obtained in equation (1) is called the mid-series 
iterative impedance —inasmuch as it is the impedance that obtains at the 
middle of the series arm Zi. 

In the first section the ratio of the current entering the section, Ii, 
to that leaving the section, is 

/. I+2. + Z* 

Zt 


(2) 
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Putting the value of Zk, as found in (1), in the above equation 
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Since the first section is typical of all the other sections (such as the 
second section, etc.), it is evident that the above current ratio is the same 
for each section. The natural logarithm bf this ratio is called the 
'propagation constant P of the structure, that is. 


P = log.^=log.^ 


+ -^2 + 




(4) 


In other words, the 'propagation constant per unit length of a uniform line 
or per section of a line of recurrent str'ucture is defined as the natural loga-- 
rithm of the vector ratio of the steady state currents at two points separated 
by a unit length in a uniform line of infinite length or at two successive 
corresponding points in a line of recurrent structure of infinite length. 
The ratio is determined by dividing the value of the current at the point 
nearer the transmitting end by the value of the current at the point more 
remote. In a symmetrical structure, the real part of the propagation 
constant is called the attenuation constant (= -4) while the imaginary 
part is called the phase constant or the wave length constant (=5). 

If = 1 + (Z 1 / 2 Z 2 ), (4) becomes 

P= log, {U + (5) 

But from the definitions of the hyperbolic functions, viz., 

sinh a: = i (e* — €“'), cosh x s 1 (e* -f- <~*), tanh x = ^ 

2 2 cosh X 

it can be easily shown * that 

P = log. {U + Vt7» - 1) = cosh-‘ U = sinh-i VCP - l 
= tanh“* ^ = 2 sinh~* 

= 2 cosh-» = 2 tanh-‘ 

Whence, putting the assumed value of U in the various expressions in 
* For proofs see Appendix C. 
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(6), the following important relations are obtained 



Since the ratio hlh is the same for every section (see remarks fol¬ 
lowing equation (3)), it is evident that if 2 (or N) sections are taken as 
the unit periodic or recurrent structure, the ratio of the current entering 
to the current leaving such a unit will be == (/i//i)* or 

in the general case But log, = N log, (hUi). Hence, 

the total propagation constant of N identical sections is N times the propa¬ 
gation constant of 1 section—or the total propagation constant of N 
sections (= Pn) is NP, where P is the propagation constant per section. 

It is also important to note, from any of the last three expressions 
of equation (7), that the propagation constant of any structure of the ladder 
or series-shunt type {the names given to the generalized type of structure 
shown in Fig. 1) depends only upon the vector ratio of Z 1 IZ 2 . Consequently, 
it is possible (see Fig. 11 of Appendix E) to plot curves which will give the 
value of the attenuation constant A per section of any such structure 
whose vector ratio Zi[Zi is known. Similar curves (see Fig. 12 of Appendix 
E) make it possible to find the phase constant B per section of any 
structure whose vector ratio ZilZt is known. Such curves are very 
convenient and make it possible to determine, with only a slight amount 
of calculation, the complete propagation characteristics of any uniform 
or periodic structure, such as a line having smoothly distributed constants, 
a loaded line, wave filter, etc., without referring to tables of complex 
hyperbolic functions. 

If the structure shown in Fig. 1 is considered to be made up of 11 
sections (see Fig. 4), each section may be regarded as terminating in a 
mid-shunt iterative impedance (h Zk)- The value of this mid-shunt 
iterative impedance may evidently be derived from a consideration of 
the circuit shown in Fig. 5. 
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Z| Zk 



n networks. 



Fint Section 


Fia. 5. Single n netw^ork terminated in its mid-shunt iterative impedance Zj^'. 


Whence 


or solving for Zr 


Zr 


/ _ 


[ 


2Z% I Z\ + 


2Z^Zk 

2Z2 “ 4 “ Z, 


v] 


2Z* + Zi + 


2Z,Zir^ 

2Z2+“'Z/ 


( 8 ) 


Z/ = 


/ 

V'+ll 


TO 


The ratio of the current entering the first section to the current leaving 
it is 


j. 2 Z 1 Z 2 + 4 Z 2 * + 4:Z2Zk ^ 1 + ^ ^ 

T2^ \zl 

Putting the value of Zk as found in (9) in the above equation, 

^_| + z. + >/z.z. + f 

1% Zi 


( 10 ) 


( 11 ) 


which is identically the same as the expression for the current ratio 
given by equation (3). The propagatim constant, thsnfore, per unit 
length of a uniform line or per section of a line of recurrent structure wifi 
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be the same whether the line or structure is considered to.be made up of an 
infinite number of T networks or of an infinite number of 11 networks. 
In other words, the ratio of the currents at adjacent mid-series points 
is the same as the ratio of the currents at adjacent mid-shunt points. 

11.12 Properties of the Iterative Impedance and of the Propagation 
Constant.—Consider again one of the sections of the structure shown 
in Fig. 2—such as is represented in Fig. 6. 

In this figure, the impedance Zs at the 1-2 terminals when the 3-4 



Fig. 6. Simple T network, representing any structure 


terminals are short-circuited is 


Zs 



1 

2 


ZxZ 


2 


Z^ + ^-Zx 


^ + 2ZxZ^ 

Zx 2^/2 


( 12 ) 


The impedance Z^ at the 1-2 terminals when the 3-4 terminals are open- 
circuited b 


Zo^\Zx-\-Z^ = (13) 

Taking the square root of the product of (12) and (13), 

z = <ZoZs = ^lzxz^ (^ + i 1;) 

which is exactly the same as the expression derived in (1) for the mid¬ 
series iterative impedance of an infinite number of T networks similar 
to the one shown in Fig. 6. Likewise, if one of the 11 networks of 
the structure shown in Fig. 4 is considered, the short-circuit impedance 
(see Fig. 7) is 

^ZiZi 

Zx -(- 2Zz 


Zs' = 


(15) 
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and the open>circuit impedance is 

y t _ 2^2 (Zl + 2 Z 2 ) 

Zl + 4Z2 ■ 

Taking the square root of the product of (15) and (16), 


Z'= VZo'Z/ = 


ZxZ2 


( 16 ) 


(17) 


which is the same expression as that derived in (9) for the mid-shunt 
iterative impedance of an infinite number of 11 networks similar to the 
one shown in Fig. 7. A property, then, of the iterative impedance of a 
recurrent symmetrical structure is its equality to the geometric mean of the 
open-- and short-circuit impedances of the structure. 



2 4 

Fio. 7. Simple n network, representing any structure. 

In u similar manner, from either Fig. 6 or Fig. 7, it can be shown 
that the propagation constant, P, as expressed by equation (7) may also 
be written in the variant form 

P = tanh“^ = tanh”"^ \/^ 

In other words, a property of the propagation constant per section of a 
recurrent symmetrical structure is its equality to the hyperbolic anti-tangent 
of the square root of the ratio of the short-circuit impedance to the open-* 
circuit impedance of the structure, 

11.2 Properties of Diss 3 rmmetrical Structures.—When we turn now 
to the discussion of the more general case of a dissymmetrical structure, 
we find ourselves confronted by several different methods of obtaining 
the characteristics of the structure. We may, for example, consider the 
structure to be one of an infinite number of sinjilar structures and obtain 
the iterative impedances and propagation constant by a method similar 
to that used in Sect. 11.11, or we may evidently define the characteristics 
of the structure in terms of its open- and short-circuit impedances—or 
their equivalents—as is done in Sect. 11.12. Although in the special 
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case of a symmetrical structure these two conceptions of the character¬ 
istics of the structure reduce to equivalent expressions, in the more 
general case of a dissymmetrical structure they lead to different formulae. 

Since the nomenclature of the various terms involved has, in the 
past, been somewhat confused, it may be advisable at this point to 
state definitely the terminology and symbols which are used throughout 
this book. The impedances and propagation constant corresponding to an 
infinite number of similar recurrent structures are designated as the iterative 
impedances^ Zk^ and Zk^, and as the propagation constant, P ^ A + jB, 
respectively, since in this concept the emphasis is placed upon wave 
propagation along an infinite line of recurrent structure. The line 
characteristics, as used in the alternate method of considering a passive 
network, are referred to as the image impedances, Zj^ and Z/„ and 
the image tranter constant, 0 = a + jjS, the justification for these 
latter names being given in Sect. 11.22.'^ The real part, a, of the image 
transfer constant is called the attenuation constant and its imaginary 
part, /3, is called the phase constant. In the case of a symmetrical 
structure, the propagation constant and the image transfer constant are 
identical, so that in such a structure the real part. A, of the propagation 
constant is likewise the attenuation constant and its imaginary part, B, 
is also the phase constant. 

As is shown further on, the former concept is, in general, the more 
useful when dealing with recurrent structures, such as smooth and coil- 
loaded lines, etc., while the latter concept will usually be found more 
satisfactory in the consideration of such non-recurrent networks as 
composite wave filters, transformers, etc. 

11.21 The Propagation Constant, P, and Iterative Impedances, 
Zki and of Recurrent Dissjrmmetrical Structures.—Let us consider 
now the general case of a structure composed of an infinite number of 
dissymmetrical T networks as shown in either Fig. 8A or Fig. 8B. Such 
a structure will obviously have two different iterative impedances, 
Zki and Zir,. By a line of reasoning similar to that followed in Sect. 
11.11, the first section of Fig. 8A may be represented as in Fig. 9. Writing 
the equation for the impedance Zjr, 


-7- _ ^ Zc{Zb + ZicJ 


and solving for ZjCj, 

ZbKZa 4* Zb + 42? c) 



(19) 

( 20 ) 


*llerali»e impedance and image impedance seem to be much more satisfactory terms 
tlum loosdy used terms such as eharaeterieUc impedance, evrge impedance, etc. 



I] 


Fir*t Section 

Fia. 9. Single diasymmetrical T network terminated in its iterative impedance Zkv 


Similarly, the first section of Fig. 8B may be represented as shown in 
Fig. 10. Writing the equation for the impedance Zir, 


Zk, = Zfl + 


Zc{Za + ZjT,) 

Za + Zc "I" Zk. 


( 21 ) 


z. 



S'* Section 


Fta. 10. Single diss}^!metrical T network terminated in its iterative impedance ZKr 




(22) 
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Equations (20) and (22), are then, the expressions for the two iterative 
impedances of a structure composed of an infinite number of similar recurrent 
dissymmetrical T networks. If, in these expressions, Za is equal to Zb, 
they both reduce to the form of the iterative impedance of an infinite 
number of symmetrical recurrent T networks as given by equation (1). 

Consider now the propagation constant of the first section as shown 
in Fig. 9. By Kirchhoff’s Laws 

U - Tc 

Taking the natural logarithm of this expression and substituting for Zk, 
its value as given by (20), it can be shown from formula (6) that 

P - log. - coA-' ( -—) (24) 

Equation (24), then, expresses the propagation constant per section of a 
structure consisting of recurrent dissymmetrical T networks. Note also 
that if Za = Zb, equation (24) reduces to the form of the formula for 
the propagation constant for recurrent symmetrical T networks as given 
in the second expression of equation (7). 

11.22 The Image Transfer Constant, 9, and the Image Impedances, 
Z and Z r,, of Any Dissymmetrical Structure.—Let us now consider the 
characteristics of any dissymmetrical structure in the light of the second 
concept previously mentioned. Since any structure can, in general, be 
represented by a dissymmetrical T network, we shall confine our atten¬ 
tions to the discussion of the characteristics of the T network shown in 
Fig, 11. Now if Zb, is the input impedance at the 1-2 terminals when 



Fio. 11. Dissymmetrical T network. 

the 3-4 terminals are short-circuited, and Zo, is the input impedance at 
the 1-2 terminals when the 3-4 terminals are open-circuited—with 
corresponding definitions for Zb and Zo,—the equations for the two 
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2/. 


{Za + Zc)(ZaZb + ZaZc + ZbZc) 


V + Zc)\ZaZb + ZaZc + ZbZc) 

Ai-(Zl + Zd- 


(25) 

(26) 


As already demonstrated in Sect. 7.5—equations (86) and (87)—the 
impedances given by equations (25) and (26) are also the impedances 
which will terminate the network without reflection losses. We can, 
therefore, define the image impedances, Zi^ and Zi^, of any network having 
two inpvi and two output terminals as those impedances which will terminate 
the network in siLch a way that at either junction the impedance in either 
direction is the same. In other words, with Z/j connected to the terminals 
1-2 (see Fig. 11) and Z/, connected to the terminals 3-4, each will face 
an equal impedance or its own image as illustrated in Fig. 12. Conse- 


Fig. 12. 



-• •—\A/W 





Dissymmetrical T network connected to its image impedances and Z/,. 


quently, the term image impedances seems to be appropriate for Z/^ and 

Zr,. 

Equations (25) and (26) are, then, the expressions for the image imped¬ 
ances of any dissymmetrical structure in terms of the impedances of the arms 
of its equivalent T network. It will be noted also that when the structure 
is symmetrical {Za = Zb), (25) and (26) both reduce to the same form 
of expression as that for the iterative impedance of a symmetrical 
structure, as given by equation (1). Hence, in the symmetrical case, the 
iterative and the image impedances are identical. 

Referring again to Fig. 12, the image transfer constant 0 of the struc¬ 
ture (see Sect. 7.52) is 


6 » tanh”^ ~ tanh ^ 

= tanh”^ 


Za Zb 4 " ZaZc 4 “ ZbZc 
(Za + Zc){Zb 4 “ Zc) 

*= cosh-1 ^(Za + ZcViZa + Zc) 
Zc 


(27) 
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Equation (27), then, expreaaee the image tranafer conatant of any diaaym- 
mebrieal atructure in terma of the impedancea of the arma of ita equivalent 
T network. In the symmetrical case, (Zx = Zb), it is seen that the 
third and fourth expressions in equation (27) reduce to the fourth and 
second expressions, respectively, in equation (7) for the propagation 
constant of a symmetrical structure. Hence, for any aymmetrical network, 
the image tranafer conatant Q ia the same aa the propagation conatant P. 

The discussion in Sects. 11.21 and 11.22 has been based on the 
assumption that the recurrent structure is made up of dissymmetrical 
T networks. The relationships of the iterative and image impedances, 
as well as that of the propagation constant and the image transfer constant 
could, however, have been developed equally well by employing dis¬ 
symmetrical n networks, or in fact any other form of passive network. 

In passing, it might be pointed out that a very simple relation exists 
between the iterative and the image impedances of a dissymmetrical 
structure, namely, that the geometric mean of the two iterative im¬ 
pedances is equal to the geometric mean of the two image impedances, or 

a/Z/,Z/, = VZjc,Zjr, 

This geometric mean is called by Kennelly the geomean aurge impedance. 

11.23 Numerical Example of the Various Properties of a Dis- 
^mmetrical Structure.—In order to illustrate the difference between the 
two methods outlined above of dealing with a dissymmetrical structure, 
a simple numerical example will be taken and values obtained for its 
image and iterative impedances and its image transfer and propagation 
constants. It will be assumed that the impedances of the arms of the 
dissymmetrical T network shown in Fig. 11 are pure resistances and have 
the following values: 

Za— 1 ohm 
Zb = 100 ohms 
Zc = 100 ohms 

From equations (20), (22), (24), (25), (26) and (27) the following values 
have been calculated: 

Zjr, — 63.0 ohms 
ZiT, = 162.0 ohms 
P = 0.97 napier 

Z/. = 71.8 ohms 
Z/j = 142.1 ohms 
0 “ 0.89 napier 
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As mentioned above, the geometric means of the image and iterative 
impedances are equal to each other and, in the case under consideration, 
have the value: 


V(63)"(162) = V(71.8)(142.1) = 101 ohms 


11.3 Equivalent 7 Network of a Symmetrical Structure—Expressed 
in Terms of Its Propagation Constant and Its Iterative Impedance.— 
From equation (7) the propagation constant P per section of the 
structure shown in Fig. 1 is 


P = sinlr 
Combining this with equation (1), 
P = sinh-> 

Zi 

Similarly, from equation (7) 

1 


. is) 




p = 2 tanh ^ 




or 


or 


Z2=^ 


Zk 


sinh P 


tanh^ = 


yl 


1 + 4 


Zi 


Whence 


tanh^ 

Zx 




Combining this last expression with equation (1) gives 

tanh ^ V p 

Z. "2Z, " 


(28) 

(29) 

(30) 

(31) 

(32) 


From equations (29) and (32) it is apparent that the equivalent T 
network of a symmetrical structure having a propagation constant P and 
an iterative impedance Zk is the network shown in Fig. 13. 

If an e.m.f. E is applied to one end of such a structure, through an 
impedance Za, and if the opposite terminals are closed through an 
impedance Zr —as is shown in Fig. 14—it is evident from an inspection 
of the structure that both the input and the output currents la and Ir 
depend solely upon the values of the terminal impedances Za and Zr, 
and the values of the iterative impedance Zr and the propagation 
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constant P of the structure. Consequently, if the iterative impedance 
Zk and the total propagation constant P of any symmetrical structure 
(such as a line, for example), are known the actual structure can be replaced 
by its equivalent T network, as indicated in Fig. 14, without affecting 
the currents in the external circuit (external to the points 1-2 and 3-4). 



Fia. 13. Equivalent T network representing any S 3 anmetrical structure having an 
iterative impedance Zr and a propagation constant F. 



Fig. 14. Equivalent T network of Fig. 13 connected between generalized terminal 
. impedances Zr and Z 5 . 


11.4 Equivalent T Network of Any Dissymmetrical Structure— 
Expressed in Terms of Its Propagation Constant and Its Iterative Im¬ 
pedances.—Let us consider now the general case of the equivalent T 
network of any dissymmetrical structure and derive expressions for the 
various arms in terms of the iterative impedances, Zk^ and Zk^, and the 
propagation constant P. As mentioned above, this method of repre¬ 
senting a dissymmetrical structure will not generally be found as useful 
as the method described in Sect. 11.5. 

From formulae (20), (22) and (24), it is known that the expressions 
for Zjr,, ZjT, and P of the structure shown in Fig. 15—in terms of the 



Fio. 15. Dissymmetrical structure having iterative impedances Zk^ aad Zk, and 
propagation constant P with its equivalent dissymmetrical T network. 
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^b)(Za + Zb + 4Zc) ^ Za — Zb 

(33) 

>7 1(Za + Zb)(Za + Zb + 4Zc) Za — Zb 

-- 4 - 2 - 

(34) 


(35) 

Solving equations (33), (34) and (35) simultaneously for Za, Zb 
the following relations are obtained: 

and Zc, 

Za - t tanh f + 

(36) 


(37) 

7 - ^K,-t Zk, 

2 sinh P 

(38) 

The equivalent T network, therefore, of any dissymmetrical structure 
expressed in terms of its propagation constant and its iterative impedances 
is as shown in Fig, 16. 


•—v^VVVVVVV 


2 2 2 


-vVWWW-- 


2 Mnh P 


Fig. 16 . Equivalent T network representing any dissymmetrical structure whose 
^ iterative impedances are Zk\ and Zjc* and whose propagation constant is P. 


11.5 Equivalent T Network of Any Dissymmetrical Structure— 
Expressed in Terms of Its Image Transfer Constant and Its Image 
Impedances.—By a line of reasoning analogous to that followed in 
Sect. 11.4, the equivalent T network can be derived for a dissymmetrical 
structure in terms of its image impedances, Zi^ and and its image 
transfer constant 0, This will be shown, in Chapter XVII, to be the 
most useful and satisfactory method of representing any dissymmetrical 
passive network, such as composite wave filters, etc. 
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Referring to Fig. 17, it is known that the three following equations. 



//. e 



Fig. 17. Dissymmetrical structure having image impedances Z/j and Z/, and an image 
transfer constant 0 together with its equivalent T network. 

which are equations (25), (26) and (27) above, apply 

Zj = + Zc )( ZaZb ~f~ ^aZc 4“ Z bZc) (39^ 

* ^ Zb Zc 

Zj = / (^B ~ h Zc)(ZaZb ZaZc ZbZc) 

* Za -h Zc 

A — fanh-l IZaZb + ZaZc + ZbZc .... 

Vtz. + z.kz. + Zc) 

Solving equations (39), (40) and (41) simultaneously for Za, Zb and Zc, 
the following relations are obtained: 

- (42) 

tanh 0 sinh 0 

Z„ = -A'. _ (43) 

tanh 0 sinh 0 

Zc^ (44) 

sinh 0 

Therefore, insofar as its external action is concerned, any dissymmetrical 
structure may be replaced by a 7" network in which the various arms 
have the values shown in Fig. 18. 


tanh 9 sinh 9 


unhe- ,;-h o 



Fig. 18 . Equivalent T network representing any dissymmetrical structure whose 
image impedances are Z/, and Z/, and whose image transfer constant is 0. 
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Note that in a symmetrical structure (Zi^ = Zi^ — Zi = Zk, = Zk, 
= Zk)', Figs. 16 and 18 then reduce, as they should, to the same equivalent 
T network, namely, that of the symmetrical structure represented in 
Fig. 13. 

11.6 Impedance of Any Structure Terminated in an Impedance, 
Zb, and Expressed in Terms of Zk and P or Zi and 0.—Consider the 
equivalent T network of the dissymmetrical structure shown in Fig. 19 



2 


Fig. 19. Dissymmetrical T network terminated in an impedance Zr 


where Zb and Zc have the values given by equations (42), (43) 
and (44). The impedance Z measured at the terminals 1-2 is 


Z = 


Za + 


Zc{Zb + Zr) 
Zb + Zc + Zr 


(45) 


Substituting the values of Za, Zb and Zc, equation (45) reduces to 


r Zr Zj^ tanh 0~| 

* L Z/, “b Zr tanh 0 J 


(46) 


In a similar manner, by substituting in equation (45) the values given 
in (36), (37) and (38), an expression can be derived for the impedance 
in terms of the propagation constant and the iterative impedances of 
the structure, namely, 


Z = (^ZkiZk^ "b ZrZki ZrZk^ tanh P , 

(Z/Tj + Zk^ + ( 2 Z /2 — Zk^ + Zk^ tanh P 

In general, (47) will not be found to be as useful an expression as that 
given in (46).' 

In the case of a symmetrical structure, equations (46) and (47) both 
reduce to the familiar form 


Z ^ 7 \ ~b Zf tan h 0 1 _ y f Zr + Z r 

L Zi “b Zr tanh 0 J L Zr -b Zr tanh P J 


(48) 


Equation (46), therefore, gives the impedance Z of any dissymmetrical 
structure having image impedances Zf^ and Zr^, a total image transfer 
constant 0 and terminated in any impedance Zr. It should be noted that 
in the case of a symmetrical structure^ when 0 = P = 0 (in which case 
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tank 9 = ianh P = Q) the impedance Z i> equal to that of the terminal 
impedance Zr, while if the attenuation is infinite {in which case- fanh G 
= tanh P — 1) the impedance Z is equal to the iterative impedance Zk or 
to the image impedance Zj of the structure and is independent of the value 
of Zr. 

11.7 Current at the Receiving End of Any Structure, Expressed in 
Terms of Z j and 6 or Zr and P .—^From the relations already derived 
in Sect. 11.5 it is known that the structures shown in Fig. 20 are 



Flos. 20A and 20B. Dissymmetrical structures connected to terminal impedances 
Zs and Zr. Fig. 20A—Structure having image impedances Zt^ and Z/, and an image 
transfer constant 0. Fig. 20B—^Equivalent T network of the structure shown in 
Fig. 20A. 


externally equivalent provided 


2/. 

ylZ r, 

(49) 

tanh 6 

sinh 0 

Zr. 

^IZi.Zt, 

(50) 

tanh 6 

sinh 0 

>IZi.Zi. 
sinh 9 


(51) 


From Kirchhoff’s Laws it can he shown that the received current Ir in 
Fig. 20B is 

T _ ___ /CO') 

{Zr + Za){Zb + Zc) + Zr{Za + Zc) 4 * ZrZc + ZrZr 

Substituting the values of Za, Zr and Zc, as given in equations (49), (50) 
and (51), in equation (52), 

In — - L^^j- f 63 t 

(Z/,Zr. + Zs^) sinh e + (Zr, Zb + Zr,Zs) cosh 0 

Multiplying this latter expression by certain factors for a better physical 
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/* = 


Za-\-ZR^ ^AZsZr ^ ZV, VZs Zj,-\- Zr 

X e-® X ’ 


(54) 


Zit ~ Zr y Z/, — Zs w -2G 
Z,. + Zr^Z,, + Zs 


In equation (54), the first factor gives the current which would have 
existed if no structure had been inserted between Zs and Zr. The 
next three factors in this equation are seen to be all of the same general type 
except that the first of the three is similar to the reciprocal of the other 
two factors. These two latter factors have been called reflection factors 
and determine the reflection loss which is said to exist between the two 
impedances involved. The fifth factor is the transfer factor and gives 
the reduction in current which is due strictly to attenuation while the 
the last factor has been called the interaction factor. The value of the 
reflection factors is evidently a function simply of the ratio of the im¬ 
pedances involved while the absolute value of the transfer factor is 
in which a is the attenuation constant of the structure. The value of 
this factor may, therefore, evidently be read at once from exponential 
tables as soon as the value of a is known. The value of the interaction 
factor, like that of the reflection factors, is seen to be unity either when 
2/, = Zr or when Zr^= Zs- The interaction factor also becomes 
unity if the value of 0 is infinitely large. 

In a like manner, by using the values of Za, Zb and Zc given by 
equations (36), (37) and (38), the received current can be expressed in 
terms of the total propagation constant P and the iterative impedances 
Zjc, and Z/r, of a structure, namely, 

/u == ^ X X ^I^Zk ^Zs 

Zs + Zr ^IAZsZr ^^^Zk^Zk^ Zk^ + Zs 


^^ZkJZr p _ 1 (55) 

Zjc. + Z/l ZKt ^ Zs sy xy ~2P 

Zk +Zs ZK^ + Zr ^ 


As already mentioned, in the case of a dissymmetrical structure this 
lattef expression will not generally be found as useful as equation (5^1; 
in which the received current is expressed in terms of the image transfer 
constant, 0, and the image impedances, Zi^ and Z/,, of the structure. 
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If the structure is symmetrical, (54) reduces to the form 

= ^ X X X 

Zs ”t" Zr yl^ZsZn Zt “h Zs “t” Zr 


X€“^X 



Zj — Zr 
Zj + Zr 


~Zi- z 

Z/ + z 


£ 

s 


X 


(56) 


Similarly, (55) will reduce to the same expression if we substitute in (56) 
for Zi its equivalent, Zir, and for 0 its equivalent, P. 

If, furthermore, Zs — Zr, equation (56) reduces still further to 
the form 


Ir 



AZiZr 
(Z/ + ZrY 


X 



(57) 


or 


/« = 


E 

2Zr 


X 


4ZkZr 

(Zk + Zr)^ 


X €“^X 



(58) 


11.8 Transmission Loss Caused by Any Structure, Expressed in 
Terms of Z/ and 0 or Zk and P.—As already mentioned in Chapter 
IX, a method of calculating the transmission loss of any structure that 
is frequently more convenient than the method indicated in Fig. 1 of 
Chapter IX is by means of a knowledge of the image impedances Z/, 
and Z/, and of the image transfer constant 0 of the structure. This 
method is particularly applicable in the case of structures, such as com¬ 
posite wave filters, which ordinarily consist of a number of sections so 
joined together that they have like image impedances at their respective 
junctions. As will be shown in Sects. 17.41 and 17.42, the image im¬ 
pedances Z/, and Z/, of such a structure will be identical with the 
image impedances respectively of the first and last half sections, while 
the total image transfer constant 0 will be the sum of the image transfer 
constants of the various sections. 

If we insert a structure of image impedances Zj^ and Zr, and total 
image transfer constant 0 between terminal impedances Za and Zr, 
the received ciurent is given by equation (54). If the structure whose 
constants are Z/^, Z/, and 0 had not been inserted, as above assumed, 
the received current Ir would have been 




E 


Za + Zr 


( 59 ) 
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It is, therefore, evident that the ratio of the received currents in the two 
cases is 


Ir 

In' 


Zs 4 ~ Zr ^ yl^ZtiZs ^ '^4Zr,Zii ^ 

'^4ZsZit Zrj-\- Za Zr. -h Zr 


X 


1 - 


_ 1 _ 

Zj^— Zr ^ Zj^ — Zs 
Z;. + Z« ^ Zr, + Za 


X €-"» 


(60) 


Using equation (55), a somewhat similar expression for the current 
ratio may be obtained in terms of the terminal impedances, the iterative 
impedances Z/r, and Z^r, of the structure and its total propagation 
constant P, namely, 


In 

In' 


Za -b Zr y Zki ~b Z^ , ^ V4Zji:,Zs ^ '^4Zk,Zr 

ViZ^ ^J4Zk,Zk, Zk, + Zs 


Xe-^ 



Zk- Zs 
Zk,+ Zs 


X 


1 _ 

Zr, — Zr 
Zk, + Zr 


Xe-*”” 


(61) 


In general, when the structure is dissymmetrical, this latter expression 
will not be found as useful as the one given in (60) involving the image 
impedances and the image transfer constant. 

By referring to equation (60), it will be seen that, if the structure is 
symmetrical, the two image impedances will be alike (Z/, = Z/, = Z/) 
and the expression will assume the form of 


In 

In' 


Zs + Zr y >l4ZrZs y. V4ZfZB y 

ViZ^ Zj + Zs Zr + Zn 


Zr- Zr 
Z/ + Zr 


1 


y Zr — Zs 
^Zi + Zs 


X 


(62) 


If the structure is symmetrical and, furthermore, if the sending end 
impedance Zs is equal to the receiving end impedance Zr, (62) becomes 


In 

In' 


4ZiZr 

Iz7+Znr 


X 


1 


1 


( Zi-Zn V 

\Zr + Zn) 


X e-*® 


(63) 


Since in a symmetrical structure the iterative impedance Zk is 
identical with the image impedance Zr and the propagation constant P 
is identical with the image transfer constant 0, equation (61) will, in 
the symmetrical case, reduce to equations (62) and (63) provided that 
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in the latter expressions Zi and 6 are replaced respectively by Zk and P. 

It is apparent, then, that (60) makes it possible to calculate rigor¬ 
ously the transmission loss caused by any structure whose image im¬ 
pedances and total image transfer constant are known. It will also be 
noted that in the symmetrical case if Z/ (or Zk) — Zs— Zr, the trans¬ 
mission loss is equal simply to the attenuation loss of the structure. 
The interaction factor is also seen to approach unity when the real part, 
a, of the total image transfer constant, 0, of the structure is large (say 
over one attenuation unit or napier); so that under these conditions the 
transmission loss is determined simply by the reflection factors and the 
value of O' or it is determined by the ratio of the image impedance of 
the structure to the value of the terminal impedances and by the total 
attenuation constant of the structure. 

The above method of determining the transmission loss of a structure, 
by means of its image impedances and its image transfer constant, is 
particularly applicable in the case of wave filters or similar structures 
where the image impedances are, in general, very closely equal to that 
of the terminal impedances throughout the frequency range in which 
the attenuation constant is relatively small, since under these conditions 
the attenuation constant is evidently the only factor that needs to be 
considered. On the other hand, in the attenuated range of such structures 
the interaction factor approaches unity and the transmission loss is 
determined simply by the attenuation constant and by the various 
reflection factors. 



CHAPTER XII 


TRANSMISSION CHARACTERISTICS OF TELEPHONE LINES 

12.0 When an alternating voltage is impressed at one end of a 
line, part of the power entering the line is dissipated as heat, part of it 
is stored in the inductance and capacity of the circuit, and part of it is 
transmitted to the apparatus at the distant end. 

In view of the fact that the frequency used in power transmission 
lines is so low, the ratio of the geographical length to the length of the 
electrical wave transmitted is small; that is to say, power lines are 
electrically short. In such lines a large part of the power entering the 
line can be delivered at the receiving end. The power input to the line, 
therefore, at a given voltage depends largely upon the power taken by 
the receiving device or load. In other words, the effective circuit im¬ 
pedance can be increased by increasing the impedance of the terminal 
apparatus. This is common practice in power transmission systems, 
the impedance of terminal apparatus as measured from the line being 
greatly increased by the use of high ratio transformers. 

In the ordinary telephone line, however, transmitting currents at 
high frequencies, the ratio of the geographical length to the length of 
the electrical wave transmitted is large; that is, the lines are electrically 
long. Most of the power imparted to the line is dissipated in the line 
and it is possible to extract only a small fraction of the power from the 
receiving end of the line. Under these conditions it is evident that the 
power input to the line at a given voltage is very nearly independent of 
the power taken by the receiving apparatus. That is, the effective 
impedance of a long line is affected but very slightly by the impedance 
of the terminal apparatus and is practically fixed by the constants of 
the line itself. 

It was shown in Chapter XI that the current entering or leaving 
any symmetrical structure, such as a line, may be regarded simply as a 
function of the iterative impedance and the total propagation constant 
of the line. Let us, therefore, consider what are the relations between 
the propagation constant and the iterative impedance of a line and its 
linear constants. 

12.1 The Propagation Constant and Iterative Impedance of a 
Circuit Having Uniformly Distributed Constants.—Consider a structure 
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such as is shown in Fig. 1. If the total number of sections in such a 
structure is 1/A, it is evident that the total series resistance of the 



Fig. 1. Recurrent stnicture having scries inductance and resistance, and shunt capacity 

and leakance. 


structure will be R ohms, the total series inductance L henries, the total 
shunt conductarfte G mhos and the total shunt capacity C farads. 

From equation (1) in Chapter XI, the iterative impedance is 

“ Vifc + [ ‘ + X 

Referring to equation (7) in Chapter XI and the paragraph below it, 
the total propagation constant, P, of the above structure is evidently 

P = i X 2 sinh-»i >/A(R+jLw) X A{G + jCw) (2) 


As A approaches zero, the structure (see Fig. 1) evidently approaches 
that of a line with uniformly distributed constants—the total values of 
which are R, L, G and C, Under the above assumption regarding A, 
(1) reduces to 


Zk 


=4 


+ jLo 


+ jCu 


( 3 ) 


Also since 


€* = 


1 + - + 
-r ij-r 



and sinh x = K** “ *”*)> can be shown that for small values of x, 
the value of sinh x approaches the value of x. Hence, under the above 
assumption regarding A, (2) becomes 

P= 4(R+jLw)liO+^^ (4) 

where P is the total propagation constant of a line having uniformly 
distributed constants—the total values of the constants being R, L, 0 
and C. Similarly, (3) gives the iterative impedance of such a line. 
Since R, L, 0 and C are all proportional to the length of a line, it is 
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apparent that the 'propagation constant P is directly proportional to the 
length of the line while the iterative impedance Zr is entirely independent 
of the circuit length. 

It will be noted from (3) and (4) that the product of P and Zk gives 
R 4- jLu and that the ratio of P to Zr produces G + jCw, so that the 
total values of the primary constants (R, L, G and C) of a line having 
smoothly distributed constants are obtainable from a knowledge of the 
values of P and Zr at any given frequency. 

12.2 Simplified Expressions for the Attenuation Constant of a 
Uniform Line Having Smoothly Distributed Constants.—Although it is 
easy in any specific case to compute, from formula (4), the values of the 
attenuation constant A and the phase constant B from the fundamental 
constants R, L, G, C and co, it is nevertheless possible to transform this 
formula in various ways so that a clearer idea may be obtained as to 
how A and B individually depend upon these constants. 

From formula (4) 

P = A+jB= +7^ (5) 

where P is the propagation constant, per unit length, of a uniform line 
having smoothly distributed constants R, L, G and C per unit length. 

Squaring equation (5) and equating real parts to real and imaginary 


parts to imaginary, 

A^- B^= RG- LCo^ (6) 

and 

2AB = RCw + GLu) (7) 

Squaring equation (6), 

A* - 2A^B^ + B*= R?CP - 2RGLCw‘ + (8) 

Squaring equation (7), 

44*P* = P*W -f 2RGLCu^ + (9) 

Adding equations (8) and (9), 

A* + 2AW + = P*((P + C*w») + LV((P + (Poj*) (10) 

Taking the square root, 

+ V(P* + LV)((P + C*w*) (11) 

Adding equations (6) and (11), 

2A» =» + (RG - LCo?) (12) 
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or 

A = + iVKG* + C*«*j + (13) 

Subtracting equation (6) from equation (11), 

25* = + LWj(^+ C*(o*) - (RG - ICw») (14) 

or 

5 = -y/i V(R* + L*a,»)(G*+'‘C^^) - (15) 

Since B is the phase or wave length constant, or is the retardation angle 
(in circular radians), the velocity of the propagation of a wave of angular 
velocity, co, is in general 

= I (16) 

or the time retardation, i (in seconds), per unit length is 

t = - (17) 

W 

The wave length, X, is 

X = ^ (18) 

12.21 Loaded Circuit— No Leakance. —Let us now consider the 
special case in which G = 0 and the inductive reactance Leo is large as 
compared with the series resistance R. This case corresponds closely 
to that of a well-insulated open wire line. 

When G is zero, (13) reduces to 

A = yl^ Vfi* + LV - (19) 

If, furthermore, I.*o>* is large as compared with i?, it is known from the 
binomial theorem that 

VLV + R* = (20) 

2Lci> 

where the sign (=#) denotes approximate equality, the two quantities 
becoming equal to each other when the ratio of to R* becomes 
infinitely large. (See formula (60), Appendix A.) 

Putting the value of (20) in (19), 

(C 
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Thb equation b interesting in that it shows that in a circuit having 
negligible leakance 0 and large inductive reactance La —such as a 
smoothly loaded line—the attenuation constant A is directly proportional 
to the resistance R. It is also proportional to the square root of the 
capacity C of the circuit and inversely proportional to the square root 
of the inductance L of the circuit. Although it follows from the above 
that, in general, adding inductance to a circuit—which is called loading 
a circuit —lowers the attenuation constant and so improves its efficiency, 
there is, in practice, a pretty definite limit to the amount of inductance 
which should be added due (1) to the extra cost of loading such a circuit, 
(2) to the presence of leakance G, and (3) to the fact that it is impossible 
to increase the inductance without at the same time increasing the 
total resistance R of the circuit. 

12.22 Loaded Circuit—with a Small Amount of Leakance.—^There is 
another special case which may be derived from formula (13) and which 
is frequently of interest. This case corresponds to that of a loaded 
circuit in which there is a small amount of leakance. In other words, 
it is assumed that is large as compared with R^ and that C^<tP 
is large as compared with CP. This is then a case that approximates, 
more closely than the preceding one, the conditions existing in the 
ordinary loaded circuit. Since by the binomial theorem—equation (1) 
of Appendix A— 


(o + &)■'* = o*'* + 


b 


6 * 

8o»« 


+ 


( 22 ) 


expanding (13) gives 



8LV J L 2Cw 8C»«» J ^ 2 


(23) 


or 

. ^ A I fir I I 

' \2 L 2L 2(7 "*■ 4LCoP 8W 8LV 


R*(P ( RPCP R* (J»\] 
IGLCa* \4L*CP<J‘ U CP)\ 


(24) 


Neglecting all terms after the third, (24) reduces to 



(25) 


This formula is very useful in enabling one to get very quickly the 
approximate attenuation constant of a loaded circuit. This formula 
reduces—as it of course should—to formula (21) when G is made equal 
to zero. 
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12.23 Non-Loaded (Small Gauge) Cable.—In a similar way, an 
approximate expression is derived for the attenuation constant of a 
non-Ioaded circuit. In this derivation it is assumed that is large com¬ 
pared with and that is large compared with G^. With these 
assumptions, equation (13) and the binomial theorem give: 


A == 



or 


J L 2 Cw 8 CW J ^ 2 


(26) 


A = 



RCo) “I” 


RG^ 

2Cw 


8C»w* 2R ^CR 


L*C^ _ r p _ UG* 

8R^ Q4RK^ WRC^w “ 


Whence, neglecting all terms after the second 


G*LV1 


(27) 


[■+](£)■] 

It is seen from the above expression that the attenuation constant in 
this case increases approximately in proportion to the square root of 
the resistance whereas in the case of a loaded circuit (see formula (21)) 
it increases directly as the resistance. 

If the leakance G is very small—as it is in many types of non-loaded 
cables—the above expression reduces to 



(29) 


This formula holds very closely for small gauge non-loaded paper- 
insulated cables. 

12.24 Distortionless Transmission.—If, in the general expressions 
for A and B (see equations (13) and (15)), the quantity 2RGLCo? 
is added to and subtracted from the product (W + L?(J^){G^ + C^w*), 
the expressions for A and B can be thrown into the form 

^ = \4CV(lG + iC<^)* + (30) 

and 

B = ViC flC)V - (flG - LC«*)] (31) 

If the primary constants have such values that 

L C 

— ax ~ 

R 0 


LO — RC = 0 or 


(32) 
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then equation (30) becomes 




A = yiRG 

(33) 

and equation (31) reduces to 




B = 

(34) 


When the conditions given in (32) have been fulfilled, the circuit is 
said to be a distortionless circuit inasmuch as the attenuation constant 
(see equation (33)) is then independent of the frequency. This condition 
was first pointed out and discussed by Heaviside.* It is apparent that 
in the distortionless case the velocity of propagation of waves of all 
frequencies is the same and is 


V 


CO _ CO 

<^ylLC 


1 

ylLC 


(35) 


This is essentially the velocity of light in the case of a non-loaded 
circuit. At 800 cycles, the velocity of wave propagation on different 
types of circuits, as computed by formula (16) and using the circuit 
constants commercially encountered, is approximately as follows: 


Type of circuit 

N.L. No. 12 N.B.S.G. 
N.L. No. 8 B.W.G. 
N.L. No. 19 A.W.G. 
N.L. No. 22 A.W.G. 
L. No. 12 N.B.S.G. 

L. No. 8 B.W.G. 
X.L.L. 

M. H.L. 


Velocity-miles per second 

174,000 

178,000 

39,000 

28,000 

56,000 

53,000 

20,000 

10,000 


In the above table N.L. designates non-loaded, M.H.L. medium heavy 
loaded and X.L.L. extra light loaded. The very low speed of wave 
propagation on loaded circuits is often an objection to their use, especially 
on long repeatered circuits where echo effects and transients may become 
serious, t 

12.3 Simplified Expressions for the Iterative Impedance of a Line 
Having Smoothly Distributed Constants.—It is seen from (3) that the 

* Heaviside’s Electrical Papers, Vol. II, p. 123. 

t For a more detailed discussion of this phase of the subject, as well as for a gen¬ 
eral view of some of the problems of telephone transmission over long circuits, 
reference may be mad^^ an article on " Telephone Transmission over Long Cable 
Circuits,” by A. B. Clark, Journal of the A. 1. E. E., Vol. XLII, January, 1923, and 
to an article by H. S. Osborne entitled “Telephone Transmission Over Long Distances,” 
JourtMl of the A. 1. E. E., Vol. XLII, October, 1923. 
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iterative impedance of a circuit is not, in general, independent of the 
frequency. For example, in a well-insulated non-loaded cable circuit 
the leakance G and inductance L are both so small that they can be 
neglected and the expression for the iterative imi>edance can be written 


Zk 



(36) 


In this case the impedance decreases with increasing frequency. If, 
however, the inductive reactance Lea is large and the leakance (7 is small, 
the iterative impedance is seen from (3) to approach the value 



(37) 


that is, the iterative impedance becomes practically independent of the 
frequency. It is, moreover, apparent from formula (3) that an increase 
in the inductance of a circuit results in an increase in the magnitude of 
the iterative impedance and a decrease in its phase angle. For example, 
the 800-cycle iterative impedance of a non-loaded No. 19 gauge cable 
circuit is approximately 500 /45°, and that of a non-loaded open wire 
line is about 700 /14® ohms. The corresponding value for the iterative 
impedance of such circuits, if loaded, might be as high as 2,000 ohms and 
the phase angle might be only one or two degrees negative, i.e., Zk 
= 2,000 /1®.5 ohms. Hence, the iterative impedance of a loaded line at 
voice frequencies is very close, in absolute magnitude, to that which the 
line would have if the frequency were infinitely great, and its value is 
given very closely by ^L/C. 

12.4 Equivalent T Network of a Line Having Smoothly Distributed 
Constants.—It can be shown from equations (3) and (4) that 


and 


Hence 


Zk tanh ^ = 


PZk = /? “t* jLfO) 


Zk^ 1 
P 0 “H jCu) 

tanh- 

* 2 P 2 ^ P 

2 2 


(38) 

(39) 

(40) 


and 


Zk _Zk^ -P _ 1 s. ^ 

sinh P P ^ sinh P G+ jCu ^ sinh P 


(41) 
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Consequently, the equivalent T network of a line having smoothly 
distributed constants may be represented as shown in Fig. 2. Further- 


R+JU^Unh P/2 
o X 


•—nAAAAAAA- 


R + JIm unh PJ2 
—2 ^ >72 


■vVVWW'—• 


I 


C + jCid sinh i‘ 


^ .Ink I* 


Fig. 2. Equivalent T network of a line having smoothly distributed constants. 


more, since 


for small values of P, — and - will, in general, 

P/2 sinh P 

each approach unity, lines of relatively small electrical lengths can be 

closely represented by a 7 network in which one-half of the total resistance 

and inductance are placed in each of the series arms and the total leakance 

and capacity is concentrated in the shunt arm. Artificial lines and 

cables are frequently so constructed, as indicated in Fig. 3. 


vVVV— KS^QMLr 


vftftQQJb->AAA/ — 

L R 


Fig. 3. T network approximately representing a short line having smoothly distributed 

constants. R, L, G and C. 

If the absolute magnitude of the propagation constant of a line is 

more than .2 or .3, the factors and begin to depart ap- 

P/2 sinh P 

preciably from unity, and it is then usually advisable to represent only 
a certain fraction of the total length of line by one T section—the entire 
line being, in such a case, simulated by a series of such T networks.’^ 

•For a fuller discussion of artificial lines see ‘‘Artificial Electric Lines, Their 
Theory, Mode of Construction and Uses,*' by A. E. Kennelly. 
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LOADED CIRCUITS 

13.0 It can be easily shown by means of the formulae given in 
Sect. 12.2 * that up to a certain point the attenuation constant of a circuit 
is decreased, and hence the transmission efficiency of the circuit is in¬ 
creased, if series distributed inductance can be uniformly introduced 
into the circuit. This method of increasing the efficiency of a circuit 
was first suggested by Heaviside in 18871 who did not, however, point 
out any practical way of introducing the inductance. 

13,1 Continuous Loading.—One method t of adding inductance to a 
transmission circuit is by winding wire or tape of iron, or other magnetic 
material, around the conductor to be loaded. Rigorous formulae holding 
for such a circuit have already been derived in Sect. 12.1. The objec¬ 
tions to continuous loading by such methods are (1) its excessive cost, 
(2) the relatively small amount of loading (ordinarily less than .03 henry 
per mile) that can be introduced into the circuit, (3) the relatively 
large increase in effective resistance accompanying such loading, and (4) 
the difficulty of predicting the constants and hence the efficiency of such 
a circuit—small differences in mechanical treatment or pressure between 
the tape and the conductor making large differences in the a-c. constants 
of the circuit. This last objection is particularly serious on circuits 
containing repeaters where a definite and smooth line impedance- 
frequency characteristic is necessary for proper balance conditions. 

Continuous loading is, however, frequently used on submarine 
cables—as for example in the Key West~Havana submarine cable§— 
for the reason that in deep water the difficulty of making water-tight 
joints at the loading points makes coil loading undesirable. Moreover, 
repairs on a deep sea cable with lumped loading introduce irregularities 
which are practically unavoidable and which may be so large that for 
such cables continuous loading is sometimes even preferred for uniformity. 

When a circuit is loaded by such a method, its inductive reactance 
Lw is usually large as compared with its resistance R and the susceptance 
* See also Chapter IX of J. G. Hill's “Telephonic Transmission." 
t See The Electrician, VoL XIX, p. 79, 1887. 

t First suggested by C. E. Krarup, ElectrotechnUche ZeiUckrift, p. 344, 1902. 
i For a description of this cable, see paper by Martin, Anderegg and Kendall, on 
“The Key West-Havana Submarine Telephone Cable System," Journal A, /. E, E., 
VoL 41 (1922), pp. 184r-202. 
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Cw is large as compared with the leakance G, Under these conditions the 
formula for the attenuation constant of the circuit may be very closely 
approximated by equation (25) of Sect. 12.22. 

13.2 Lumped Loading.—Pupin and Campbell both proved, at ap¬ 
proximately the same time,* that the insertion of inductance coils at 
uniform intervals in a telephone circuit would, under certain conditions, 
affect the attenuation constant of a circuit in essentially the same way 
as if the inductance were uniformly distributed throughout the circuit. 
The conditions for this equivalence, which were fully developed in Camp- 
bells paper in the Philosophical Magazine^ are that the frequency to be 
transmitted shall not exceed a certain frequency which called the 
critical or cut-off frequency. In order to get a concrete idea of these 
conditions, a simple derivation will be given for the formulae for the 
propagation constant and the iterative impedance of such a loaded 
circuit. 

Let N be the number of miles between the loading coils, P the propa¬ 
gation constant per mile and Zk the iterative impedance of the non- 
loaded circuit. Also let Zc be the impedance of each loading coil. 
One section of the loaded line—terminated at mid-coil—may then be 
represented as shown in Fig. 1. An infinite number of such structures 

\Zc ZkUnh-f 


“^JU)AI)ING con.- ^ - Kgi:iVALKNT r NKTWORK ok .V MILKS - COll. -^ 

OF NON-U>ADEI) LINE 

Fiu. 1. Structure representing one section of a loaded circuit terminated in a mid-coil. 

would evidently represent an infinite length of the loaded circuit. The 
propagation constant of the N miles of the non-loaded line may be 
obtained from the second expression of equation (7) of Chapter XI and is 
given by 

cosh (A^P) = 1(li 

where 

iZi = Z»tanh^ (2 

•See papers by M. I. Pupin in the Proceedings of the A, I, E, E,, Vol. XVII, 
May 19, 1900, p. 445; and by G. A. Campbell in the Philosophical Magaxine for 
Miutsh, 1903. 
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and 


Z,= 


sinh (NP) 


(3) 


Zi and Zi being, respectively, the series and shunt impedances of the 
equivalent ladder structure. Similarly, for the loaded line the relation is 

cosh (NP') = 1 + ^ (4) 

in which 

= Z* tanh^ + iz. = (5) 

Whence 

(jvn = 1.+2^- - (,+. c„,h m+§. (0, 

or 

F = icosh-^ [cosh (NP) + AJ 

= i cosh-‘ [ cosh (NP) + ] 


which is the so-called Campbell formula for a line loaded with series coils, 
and gives rigorously the propagation constant P' per mile of loaded line 
in terms of the propagation constant P per mile of the non-loaded line, 
the iterative impedance Zk of the non-loaded line, the number of miles 
N between the loading coils and the impedance Zc of each loading coil. 

By means of transformations similar to those shown in Appendix C, 
it can be shown from formula (7) that • 


P' = ipsinh-^ 
N 


- ^tanh-^ 
N 


= VrCOsh-' 

N 


sinh 


NP 


!+■ 


^Je 


2Zk tanh 


NP 


NP 

/2Z*tanh^+Ze 

WP 

2Ztcoth^ + Z. 


cosh 


NP 


Zc tanh 


NP 


1 + 


2Z* 


( 8 ) 


It is, however, seldom necessary or desirable to calculate the propagation, 
constant from any of the above formulae. The following procedure, 
when a rigorous determination of the propagation constant is necessary 
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is generally used. The value of one-half of the series arm of the 

equivalent T network is determined by adding to one-half the coil 
impedance (^Zc) the value of Z* tanh iV'P/2—which in many practical 
cases can be regarded as one-half the total resistance and inductive 
reactance, -j-jLw)/2], of the N miles of circuit (see Sect. 12.4). 

The value of the shunt impedance Z 2 of the equivalent T network is 
then determined from the value of Z^/sinh NP which likewise—as pointed 
out in Sect. 12.4—can, in most all practical cases, be regarded as the 
impedance, {llN)[\l{G jC(a)]t corresponding to the total shunt leak- 
ance and capacitance of the N miles of circuit. Then, knowing the values 
of Z\ and Z 2 of the equivalent ladder type of structure, the attenuation 
constant—or the real part of the propagation constant—as well as the 
phase constant can be obtained from curves of the type shown in Figs. 
11 and 12 of Appendix E. This method admits of as great rigor as may 
be desired and, in general, will be found to be much quicker and fully as 
accurate as the method of using the formulae given above in conjunction 
with charts or tables of complex quantities. 

The mid-coil iterative impedance, Zk, is—from equation (1) of Chapter 
XI _ 

( f + (t + 1 

in which 

2 2 2 

From equations (1) and (7) of Chapter XI, 

Zk coth^ = (Zi + 4 Z 2 ) X = y + 2 Z* 

Hence 

Zk = ^ (Z* tanh ^ |(z* coth ^ | (10) 

which gives, rigorously, the mid-coil iterative impedance. 

In a similar way, it can be shown that the mid-section iterative 
impedance, Zk, i.e., the impedance as measured mid-way between two 
loading coils, is 


Zk' = Zk 


/2Z* + Zc coth^ 
Wp 

2Zfc + ^ctanli^ 


(z.co.hf)(u„hf:) (.1) 
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It has been the practice* to load open wire circuits by inserting, at 
approximately eight mile intervals, loading coils having inductances of 
approximately 1/4 henry. This reduces the attenuation constant of 
such circuits to approximately one-half of that existing before the 
•circuit was loaded. In other words, it should be possible to talk to 
approximately twice the distance over a loaded open wire circuit as 
over the same gauge of nonJoaded circuit. 

It was formerly the custom to design all loaded circuits such that 
their cut-off frequency was around 2,000 cycles—the cut-off frequency 
being a function of both the spacing and the inductance of the loading 
coils (viz., fc =# I/ttVZ/C, where L is the inductance of the coils and C 
is the total shunt capacity in each loading section). This is still the 
approximate cut-off frequency of some open wire loaded circuits. The 
tendency recently, however, has been to raise this cut-off frequency in¬ 
asmuch as it is now known from articulation tests (see Sect. 2.2) that 
there are important frequencies in the voice which lie appreciably above 
2,000 cycles. On cable circuits it is now customary to space all loading 
coils 6,000 feet apart and to use coils either of .175 henry (in which case 
the loading is called medium heavy loading and gives a cut-off frequency 
of about 2,800 cycles and an iterative impedance of approximately 1,600 
ohms) or else use coils of an inductance of .044 henry (in which case 
the loading is called extra light loading and gives a cut-off frequency of 
about 5,600 cycles and an iterative impedance of approximately 800 
ohms). This is on the assumption that the capacity per loading section 
(6,000 ft.) is approximately .074 microfarad. 

13.21 Loading Coils .—Loading coils are ordinarily wound on cores 
in the shape of annular rings or toroids. Cores are usually made up 
of a very large number of turns of fine iron wire, or of fine iron dust 
mixed with a binder and pressed into ring-shaped form.f Coils which 
are used to load the side circuits of a phantom circuit (see Sect. 19.1) 
have two balanced windings, each of which is placed in series with a 
wire of the circuit. These windings are connected in such a way that 
currents flowing down one line wire and back over the other will tend to 
build up flux in the core of the coil. Coils which are used for phantom 
loading have four balanced windings, each of which is put in one of the 
four wires of the phantom circuit. These windings are so connected 
that currents flowing in the side circuits will not build up any flux in the 

* See article on “ The Commercial Loading of Telephone Circuits in the Bell Sys¬ 
tem/' by B. Gherardi, Traris. A. /. E, E., Vol. XXX, Part III (1911), pp. 1743-1773. 

t See a paper V>y J. B. Speed and O W. Elmen on “ The Magnetic Properties of 
Compressed Powdered Iron," Journal A. I. E- E,, Vol. 40 (1921), pp. 596-609. 
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core of the coil. On the other hand, currents flowing through the phan¬ 
tom circuit will aid each other in building up flux in the core of the 
phantom coil. Consequently, the side circuit coil loads or offers induc¬ 
tance to the side circuit and simply adds a small d-c. resistance to the 
phantom circuit. Similarly, the phantom circuit coil adds inductance 
to the phantom circuit but offers only d-c. resistance to the side circuits. 
Other things being equal, a loading coil which has at telephonic fre¬ 
quencies a higher time constant (or LjR) than another loading coil is 
the more efficient of the two. 

Loading coils are encased in iron pots and are mounted in manholes, 
if the circuit to be loaded is a cable circuit; or are mounted on the poles 
at the cross-arms, if the circuit to be loaded is an open-wire line.* 

13.3 Artificial Networks Representing Loaded Circuits.—It is often 
desirable to have available for use in the laboratory an artificial line or 
structure which will have—to a sufficiently close degree—the same 
electrical characteristics as those of an actual line. Before considering 
the design of such a structure, to represent a loaded circuit, it will first 
be desirable to consider briefly the make-up of networks designed to 
simulate the characteristics of non-loaded circuits. 

Structures which are used to represent non-loaded artificial cables or 
open wire lines are ordinarily made up by simply grouping one-half the 
total resistance and one-half the total inductance in each of the series 
arms of a T network and the total shunt capacitance in the shunt arm. 
The errors involved by the use of such a structure may be rigorously 
calculated by the formulae developed in Sect. 12.4. The errors involved 
by the use of such artificial structures increase with the geographical 
length of the circuit represented by the artificial structure and by the 
frequency considered; in other words, the errors increase with the elec¬ 
trical length of the circuit represented by such a structure. 

For example, in most artificial cables used in the Bell. System labora¬ 
tories a two-mile section is the maximum employed to represent standard 
No. 19 gauge cable; i.e., a three-mile length of cable would be obtained 
by combining two T networks, the one representing a two-mile section 
and the other a one-mile section. For No. 12 N.B.S.G. open wire line, 
however, a twenty-mile length is the greatest length which a single T 
section is permitted to represent in those cases where the ordinary voice- 
range of frequencies is employed. 

* For a more extended description of loading coils and their use, see an article on 
“ Loading CJoils,” by W. Fondiller, Western Electric News, Aug., 1921, pp. 16-18. 
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The errors involved by the use of a single T network—with half 
the resistance and inductance in each series arm and the total capacity 
-in the shunt arm—to represent two miles of standard cable (R = 88 ohms. 
C — .054 m.f. per mile) at 2,000 cycles are shown below. 


Actual 

cable 


2-mile 

seotioQ 


4-mile 

section 



Prop, constant 

per mile .1728 + j .1728 .1746 .1710 .1750 .1704 

Iterative 

impedance 254.6 - j 254.6 262.4 - j 247.2 250.4 - j 256.8 

By a comparison of the values in columns 1 and 2, it is seen that the 
attenuation and phase constants of such an artificial cable (made up of 
a single T network and representing two miles of actual cable) deviate 
from those of the actual cable at 2,000 cycles by about 1 per cent. This 
deviation would of course be much less at the more important telephonic 
frequencies such as 800 or 1,500 cycles. It is also to be noted that the 
absolute magnitude of the iterative impedance of the artificial network 
is essentially the same as that of the actual cable which it is designed to 
replace, although the phase angle of the former deviates perceptibly 
from that of /45®. In other words, the effective resistance component of 
the iterative impedance is about 3 per cent greater than and the effective 
reactance component is about 3 per cent less than that of the corre¬ 
sponding values for th^ actual cable circuit. 

In the above table there is abo given, in column 3, the propagation 
constant per mile and the iterative impedance of a network representing 
four miles of cable but made up as shown in Fig. 2B. This structure has 



Fiq. 2A Fio. 2B 

Figs. 2A and 2B. Fig. 2A—Two symmetrical T networks approximately repre¬ 
senting a uniform line of resistance R and capacity C. Fig. 2B—Two diss3mimetrica1 
T networks approximately representing a uniform line of resistance R and capacity C. 

its series arms made up of elements whose values are 1/6, 2/3 (or 4/6), 
and 1 /6, respectively, of the total series impedance (-B—in the case shown). 
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Prom the figures given in columns 1 and 3 in the table, it is seen that the 
iterative impedance of the structure shown in Fig. 2B is much closer to 
that of the actual cable than is that of the structure shown in Fig. 2A—the 
data for which ft given in column 2 of the table. 

The structure in Fig. 2B has been mentioned here not so much on 
account of its application to the case where it is to represent a non- 
loaded circuit—for its propagation constant does not simulate that of 
the actual cable particularly closely—but on account of its application 
in those cases where a close representation of a loaded circuit must be 
made up in the laboratory. The use of such a network in the construc¬ 
tion of an artificial loaded circuit was first suggested by Campbell and 
its advantages for this purpose over that of the ordinary symmetrical 
T network may be seen by referring to Figs. 3A, 3B and 3C as well as 
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Fig, 3A. Single T network simulating N miles of non-loaded circuit terminating at 

each end in loading coil. 

Fig. 3B. Two symmetrical T networks simulating N miles of loaded circuit terminating 

at each end in loading coil. 



Fig. 3C. Two dissymmetrical T networks simulating N miles of non-loaded circuit 
terminating at each end in loading coil. 

to the data given below. In Fig. 3A, the non-loaded circuit between 
loading coils is represented by a single T network and in Fig. 3B by two 
symmetrical T networks while in Fig. 3C the non-loaded circuit between 
the loading coils is represented by two dissymmetrical T networks, the 
series arms of each of which are respectively and In the 

following table are given the propagation constants and the iterative 
impedances of the various structures shown above when each is designed 
to represent a No. 16 gauge loaded cable, the cable proper having a 
distributed resistance of 42.12 ohms per mile, .062 mf. per mile, and 
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.001 henry per mile. The loading coils are assumed to introduce, at 
2,000 cycles, an impedance of 10 + j .175 w ohms and to be spaced every 
1.66 miles. With these assumptions the following data are obtained. 

Prop, constat Iterative 

per mile impedance 


1 T section. 0340 + j 1.208 698 /I** 3.5' 

2 symmetrical T sections..0236 + j 1.208 697 /■52' 

2 dissymmetrical sections, Campbell arrangement ... .0200 + j 1.208 697 /.5' 

Actual loaded cable.0201 + j 1.214 * 


From the foregoing table it is seen that if an artificial cable or line 
is to be made up to represent a series lumped loaded circuit, the networks 
representing the non-loaded portion of the actual circuit—between load¬ 
ing coils—should be made up as indicated in Fig. 3C, viz., in two dis¬ 
symmetrical T networks, the series arms of each of which are respectively 
^ and 14 of the total series impedance (resistance, and distributed 
inductance—if the latter is not negligible) and the shunt arms are each 
twice the total shunt impedance of the non-loaded circuit. 

*The iterative impedance is not given here as it is evidently a function of the 
position in the line (i.e., distance from a loading coil) at which it is measured. It might 
be remarked, however, that the iterative impedance of such a cable circuit will, in 
general, have a slightly negative phase angle and hence will be fully as closely simulated 
by the Campbell arrangement as it will be by either of the other artificial 8tnicture.s 
referred to in the table. 






CHAPTER XIV 

TELEPHONE REPEATERS 

14.0 A telephone repeater is a device for amplifying voice currents. 
In its usual form it consists essentially of a repeater element for amplifying 
the voice currents and a repeater circuit which automatically enables 
this amplification to be accomplished in both directions over a telephone 
circuit. 

Its use permits telephonic communication over distances for which 
the costs of efficient line conductors would otherwise be prohibitive, and 
also admits of more economical circuits for more moderate distances. 

14.1 Description of Elements.*—All forms of repeater elements which 
have so far been adapted to commercial requirem|pts are of the unilateral 
mutual impedance type. In this type a current flowing in the input 
circuit produces a potential in the output circuit, but a current flowing 
in the output circuit induces no potential in the input circuit. 

The requirements for an ideal repeater element are as follows: 

1. The ratio of output to input power must be independent of both the 

frequency and the magnitude of the power. 

2. The input and output impedances must also be independent of the 

magnitude or frequency of the impressed power. 

3. The element must give a large amplification. It is ordinarily desirable 

to have a power amplification, for speech-frequency currents, of 
100 times or more, although for certain uses elements giving 
smaller amplifications might be employed. 

4. The local sources of energy must not involve potentials unsafe for 

use in the telephone plant. 

5. The element must be insensitive to external electrical disturbances 

and should not produce external fields which will cause crosstalk 
with adjacent circuits. ’ 

6. The element should be of long life, and so constant and reliable in 

service as not to demand exceptional maintenance service. 

7. In size, first cost, cost of power and of maintenance, the element must 

conform to the economic conditions of an established plant. 

14.11 Mechanical Repeater Element. —The first repeater element to 
go into commercial service was the mechanical type, consisting essentially 
• A large part of the material in this section is taken from an article on “ Telephone 
Repeaters/' by B. Gherardi and F. B. Jewett, Proc. A. /. E. E., 1919, pp. 1255-1313. 
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of a telephone receiver coupled to a sensitive microphone supplied with 
direct current in the usual manner. In this manner weak incoming 
waves serve to control the release of relatively large waves of the same 
frequency and relative amplitudes. 

The chief bar to its more extensive use is its failure (due to initial 
friction and fixed losses) to respond to incoming waves below a critical 
value. The tendency of microphone buttons to breathe, due to heating 
and packing, and the distortion inherent in carbon buttons make even the 
best-designed of such devices difficult to maintain when several are 
operated in one system. 

14.12 Vacuum Tube Type of Element.—^The thermionic vacuum 
tube* repeater element, or audion, as it is sometimes called, consists of 
an evacuated vessel containing three electrodes, from one of which, 
the filament, a thermionic emission of electrons is obtainable. The 
filament is heated by the passage of a current as shown in Fig. 1. The 



Fig. 1, Simplified circuit using a 3-elemcnt vacuum tul>e. 

m 

other two electrodes are a plate and a grid. If a battery is connected to 
the filament and plate, as shown, so as to make the latter positive with 
respect to the former, then a current will flow in the circuit so formed. 
The electrons emitted at the filament are drawn across the intervening 
vacuum by the electric field which the battery B in the plate circuit has 
established. If an electromotive force is now applied between the grid 
and the filament, as by the source marked E in the figure, the field between 
plate and filament is altered and the current in the plate circuit is corre¬ 
spondingly altered. If the grid is made positive with respect to the 
filament, more electrons are urged across'the space between grid and 
filament. While some of these electrons strike the grid and thus result 
in a ciurent in that circuit, by far the greater number continue through 
the meshes of the grid to the plate. The result is an increased current 
in the plate circuit. Conversely, if the grid is made negative, there 
results a decrease in the plate current. In this case, however, no current 

• See the “Thermionic Vacuum Tube and its Applications/* by H. J. Van Der Bijl. 
A simple and condensed discussion of the action of the vacuum tube is given in 
Chapter III of “ Radio^Communication/’ by J. Mills. 
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flows in the grid circuit because electrons can be drawn to an electrode 
only if it b positive with respect to the source of the electrons. 

The characteristic relation between the grid voltage E and the plate 
current /b is that shown in Fig. 2. 



Fig. 2. Grid voltage-plate current characteristic. 


If the plate voltage is altered, the form of the curve is not altered 
but the magnitude of the current is changed as illustrated in Fig. 3, 



Fig. 3. Family of grid voltage-plate current characteristics. 

which shows a family of such characteristics. It can be shown from such 
curves that the voltage which must be applied to the grid in order to 
reduce the plate current to zero is always the same fraction of the voltage 
applied in the plate circuit. Hence, it appears that a large change 
in the plate circuit current may be produced by a relatively small 
alteration of the voltage applied to the grid circuit. The device thus 
amplifies electrical impulses impressed on the grid circuit. 

As long as the grid is kept negative no current can flow in that 
circuit, and any alterations in its voltage are unaccompanied by any 
current variation and hence are entirely wattless. Such variations are 
accompanied by current variations in the plate circuit and result in an 
energy expenditure in that circuit. The telephone eflSciency is thus 
seen to be practically infinite, since an energy output may be obtained 
by a wattless variation of the input voltage. The practical limitations 
to a complete realization of this ideal eflSciency lie in the design of voltage 
transformers and the possession by the tube of a finite leakage conduc¬ 
tance and capacity reactance. 

For use in amplifying telephone currents the voltage E, in Fig. 1, b 
replaced by an inptU transformer whose primary b connected to the 
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source of speech. The galvanometer is replaced by one winding of an 
output transformery the other winding of which is connected to a line or to 
the receiving device. 

14.2 Description of Repeater Circuits. 

14.21 One-Way Repeater Circuit. —If one telephone line is con¬ 
nected to the input of a repeater element of the unilateral mutual im¬ 
pedance type, and another line to its output, we have a repeater circuit 
capable of transmitting and amplifying speech in one direction only, or 
a one-way repeater circuit. 

14.22 “21” Repeater Circuits.—Unless two pairs of wires—or two 
channels—are run to every subscriber, it is necessary that repeating 
systems give amplification in both directions. All forms of such circuits 
in common use depend upon the Wheatstone bridge arrangement, which 
is also shared in principle by duplex telegraph and invariable anti-side- 
tone substation circuits. //, for exampley in any invariable anti-side^tone 
substation circuit the receiver is considered to be the input element of a repeater 
and the transmitter to be the output element of the repeatery there is pro¬ 
duced a 21 {that isy two-wayy one-repeater) repeater circuit provided the 
balancing network of the substation circuit is replaced by the second line in 
the repeater circuit. Such a transformation of an anti-side-tone circuit 
into a 21 repeater circuit is shown in Figs. 4A and 4B. In Fig. 4B the 



Fig. 4B 

Figs. 4A and 4B. Circuits showing the analogy between an anti-side-tone substation 
circuit and a 21 type repeater circuit. 


receiver and transmitter correspond to the input and output of any type 
of repeater element. Such circuits have many interesting properties, 
one of which is most fundamental to two-way repeating; namely, if the 
lines west and east are equal in impedance—both in magnitude and in 
phase—the output from the transmitter produces no input into the 
receiver. 

It follows that part of the energy coming in on either line will go 
directly into the transmitting or output element and will be dissipated 
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as heat. Approximately one-half of the incoming energy, however, will 
go into the receiving or input element which, by controlling the amount 
of energy given out by the output element, transmits amplified energy 
into both lines thereby producing two-way amplification. If the two 
lines are not equal in impedance, that is, if the repeater is unbalanced,'^ 
the outgoing energy produces a potential across the receiver or input 
element and a circulating current is thereby set lip in the repeater circuit. 
This circulating current may, if large enough, produce distortion in the 
amplified current and, if still larger, may produce singing or oscillations 
which will prevent the repeater from functioning properly. 

In order to get a quantitative idea of the relation existing between 
the number of miles gain, which any 21 type of repeater circuit can give, 
and the amount of unbalance which exists between any two lines to which 
the repeater may be connected, consider the circuit shown in Fig. 5. 



Referring to formula (82) of Appendix E, which applies to the correspond¬ 
ing type of anti-side-tone substation circuit, it is evident that if F = 1 
and if Zr = Zt (wlience Za = Zd) then 

Zl : Zr : = 2 : 1 : 1 (1) 


Assume an ideal transformer and an e.m.f. E acting in Zr, it is then ap¬ 
parent from the equation (No. 73 of Appendix E) for Ir that 


or 


j __ E{Zl Zn) 

" 2ZdZL + Z^) • 


( 2 ) 


Er = IrZr 


E(Zl ~ Eli) „ •_ E{Zl ~ Zs) 

2ZL(Zr+Zi,) 4(Zt + Zjv) 


(3) 


If IX —sometimes called the voltage amplification constant —is the ratio of 
the voltage acting in the output of the repeater element Zr to that 
absorbed in the input element Zr, the return voltage Et acting in Zr is 


Et ~ 


E{Zl — Zjy) 

4(Zt + Zs)^ 


(4) 
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If Et is equal to or is greater in absolute magnitude than E, the circuit 
will evidently maintain a continuous current, in which case it is said to 
sing or oscillate. Equating Et to E will then give the singing point 
or the limiting condition beyond which satisfactory operation of the 
repeater cannot be maintained. Equation (4) then becomes 


4(Zl + Zn) 
Zl — Zn 


(5) 


Let us now consider the effective current amplification in the line, 
Zsi due to the insertion of such a repeater circuit. If no repeater were 
in the circuit and if the two lines were directly connected together, the 
current in Zn, with an e.m.f. e in Zl, would be 


In 


e 

Zl + Zn 


( 6 ) 


With the repeater in the circuit and an e.m.f. c in Zl, the current in 
Zr is Ir = ^/2Zl. The voltage across Zr is 


W. - ^ X 



( 7 ) 


The amplified e.m.f. acting in Zr is then eju/4. Whence 

It — eiil4iZj, (8) 

Since the impedance, in each direction, at the terminals x-y is ap¬ 
proximately Zi,/2, the voltage across these terminals is 

(eM/4ZL)(Zj2) = (e)u)/8 (9) 

Since, however, there are twice as many turns across the terminals »-a 
as there are between the terminals x-y, the voltage across v-z is eitt/4 
and the current in Z^ is 


r 


tf 


4(Zl + Zat) 


( 10 ) 


This amplified current is, however (see equation (6)), /i/4 times as large 
as if no repeater circuit- had been used. Hence, the effective current 
amplification due to the repeater is, from (5), 

(m/ 4)= |(Zi + Zi,)/(Zi-Z^)l • (11) 

Whence, the number of miles gain it is possible to get out of an ideal “21" 
type of repeater circuit, before it actually sings, is given by the relation 

L 4= 21.13 logio I (Zl + Zif)l(ZL — Zn) 1 (12) 

Curves plotted from this relation are given in Fig. 6. 
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Fig. 6. Singing point versus the vector ratio of the line impedances in a 21 type 

repeater circuit. 

An inspection of these curves shows the great importance of a close 
balance, in both magnitude and phase, of the two lines of a 21 repeater 
circuit. For example, if one line has an impedance that deviates in 
absolute magnitude from that of the other line by 10 per cent and if 
the phase angles of the two impedances differ by 10®, the maximum 




168 


TELEPHONE TRANSMISSION CIRCUITS [Chap. XIV 


possible gain that can be obtained from the repeater circuit before singing 
takes place is 21 miles. This represents roughly the best condition 
which might be encountered in commercial practice and would ordinarily 
only be attained if a 21 repeater circuit were inserted at the middle of a 
long uniform circuit. Moreover, due to the fact that there is a con¬ 
siderable amount of distortion in a repeater circuit just before actual 
singing takes place, it is not feasible to operate such a repeater circuit 
at the full gain which could be permitted before singing actually takes 
place. As a matter of fact, with the balancing networks which can 
ordinarily be designed,* a gain of from 15 to 18 miles is about the maxi¬ 
mum which may be expected to be obtained from a single 21 type 
repeater circuit. 

14.23 “22” Repeater Circuits.—For many conditions a “22” repeat¬ 
er (i.e., two-way, two-repeater) circuit is much more desirable than a 21 
repeater circuit. Such a circuit can be constructed from any two 
invariable anti-side-tone substation circuits provided one considers the 
rei^siver of the first anti-side-tone circuit and the transmitter of the 
second anti-side-tone circuit to be respectively the input and output 
elements of one amplifier and similarly, the receiver of the second anti- 
side-tone circuit and the transmitter of the first anti-side-tone circuit 
to be respectively the input and output elements of the second amplifier. 
Considering the form of anti-side-tone circuit referred to in Sect. 14.22, 
the corresponding 22 repeater circuit arrangement is shown in Fig. 7. 
Such a circuit will evidently not sing provided either Zl= Zs or Zl 
= Zn. Hence, it is a better type of circuit from a singing standpoint 
than a 21 type of circuit. 

The action of such a circuit is evidently as follows. If some one is 
assumed to be talking in the line east. Lb, an e.m.f. acting in Zl will 
be generated and one-half of the incoming power will be dissipated in 
the receiver or input element Zr and the other half will be wasted in 
the impedance of the transmitter or output element Zt> The power 
dissipated in Zr' will be amplified by the repeater Ri and the amplified 
output from Zt will produce equal voltages across the windings C 3 — Ct 
and Dt — Di. Whence, if the impedance of line Lw or Zl is equal to 
that of the balancing network Zs', there will be no potential across the 

* For methods of designing networks to simulate the impedance of smooth lines 
and of loaded circuits, see papers by R. S. Hoyt on the ** Impedance of Smooth Lines 
and Design of Simulating Networks," The BeU System Technical Journal, Vol. II, 
No. 2 (April, 1923), and "Impedance of Loaded Lines, and Design of Simulating and 
Compensating Networks," BeU System Technical Journal, July, 1924. 
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terminab of‘Z b and all of the amplified power will be dissipated in 
either Zl or Zv'. 



Fig. 7. Simplified diagram of a 22 type repeater circuit. 


If, however, the line impedance Zl does not exactly equal Zn, then 
there will be a slight difference of potential across the terminals of Zr 
and the resulting amplified power from Zt will produce equal potentials 
across the windings Ci — C 2 and D\ — Di. Then if Zl — Zs, one-half 
of the amplified power from Zt will be dissipated in the line impedance 
Zl and the other half in the balancing network Zjv. If, however, the 
line impedance Zl does not equal Zn, then there will be a potential 
across the terminals of Zr. It is, therefore, evident that provided either 
Zl= Zs or Zl = Zs' there.can be no circulatory current around the 
loop including Zr, Zt, Zr and Zt. However, if Zl does not equal 
Zr' and if Zi does not equal Zn, then there will be a certain amount of 
circulatory current. If the unbalances between the line impedances and 
the corresponding balancing networks are relatively great or if the loss 
in this loop circuit is less than the total amplification, there will be 
produced a self-sustaining current, or in other words the circuit will sing. 

On the best high-grade lines, the balance of a 22 type repeater 
circuit can be maintained so as to permit an energy amplification of 100 
times; this corresponds to a gain of 21 miles of standard cable, at 800 
cycles. Assuming that the impedances of both lines deviate by the same 
amount from the impedances of their corresponding networks, the above 
gain would require that at all frequencies of efficient amplification the 
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line impedances must not depart from those of their corresponding 
networks by more than approximately 10 per cent. As pointed out in 
the case of the 21 repeater circuit, the actual amplification must be 
appreciably less than that which will actually produce singing, or 
distortion of telephonic quality will result from a transient circulating 
current. 

A typical 22 repeater circuit using vacuum tube repeater elements 
is shown in Fig. 8. 

A comparison of the 21 and 22 type repeaters will establish the 
following points: 1. The 21 type repeater requires only half the power 
and less than half the apparatus and space needed by the 22 type repeater. 
2. The 22 type repeater may be so equipped as to balancing networks 
that it will operate satisfactorily between any types of lines. The 21 
type repeater requires additional apparatus in order to permit it to be 
used between lines of dissimilar character. 3. The 21 type repeater is 
not suited for tandem operation, as it feeds part of the amplified energy 
back on the incoming line. Two adjacent repeaters would, therefore, 
produce echo effects. 4. The 21 type repeater is useful largely in cases 
where a single repeater is needed near the center of a uniform trunk 
circuit of medium length. 5. With lines of a given degree of uni¬ 
formity, approximately 3 or 4 miles more amplification may be 
obtained with a 22 type circuit than can be secured with a 21 type 
circuit. 

14.24 Four-Wire Repeater Circuits.—A four-wire repeater circuit is 
essentially the same as that of the 22 repeater circuit described above 
except that the attenuation or loss in the loop circuit—through which 
singing would have to occiu*—is greatly increased by making that circuit 
include or comprise the trunk or long distance circuit. In other words, 
if, in the diagram of the 22 repeater circuit, (see Fig. 7) it is assumed that 
the upper and lower anti-side-tone circuits and their associated amplifiers 
are separated by many miles—the four wires connecting these two 
points being the four wires of the trunk circuit—there will evidently 
be a greatly increased attenuation loss in the loop circuit through 
which the oscillating currents will have to pass. Therefore, if the in¬ 
creased amplification of the amplifiers used in the four-wire circuit is 
not greater than the increased loss in the loop circuit—due to the atten¬ 
uation of the trunk—the complete circuit will have no greater tendency 
to sing than the corresponding 22 repeater circuit. It is, therefore, in 
general, possible to construct a circuit that will not sing and in which 
the power delivered to one line is several times greater than that which 
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Fig. 8. Typical 22 repeater circuit employing vacuum tube repeater elements. 
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is impressed upon the repeater circuit from the other line. For cross¬ 
talk reasons it is not desirable in actual four-wire repeater circuits to 
produce all the amplification with the two terminal amplifiers but to 
insert a number of one-way repeaters in each of the two pairs of the 
four-wire circuit. A simplified drawing of such a circuit is shown ih 
Fig. 9. The action of such a circuit is evidently analogous to that of 

Enaa 

Fig. 9. Simplified diagram of a four-wire repeater circuit employing intermediate one¬ 
way repeaters. 

the simple circuit without intermediate amplifiers. The spacing of the 
one-way repeaters and the amplification given by each of them is, as 
previously stated, partly determined by cross-talk considerations and 
partly by cost considerations. 

Such a four-wire system may contain hundreds of miles of small- 
gauge cable with one-way repeaters introducing energy amplifications of 
roughly 1,000 times (30 miles of standard cable) at uniformly spaced 
intervals of from 50 to 100 miles. Although circuits of this type use 
twice as many conductors as other systems, they use smaller wires and 
for long distance cable operation there is a certain distance above which 
they are economically advantageous. 

14.25 Application of Repeaters.—^The successful application of re¬ 
peaters to the telephone plant has completely revolutionized the methods 
of long-distance telephony. It is in most cases more economical to 
use repeaters than to load the heavier gauges of open-wire line. Further¬ 
more, connections which formerly required open-wire conductors of the 
largest gauge may now often best be handled over smaller conductors 
of loaded cable. From the present outlook we may forecast great net¬ 
works of loaded small-gauge cables equipped with repeaters. The use 
of heavy-gauge conductors in cables is largely a thing of the past. 

On the other hand, the repeater is not a device which can be thrown 
in indiscriminately on any circuit and be expected to function properly. 
Circuits of uniform character are required, as is shown by a consideration 
of the requirements imposed by the balance conditions. Loading 
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coils for use on such circuits must possess magnetic stability as well 
as high inductance and low resistance, and they must be quite uniformly 
spaced in the circuit. In general, repeatered telephone circuits call 
for a higher grade of plant maintenance and for special testing methods 
and equipment.* 

* For a more detailed discussion of some of the difficulties encountered in repeatered 
lines, as well as for a general view of some of the other problems of telephone trans¬ 
mission over long circuits, reference may be made to an article by J. J. Pilliod entitled 
“Philadelphia-Pittsburgh Section of the New York-Chicago Cable,” Journal of the A. 
/. E. E., Vol. XLI, August, 1922. 
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RESONANT AND ANTI-RESONANT CIRCUITS 

15.0 The study of resonant and anti-resonant circuits is not only in¬ 
teresting but is also very important for a clear understanding of the more 
complex subject of Selective Networks (see Chapter XVI). The simple 
type of resonant circuit, containing inductance, capacity, and resistance 
all in series, is well known. Resonance is said to occur in such a circuit 
when the frequency is such that the positive reactance of the inductance is 
eqvcd and opposite to the negative reactance of the condenser, i.e., when the 
impedance is a minimum. 

When one considers parallel circuits, however, consisting of a condenser 
in parallel with an inductance—the latter being in series with a resistance 
—the problem of determining anti-resonance becomes somewhat more 
complicated. Consider the circuit shown in Fig. 1, and assume that we 



Fia. 1. Circuit containing a condenser in parallel with a combination consisting of an 
inductance and resistance in series. 

wish to determine the proper value of the capacity to give anti-resonance 
or to produce a maximum value of the absolute magnitude of the impedance 
Z of the combination. If the condenser is assumed to have a capacity 
of C farads (and negligible resistance) and the coil to have an inductance 
of L henrys and an effective resistance of R ohms, it is easy to show that 
the impedance Z is 

7_« + Ki-W + iV)] 

-h (XCw» - 1)* 

The absolute value of Z is 

+ IV ^ _[2I_ 

- 1 )* !)» 
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Hence, the ratio r of the absolute value of Z to that of | R -|- jLw | or 

1*1 is 


r 



_ 1 _ 


ly 


(3) 


If we let Q = Lo)/R (Q being called for convenience the coil dissipation 
constant) y (3) becomes 


1 _ 


(4) 


By differentiation it can be shown that, if C is variable, the value of r 
given by (4) is a maximum when 

C = ^ ^ (5) 

R<^a + Q^) R^ + LW 1^21 ^ 

Putting this value in (4), 

r= Vr+^ (6) 

But Q = tan 0 , where 0 is the phase angle of the combination consisting 
of the resistance and inductance. Hence 


r = ^ll + tan* 0 = sec 0 (7) 

It is also easy to show that, when (5) holds, the phase angle of Z, 
which will be called 0, is zero. Hence, at anti-resonance (that is, if the 
capacity C is assumed to be varied until jZj is a maximum) 


= |z| sec 0 /0° = 


z 

cos 0 


/O^ = 


2" 

Z COS 0 


/0° = 


/_ 0 " ( 8 ) 


This equation then furnishes a ready method of finding the maximum 
impedance, 2 j^ax.> which will result if the capacity is varied until 
anti-resonance is obtained. As an example of the above, suppose we 
had a coil whose impedance \z\ /0 at a given frequency was 100/85° 
ohms and wished to know what would be the maximum impedance that 
could be obtained, at the given frequency, by shunting the coil with a 
condenser. From (8) it is apparent that 

^MAX 1.150/0° (9) 


If in the above, w = 5,000, L will be .01992 henry and R will be 8.72 
ohms. Whence, from equation (5), C — 1.992 mf. 

Suppose that, instead of assuming C to vary until anti-resonance 
occurred, the inductance L had been assumed to be the variable. With 
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L as a variable^ it is found by differentiation of (2) that \Z\ is a maxi¬ 
mum when 




1 + Vl + 


( 10 ) 


Similarly, if the frequency is assumed to be the variable, it is found from 
differentiation of (2) that the absolute value of the Impedance \Z\ is a 
maximum when 


CO 



( 11 ) 


From the above equations, (5), (10), and (11), it is apparent that the 
condition for anti-resonance—when there is resistance in the coil—is 
different for all three variables C, L and co, and hence in using the term 
anti-resonance when referring to a parallel circuit containing resistance 
as well as capacity and inductance, it is essential that the quantity 
assumed to be the variable should always be mentioned. In many 
cases the results obtained, by assuming the different elements as variables, 
are not materially different. For example, in the numerical case previ¬ 
ously taken, i.e., L = .01992 henry, R = 8.72 ohms and C = 1.992 mf., 
if the frequency is assumed to be the variable, equation (11) gives 
CO = 5,020. Whence, the point of anti-resonance is a little over three 
cycles higher than that obtained when C was considered to be the variable. 

Unless otherwise stated, it is customary to assume that the frequency 
is the variable quantity referred to in problems involving resonance or 
anti-resonance. 

Resonant circuits have several peculiar characteristics which would 
not be expected to exist—unless the mathematical proof of them were 
readily available. Consider, for example, the circuit shown in Fig. 2. 


Fig. 2. Structure comprising a resistance and condenser, in parallel with a resist¬ 
ance and inductance, and having an impedance whose value is a constant pure resistance 
at all frequencies. 
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The impedance Z of this parallel combination is evidently 


Z = R + = 


(R,+jLu,) + (^R,+jL'^ 


( 12 ) 


Keeping in mind that in the algebra of complex quantities (see formula 
(15) of Appendix B) 


A+jB _AC + BD .BC-AD 
C+jD C* + Z)»"*'’^C® + Z)* 

it is easy to show from (12) that 

(Ri + Rj) (RiR2 + (r^Xo. - 


R = 


(Ri-1- R2)* + ^ico - i-Y 


(13) 


(14) 


Cw ) 


and 


(«, + fl.) [r,u, - |i) - («.& + ^) (l„ - ^) 


X = - 


(R\ + i?2)^ 4* ^ ^ 


y 


(15) 


If the impedance of the parallel combination is to be a pure resistance 
and independent of the frequency, it is evident that the reactance X 
must be zero. Equating then the numerator of the expression for X to 
zero, it is seen that the reactance X will be zero if 


La? 






) = 


0 


This relation will evidently hold if 

= «* = ^| 


(16) 


(17) 


Hence, if the above relation is met, the impedance Z will be a pure resist¬ 
ance and independent of the frequency. By substituting the values of 
(17) in (14), the value of the impedance Z when (17) is fulfilled is seen 
to be 




(18) 


This is but a special case of a constant resistance structure (for general 
relations see Sect. I of Appendix D), the general characteristics of which 
are discussed in detail in Sect. 18.1.' 
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Another interesting example of a circuit consisting of inductance, 
capacity, and resistance, which is somewhat similar to the circuit just 
considered, is the bridge circuit shown in Fig. 3. 
If, in such a circuit R = ^L/C, it can easily be 
demonstrated that the impedance looking into the 
circuit is Z = R = ylL/C and is entirely indepen¬ 
dent of thefrequency. It is to be noted that the 
relation given above, which is necessary to make 
the impedance of the circuit independent of the 
frequency, is essentially identical to that (see equa¬ 
tion (17)) required in the simpler circuit previously 
discussed. The generality of this relation may also 
readily be seen by reference to formulae 29 of 



If, in the above circuit there is mutual induc- 


ture, composed of induc¬ 
tances and capacities, 
whose impedance is a tance M between the two windings—in such a 
constant pure resistance direction that 1—2-3--4 is a series aiding connec- 
at all frequencies. tion, it can be shown that the impedance Z will 

be independent of the frequency if 




(19) 


In this case Z will have a value similar to that obtained before, viz.: 

y _ » \L M 


( 20 ) 


Resonant circuits have many other very interesting properties. 
One property which has been used commercially to a certain extent is 
the conversion of a constant potential circuit into a constant current 
circuit, or vice versa. Referring to the circuit shown in Fig. 4, the 



Fig. 4. T network form of circuit for converting a constant potential into a constant 

current. 

equation for the received current Ir is 

T EZb 


ZaZb + {Za + Zb){Zc + Zr) 


(21) 
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If Za and Zb are pure reactances and if their sum is equal to zero, the 
denominator of this equation will reduce to ZaZb and the received current 
under these conditions becomes 

£ ( 22 ) 

Hence, if the impedance Za is a pure reactance and of the value l/jCw 
(or jXco) and if the impedance Zb is likewise a pure reactance and has 
the value jJjO) (or l/jCco) and if LCo? = 1, it is evident that (22) will 
hold and that the received current in such a circuit will be 

Ir = -^ or Ir= -jECoy (23) 

jLo) 

It is then apparent that, in such a case, the received current Ir is 

independent of the value of the load impedance. Such a circuit will, 

therefore, at any given frequency, produce a constant current in the 

received impedance regardless of the magnitude 

of this impedance. Such circuits have been used 

commercially in connection with series arc light 

systems where the resistance of the circuit varies ' 

from time to time and where it is desired to keep 

a very constant current flowing in the circuit. 

Another typical example of a resonant circuit 

which may be used for converting a constant 

potential circuit into a constant current circuit is i. 

11 • r TP 1 • 11 Bridge form 

that shown in big. 5. It there is assumed to be a of circuit for converting 

mutual inductance M between the two windings a constant potential 

and if the windings are so wound that 1-2-3-4 is ^ constant current. 

a series aiding connection, it can be shown, if the frequency is such that 

{L + M)Co)^ =1 * • (24) 

that the current in the receiving impedance is independent of the value 
of this impedance and is equal to 

7 = 

* {L -t- M)w 



(25) 
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THEORY OF WAVE FILTERS 

16.0 A selective network is defined as a structure which is designed 
to give a predetermined transmission loss characteristic. If the structure 
is to have a negligible transmission loss over a certain definite range or 
ranges of frequencies and is to have an appreciable loss at all other 
frequencies the structure is called a wave filter. On the other hand^ if 
the structure is to have a loss characteristic that is more or less gradual 
or varied in its slope, it is often referred to either as a corrective network or 
as a simvlative network,* It is obvious that the main distinction which 
is made between the terms wave filter and corrective network is that in 
the former there is a sharp line of demarcation between the attenuated 
and the unattenuated frequency ranges, whereas no such sharp line 
exists in the corrective network. 

Electric wave filters were invented by Campbell t and have a very 
large number of practical applications, some of the more important of 
which are as follows: 

A^C. Oscillators, To eliminate harmonics fro a oscillators and thereby 
obtain a purer sine wave than would otherwise be possible. 

Z)-(7, Generators, To suppress commutator ripples in circuits supplying 
direct current from d-c. generators. 

Composite Sets, To separate the currents of telephone and telegraph 
(d-c. or carrier) circuits. 

Radio Operation, To separate the received and transmitted signals 
when a single antenna is used for both transmitter and receiver. 
To eliminate the carrier and one side-band, thereby enabling all 
of the output'power to be put into the other side-band. To 
make possible the separation of two incoming telephone messages 
involving currents of approximately the same frequencies. 

Carrier Current Telephony and Telegraphy Over Wires, To separate and 
confine currents of the various frequencies in their proper channels.t 

* Simulative networks include such apparatus as artificial lines or cables. 

tSee U. S. patent No. 1,227,113. For a discussion of the ** Physical Theory of 
the Electric Wave Filter,” by G. A. Campbell, see The Beil System Technical Journal^ 
Vol. I, No. 2, Nov. 1922. 

t For a detailed explanation of the use of filters in carrier current telephony, see 
paper by E. H. Colpitts and O. B. Blackwell on “Carrier Current Telephony and 
Telegraphy,” Transactions of the A. I, E. E., Vol. XL (1921), pp. 206-296. 
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Stvdy of Speech. To eliminate, to any desired extent, any given frequen¬ 
cies (in an otherwise distortionless telephone system) in laboratory 
investigations of telephone quality and of the composition of speech. 
Submarine Signalling. To eliminate disturbing sounds from water 
noises, waves, etc., that are encountered in various schemes 
employed for submarine signalling and thus to give a clearer tone 
to the signal and effectively to increase the range of transmission. 

16.1 General T 3 rpes of Wave Filters.—In view of the widely different 
characteristics of various types of wave filters it has been commonly 
agreed to distinguish the more frequently used types by the following 
designations: 

1. Low Pass (L.P.) Wave Filters. 

2. High Pass (H.P.) Wave Filters. 

3. Band Pass (B.P.) Wave Filters. 

4. Band Elimination (B.E.) or Low and High (L. & H.P.) Pass 
Wave Filters. 

A low pass wave filter is a structure which readily passes currents of 
all frequencies from zero up to a certain frequency (called the cut-off 
frequency, /c), and which effectually bars currents of all higher frequencies. 

A high pass wave filter is one which passes currents of all frequencies 
from infinity down to a certain frequency (also called the cut-off fre¬ 
quency, fc), and effectually bars currents of all lower frequencies. 

A band pass wave filter is one which readily passes currents that lie 
between two cut-off frequencies (Ji and / 2 ), and effectually bars currents 
of all frequencies outside of this range. 

Finally, a band elimination or a low and high pass wave filter is a 
structure which effectually bars currents that lie between two cut-off 
frequencies (fi and / 2 ) and readily passes currents of all frequencies 
outside of this range. 

It is evident fro ii a little consideration that we can easily construct 
a band pass or a band elimination filter from two filters—one of the low 
pass type and the other of the high pass type. For example, if a high 
, pass and a low pass wave filter are in series with each other, as shown in 
Fig. 1, the combination will, in effect, act as aband pass wave filter that will 




Fio. 1. Band pass filter formed by a high pass filter in series with a low pass filter 
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pass currents between the cut-off frequencies of the two filters—provided 
the cut-off frequency of the low pass filter is higher than that of the high 
pass filter. In the specific case indicated the structure will act as a band 
pass wave filter which will pass only those currents which have a frequency 
lying between 600 and 800 cycles. ‘ 

Similarly, considering the circuit of Fig. 2, in which a high pass 




Fig. 2. Band elimination filter formed by a high pass filter connected in parallel with 

a low pass filter. 

filter is shown in parallel with a low pass filter—the latter filter having the 
lower cut-off frequency—the combination is in effect a band elimination 
filter which will pass only currents of those frequencies which are above the 
cut-off point of the high pass wave filter and currents of those frequencies 
that are below the cut-off point of the low pass wave filter. In the 
specific case indicated, currents of those frequencies which lie between 
600 and 800 cycles would be attenuated. 

16.11 Lists of Ideal Wave Filter Structures.—If a filter structure is 
to be ideal, that is, if it is to have a zero attenuation constant over a 
certain frequency range, there can be no resistances in the filter. In 
other words, the ideal or non-dissipative wave filter must consist entirely 
of pure reactances. It is furthermore true that, in general, almost every 
symmetrical combination of condensers and inductances may be regarded 
as a section of an ideal wave filter. Ordinarily, however, one is only 
interested in those combinations of reactances which give a single (or 
at most a double) transmitted band of frequencies. This limits our 
interest and consideration to a relatively small number of structures, or 
combinations of reactances, the most important of which are as follows. 

Filter sections of the ladder type —that is, the type of structure in which 
a certain combination of reactances is directly in series and another combi¬ 
nation is directly in shunt with the line —are listed in Fig. 3. This figure 
gives a list of the single band structures (L.P., H.P., B.P. and B.E.) 
of the ladder or series-shunt type—on the assumption that there is no 
mutual inductance between any of the coils. It also gives the general 
shapes of the attenuation characteristics of the various structures. The 
method of obtaining these attenuation characteristics as well as that of 
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Fig. 3. A list of wave filter sectioDs of the ladder type, having not more than four 
reactance elements in any one arm, and which, by proper design, have only a single 
transmission or attenuation band. 
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Fro. 3 (Continued). 
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Fia. 3 (Coniimied). 
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Fio. 4. List of single band wave filter sections of the bridge t 3 'pe together with the 
equivalent ladder type of structures. 
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Fiq. 4 (CofUinudd). 
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obtaining all of the necessary formulae applying to the various structures 
will be'described later. 

A list of some of the more important structures of the so-called lattice 
or bridge type may be found in Fig. 4. This figure also shows the 
equivalence of the lattice type of structures with those of the ladder type. 

There is still another type of filter structure which should be given 
some consideration and that is the so-called bridged-T type of structure. 
A list of some of the more important structures of this type together 
with the equivalent ladder type of structures is given in Fig. 5. The 
equivalence of the various bridged-T structures to the corresponding 
ladder type of structures is obvious when T networks of condensers or 
inductances are replaced by 11 networks or vice versa. 

16.2 Propagation Characteristics of a Non-Dissipative Symmetrical 
Structure.—Since a wave filter is, in the ideal case, a structure that has 
no dissipation, it is desirable to consider, before going further, what are 
the propagation characteristics of such a structure. In Fig. 6, it is evi¬ 
dent from formula (7) of Chapter XI that: 

2sinh-i|^ (1) 

If the series and shunt imjjedances Z\ and Z 2 are—as they would be in 
the case of an ideal filter—pure reactances, the quantity Z 1 /Z 2 must 
evidently have either a zero phase angle or a 180° phase angle. Hence, 
Z 1 /Z 2 will either be a real positive or a real negative quantity and cannot 
be a complex quantity. 

16.21 When Z 1 /Z 2 is Positive.—If Z 1 /Z 2 is a positive quantity 
equation (1) gives: 

P=A+jb = 2 sinh-^ (2) 

A = 2 sinh~^ i and B = 0 (3) 

Under these conditions, there will then always be attenuation in the 
structure. 

16.22 When Zi/Z* is Negative.—Under these conditions equation 
(I) states that: 




(4) 
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BRIIHJKD T TYPE OF STRUCTURES AND THEIR. FXJUIVALENT CADDER IT OR ») TYPE.S 
DHlIXiED T TYPES Equivalent Ud<icr T)pn BRIDGED T TYPES Equivalnit Ladder'I>pea.. 



Fig. 5. List of single band wave filter structures of the bridged-^ t 3 rpe and their 

equivalent T or n networks. 
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BRIDOFO r TYPE OF STRUCTURES A.VD THKIR EQUIVALENT LADDER (f OR w) TYPF.S 

BRIDGED r, TYPES Equivalent Udder Types. BRIDGED F TYPES Equivalent Udder Types 
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Fia. 5 {Continued), 
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Fig. 6. Symbolic structure of the ladder type. 


But it is well known (see equation (76) of Appendix B) that 

sinh {u + jv) = (sinh u cos v) + i(cosh u sin v) (5) 

Hence 

sinb(j+jf)-3inh4cos5 + ic<,sh4,i„|.l^ (6) 

But since Z 1 /Z 2 is negative, the expression I/ 2 VZ 1 /Z 2 must be a pure 
imaginary. Therefore, from equation (6) either 

• sinh ~ = 0 or cos ^ = 0 


16.221 When |Zi/Zi| Lies Between Zero and Four. —Assume that 
sinh AI2 = 0. Then 

A — 0 and cosh ^ = 1 (7) 

or from (6) 

. . B 1 IZi ,Q\ 

or 

B 1 I Zi o „ . 1 / “Z, 
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In this last expression, it can be shown (by assuming a slight amount of 
dissipation in Z\ and Z 2 ) that the angle whose sine is 1/2V— Zi/Z* is 
to be taken in the first quadrant if Zi is a positive and in the second 
quadrant if Zi is a negative reactance. It should be pointed out that 
equation (9) is useful only when jZi/Z^l is less than 4. 

16.222 When IZ 1 /Z 2 I is Greater than Four.—Assume in equation 
(6) that 

cos — = 0 


Then 

where K is an integer; or 
Consequently 




{2K- l)ir 


s.n-=±l 


( 10 ) 


or from (6) 


± j cosh 


A^l 1 ^ 
2 2\Z, 


or cosh| = i^- 


z. 


Whence 


J-oosk 2 




or A = 2 cosh 




( 11 ) 


( 12 ) 


16.23 Summary of Propagation Characteristics of Non-Dissipative 
Ssrmmetrical Structures.—From the foregoing formulae it is evident 
that the following summary may be given: 

16.231 Attenuation Range.—If Zi/Zs is positive: 


(13) 


P= A +jB — 2 sinh + = 2 cosh *-y/l +j^ + jO 

If Zi/Zt w negative and is greater, in absohUe magnitude, than 4: 

P= A+jB= 2 cosh-* 1 .J- |l4- j{2K - l)ir 

= 2 sinh-* yj- 1 - + J(2K - l)x 

16.232 Non-Attenuation Range.—If Z 1 /Z 2 negative and is less, in 

absoltUe magnitude, than 4: 

P = .4 +iB = 0 +i2 sin-*i-J- ^ = 0 + j2 cos"* \/l +(I***) 


(14) 
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in which the angle, whose sine is 1/2V— Z 1 /Z 2 , is taken in the first 
quadrant if the reactance Zi is positive and in the se cond quad rant if 
Z\ is negative. Similarly, the angle whose cosine is Vl + Z 1 / 4 Z 2 , is to 
be taken in the first quadrant if Z] is a positive reactance and in the 
fourth quadrant if Zi is a negative reactance. 

From the preceding formulae it is seen that non-dissipative recurrent 
structures of the ladder or series-shunt type will pass freely only those 
currents which are of such frequencies that the ratio of the total series 
impedance (between adjacent shunt arms) to the shunt impedance lies 
between zero and — 4, In other words, a non-dissipciUne recurrent 
structure of the ladder type having series impedances Zi and shunt impedances 
Z 2 vnll pass readily only currents of such frequencies as will make the 
value of the ratio Z 1 /Z 2 lie between 0 and — 4. 

16.3 M-Derived Types of Structures.—An extremely simple and 
useful method of obtaining the formulae for the propagation constant 
and the iterative impedance of many complex types of symmetrical wave 
filter structures is by considering such structures to be derived from 
the simpler types.* The simple types from which the more complex 
structures are derived are called prototypes —the more complex structures 
being called either the m-derived types or simply m-types. 

Derived types of structures are of two varieties: (1) the mid-series 
equivalent derived type, in which the mid-series iterative impedance of 
the derived type is exactly the same as the mid-series iterative impedance 
of the prototype; and (2) the mid-shunt equivalent derived type, in which 
the mid-shunt iterative impedance of the derived type is identical with 
the mid-shunt iterative impedance of the prototype. 

16.31 Mid-Series Equivalent M-Derived Tjrpe.—Consider two peri¬ 
odic structures of the types shown in Figs. 7A and 7B, in which the 




Fig. 7A. Prototype. Fig. 7B. Mid<series equivalent 

m-derived type 

*ThLs method of ''deriving’' atructures—as well as many of the other schemes 
discussed in this chapter—^was first pointed out by O. J. Zobel. See Zobel's paper on 
the "Theory and Design of Uniform and Composite Electric Wave-Filters," in The 
Belt System Technical Journal, Vol. II, No. 1, Jan. 1923. 


Chap. XVI] THEORY OF WAVE FILTERS 


193 


structure shown in Fig. 7A is regarded as the prototype and that in Fig. 
7B as the derived or m-type. 

From equation (1) in Chapter XI, the mid-series iterative impedance 
of the structure shown in Fig. 7A is: 


Z-r-VzA(l+i|) (16) 

Similarly, the mid-series iterative impedance of the structure shown in 
Fig. 7B is: 


Zir = 


V 


mZ\ 


^ 1 LzL3* y 
4m '' 


1 + 


mZi 


1 


4 Zz 1 — m^ 
m 4m ^ 


(17) 




In other words, the mid-series iterative impedances of the two structures 
are identical. 

The propagation constant of any symmetrical structure is, as has 
been seen, dependent only upon the ratio of the impedance of the series 
arm to that of the shunt arm; that is, in Fig. 7A upon Z 1 /Z 2 . In the 
derived type, however, which is shown in Fig. 7B this ratio is evidently: 



It will be noted from this last expression that when Z 1 /Z 2 of the proto¬ 
type is zero, then the corresponding ratio {ZxjZ 2 )m of the derived type 
is also zero. Similarly, when in the prototype Z 1 /Z 2 = — 4, the value of 
(Zi/Z 2 )m for the derived m-type is also seen to be equal to — 4. Hence, 
the derived type as shown in Fig. 7B has identically the same cut-off 
frequencies, etc., as the prototype from which it is derived. 

It will be noticed that the denominator of the last expression in (18) 
is zero when: 


Zi 


Zi 



or when 



(19) 


In other words, under the above condition the ratio, (Zi/Zj)^, of the series 
to the shunt impedances of the derived m-type structure becomes 
infinite and hence, the derived structure has infinite attenuation when 
the above condition is fulfilled. 
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It is, therefore, seen that it is always possible, by the relations shown 
in Figs. 7A and 7B, to derive a structure from a prototype which will have 
the same mid-series iterative impedance and the same cut-off frequencies 
as the prototype but which will, in general, have a different propagation 
constant—the attenuation constant of the derived type always having 
a point of infinite value when the condition given in equation (19) is met. 

16.32 Mid-Shunt Equivalent M-Derived Type.—A similar deriva¬ 
tion is possible for the two structures in Figs. 8A and 8B. From equation 



Fig. 8A. Prototype. Fig. 8B. Mid-shunt equivalent 

7n-derived type. 

(9) of Chapter XI, the mid-shunt iterative impedance of each of the 
structures shown in Figures 8A and 8B can be proved to be: 



Moreover, the ratio of the series to the shunt impedances in the case 
of Fig. 8B is, as in the case of Fig. 7B: 



It is, therefore, seen that there is a second derived type, whose mid- 
shunt iterative impedance is the same as that of the prototype from which 
it is derived, and consequently it is called the mid’-shuni equivalent m-de^ 
rived type. The value of (ZifZ 2 )m and hence the value of the propa¬ 
gation constant of this type is, moreover, identically the same as that of 
the corresponding mid-series equivalent m-derived type. 

It is apparent that the above method is a very important one since 
by its use it is only necessary to obtain direct formulae for the simpler 
types of filter structures. Formulae, applying to the more complex 
structures may then be readily obtained by regarding these structures 
as derived types, as explained above. A specific application of this 
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method will be used in determining the formulae for a three-element 
low pass wave filter. 

16.4 Other Derived Types. 

16.41 Equivalent Impedance (2-Terminal) Networks.—If one is given 
any combination of three (or more) elements and if the impedance of 
one of the elements varies in exactly the same way, with frequency, as 
does the impedance of a second element, then the three (or more) ele¬ 
ments can, in general, be replaced by another combination of the same 
number and types of elements but having a different physical configura¬ 
tion and, in general, having different constants from those of the elements 
in the original combination. 

For example, a structure consisting of an inductance, in series with 
a condenser and inductance in parallel, such as is shown in Fig. 9A, can 
always be replaced by an inductance, in parallel with a condenser and 
inductance connected in series, such as is shown in Fig. 9B. With proper 
relations (such as are given in formulae (36) to (41) of Appendix D) 
between the values of the inductances and the capacities in Figs. 9A 
and 9B, the impedance of either combination of elements will be identi- 





Figs. 9A and 9B. Typical combinations of elements whose impedances can be made 
ecjual to each other ai all frequencies, 

cally the same at all frequencies from zero to infinity, and one combina¬ 
tion of elements in any circuit can, therefore, always be replaced by the 
other combination w ithout affecting in any way the action of the circuit. 
Specific formulae for the more commonly used combinations of induc¬ 
tances and condensers, which can be replaced, as explained above, by other 
equivalent impedance networks, are given in Sections II, III and IV of 
Appendix D as are also similar formulae for specific combinations of re¬ 
sistances and inductances or of resistances and condensers. 

The fact that any T network composed simply of three condensers 
(or inductances) could be replaced by a corresponding equivalent tt net¬ 
work containing three condensers (or inductances), or vice versa, was 
pointed out by Kennelly 25 years ago. Relations for converting any 
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such T network into a tt network, or vice versa, were given by Kennelly,* 
and are shown in Figs. 27 and 28 of Appendix D. 

16.42 Factors Determining the Choice of Any Particular Network.' 
—It is evident that when one network can be made electrically equivalent 
to another network, the choice as to which one shall be used in any 
given case often depends upon manufacturing or commercial considera¬ 
tions. For example, consider the shunt arm of the mid-series equivalent 
m-derived type of band pass filter shown as filter No. 50 in Fig. 3. This 
arm consists of a condenser Cj in series with an inductance Lj, in series 
with the parallel combination of a condenser Cs and an inductance Lz. 
If the filter has a value of m that is near unity, Lz becomes small as com¬ 
pared with Li, and Cz becomes large as compared with Ci. In other 
words, the values of the capacities and inductances vary over relatively 
large ranges. 

Such relatively large variations in constants are extremely unde¬ 
sirable, especially in filters designed for high frequencies—such as filters 
for use in carrier systems. This is because small capacities (less than 
.001 mf.) are di£Bcult to measure accurately, and because capacities in 
the wiring of the filters, etc., may often be several per cent of the total 
capacity of the condensers involved in the filter structure proper. Simi¬ 
larly, large values of capacity (greater than .3 mf.) are unde^able on 
account of the cost of such condensers, especially when made of mica— 
as is necessary at carrier current frequencies (5,000 to 30,000 cycles) in 
order to keep dissipation down to a negligible amount, and in order to 
keep variations in the values of the capacities, due to temperature changes, 
etc., within the required limits. Likewise, small values of inductai||ces 
(less than .1 millihenry) are difficult to measure accurately, while large 
values of inductances (greater than 50 millihenries) are affected by the 
shunt capacities, between the windings, which make the effective 
inductances vary with the frequency. 

In view of this, it is apparent that if the shunt arm of the filter re¬ 
ferred to above be replaced by a structure in which the relative values 
of the inductances and of the capacities do not vary from each other by 
such large amounts, an improvement will be made in the design of the 
filter from a commercial standpoint. This statement is of course only 
true provided the capacities and inductances of the replacing structure 
are of equally suitable commercial values. Since all the inductances of 

*"Tbe Equivalence of Triangles and Three-Pointed Stars in Conducting Net* 
worka.” El. World and Engineer, N. Y., Vol. XXXIV, No. 12, pp. 413-414, Sept. 16, 
1899. 
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any filter structure are always proportional directly, and all the capac¬ 
ities inversely, to its iterative impedance, the order of magnitude of 
the values of the inductances and capacities can usually be controlled 
satisfactorily by a proper choice of the iterative impedance of the filter. 
If the value of the terminal impedances between which the filter is to work 
is materially different from the most desirable value of the iterative 
impedance—from the standpoint of giving reasonable values for the 
inductances and condensers—transformers can usually be used at the 
ends of the filter to correct for this disparity in impedance. 

16.43 Examples of Derived T]rpes.—The above discussion makes it 
evident that if the formulae are given for any filter structure, which has 
three or more elements in any one arm, at least one other structure can 
always be derived, by using an equivalent impedance network, which will 
have exactly the same characteristics as the original structure. The 
decision as to which mesh should be used in any given case is, then, 
usually a question of manufacturing expediency. 

For example, referring to Fig. 3, it is seen that the mid-series equiva¬ 
lent m-derived type of filter (derived from filter No. 28 as a prototype), 
designated as filter No. 50, is the same as filters No. 49, No. 51 and 
No. 52 with the exception of its shunt arm. The conditions for the 
equivalence of the shunt arms, however, are given by formulae (62) to 
(81) of Appendix U. Hence, if the formulae applying to the original 
prototype, or filter No. 28, are known, the corresponding formulae for 
the m-derived type (filter No. 50) can immediately be derived—as pre¬ 
viously shown—and from the m-derived type of filter one can, by aid of 
the equivalent network formulae given in Appendix D, immediately get 
the formulae applying to the filter structures designated as No. 49, No. 
51 and No. 52. 

Similarly, if formulae for the equivalent mid-shunt m-derived (from 
filter No. 28) type of filter designated as filter No. 54 in Fig. 3 are known, 
the corresponding formulae for the structures de^gnated as filters No. 
53, No. 55 and No. 56 can be immediately obtained. 

From the foregoing, it is evident that if the formulae applying to 
any one of the filters noted below are known, the formulae for the other 
filter associated with it can immediately be derived from the equivalent 
network formulae. Filters shown in Fig. 3 which have three or four 
element networks that are equivalent to each other are: 
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Filter Nos. 

Filter Nos, 

{Fig. 3) 

(Fig. 3) 

4-5 

37-38 

6-7 

39-40 

11-12 

41-42 

13-14 

43-44 

16-17-18-19 

45-46 

20-21-22-23 

47-48 

31-32 

49-50-51-52 

33-34 

53-54-55-56 


The formulae connecting equivalent impedance or 2-terminal net¬ 
works are very important since, in general, they make it possible to 
derive at once all the necessary formulae for any structure that employs 
a mesh equivalent to that of another structure, provided the formulae 
for the latter structure are known. 

16.5 Lattice Structures. 

16.51 Relation Between Lattice and Series-Shunt or Ladder Struc¬ 
tures.—It has been pointed out* that any passive structure having two 
input and two output terminals may, at any given frequency, be reduced 
to an equivalent T ot U network. In like manner, from such relations as 
are shown in Fig. 24 of Appendix D, it is possible to show that any T or 
n network, or any other structure of the ladder or series-shunt type 
which is composed of pure reactances, may be reduced to an equivalent 
structure of the lattice or bridge type—this latter structure being the 
equivalent of the former at all frequencies. The general formulae or 
relations by which such equivalence may be obtained are given in sketches 
1 and 2 of Fig. 4. These relations make it possible to construct at once, 
from any T or 11 network, an equivalent lattice network. Consequently, 
if the constants of any filter section of the series-shunt type are known, 
it is a very simple matter to determine the constants of the corresponding 
lattice type of filter section which will be the equivalent of the series- 
shunt or ladder type of structure. 

16.52 Example of Derivation of Constants and Formulae.—Suppose, 
for example, that the formulae for—or the values of— Lq and Co for the 
ladder type of structure listed as No. 4 in Fig. 4 are known and it is desired 
to get the values of the capacities Ci and Ct and the inductance Lx of 
the equivalent lattice type of structure. From the relations given in 
sketch 2 of Fig. 4, it is at once apparent that: 


Z\ = yLoco 

Whence \Zi = = jhu or 

II 

II 

(22) 

2^* = r 

jCtfa 

But 2Zt = Whence 

jCiO) jC^ca 


(23) 


* See Chapter VIII. 
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It is seen, then, that the method outlined above furnishes a ready means 
of deriving all the formulae'and constants for any lattice type of structure 
—^provided the corresponding formulae and constants of the equivalent 
hider type of structure are known. 

16.6 Bridged-7 Structures.—In a way that is analogous to that ex¬ 
plained above for lattice structures, it is possible to derive the constants 
and formulae for a bridged-T structure provided the formulae and con¬ 
stants of the equivalent ladder type of structure are known. Typical 
examples of such equivalent structures, the formulae and constants for 
one of which may be thus readily derived when the formulae and con¬ 
stants of the other equivalent structure are known, are given in Fig. 5. 
As previously stated, the equivalence of most of these structures is usually 
self-evident when one replaces the T network of coils or condensers in 
one structure by its corresponding n network of coils or condensers in 
the other structure. 
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17.0 In order to show how the general formulae just obtained may be 
applied to specific types of structures, there will be developed all of the 
formulae ordinarily required for two typical structures, viz., two low pass 
filters—a simple type or prototype, and a derived type. An understand¬ 
ing of these typical derivations should make it possible for the reader 
to derive the corresponding formulae for other types of filters. 

17.1 Low Pass Filters. 

17.11 Two-Element Type.—The simplest type of low pass wave 
filter is that shown in Fig. 1. This filter has been called the two-element 


\Lo 

"\JUUUUL>' 


>juuLajl/ 


to 

\JUUUUL/- 


\jLXSiSLSLr- 


== Co 



Fig. 1. Two-element type of low pass wave filter—no dissipation. 


type of low pass wave filter since each periodic section contains only two 
different elements—one inductance and one condenser. 

17.111 Cut-Off Frequency,/;.—The impedance of the series arm is 


and that of the shunt arm is 


Zi = jLow 


Z2 


1 


( 1 ) 

( 2 ) 


where w = 2ir/, / being the frequency. Whence, the ratio 


fi= -uc^. 

/j2 


(3) 


The limiting frequencies which any non-dissipative filter will transmit 
have been shown to be (see Sect. 16.232) determined by 

|i = 0 and = - 4. (4) 

//2 ^2 


Hence, the above filter will transmit all frequencies lying between the 
limits given by 

— I-oCow* = 0 or <0 «* 0 (5) 
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LoCou^ = 




Consequently, the filter structure shown in Fig. 1 is a low pass filter 
transmitting currents of all frequencies lying between zero and the cut-off 
frequency, /c, where 

= -4= (’7) 

TtVLoCo 

17.112 Mid-Series Iterative Impedance.—The mid-series iterative 
impedance of any structure, which is designated as Zk, has been shown 
to be (see formula (1), Chapter XI): 


&.V2A^l+l| 


Hence, for the structure shown in Fig. 1, this impedance is 


r/ /t \Lo 

4 Vc;v- 

4 

(9) 

But from (6) 



j - 03^ - {2irfcf 


(10) 

Therefore 




ay' 

(11) 


It is to be noted fro a (8) and (9) that the product of Zi and Z 2 is inde¬ 
pendent of the frequency; that is, VZ 1 Z 2 = ^LolCo = K. Such a 
structure is called a constanUK structure and it will be shown to have 
certain properties that are very useful—particularly in connection with 
the design of corrective networks. If Zq is defined as the nominal iterative 
impedance of a constanUK structure, that is, the iterative impedance at the 
frequency at which Z 1 /Z 2 = 0, which in this case is at zero frequency, it is 
evident that 

= ( 12 ) 

and hence 

Zjr=Zo^l-(0* (13) 

17.113 Mid-Shunt Iterative Impedance.—The mid-shunt iterative 
impedance of any structure, which is designated as Zk, has been shown 
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to be (see formula (9), Chapter XI): 




VZiZ, 


4 


1+i^ 

^4Z2 


(14) 


Hence, from what has been seen in Sect. 17.112, it is evident that for the 
structure under consideration the mid-shunt iterative impedance is: 



(15) 


17.114 Design Formulae.—In the design of a low pass filter structure 
the available information usually includes (1) the cut-off frequency/c and 
(2) the terminal impedances between which the filter is to operate If 
these impedances are, as is usually the case, pure resistances, Zr, and if 
they are the same at both ends of the filter, it is easy to prove, as pointed 
out in Sect. 11.8, that the transmission loss caused by the filter in the 
unattenuated range will be a minimum (i.e., it will be simply the loss 
due to the attenuation of the filter) provided the iterative impedance of 
the filter has the same value as do each of the terminal impedances. 

A plot of equation (13) is given by the a = oo (infinity) curve in 
Fig. 2 and shows that for frequencies not too close to the cut-off frequency 
the iterativ.e impedance of the filter remains reasonably close to that of 
Zq or the nominal iterative impedance. Hence, it is generally assumed 
that the Zq of a filter should be of approximately the same order of 
magnitude as the terminal impedances between which the filter is to be 
connected. An additional justification for this assumption will be seen 
when consideration is given to the iterative impedance curves of derived 
types of structures—such as are shown by the other curves in Fig. 2. 

If the cut-off frequency/c and the nominal iterative impedance Zo 
are known, formulae for the values of the series inductance Lo and the 
shunt capacity Co can be obtained by solving equations (10) and (12) 
simultaneously. This solution gives 


and 



(16) 



(17) 


17.115 Propagation Constant P of Dissipative Filter.—In any actual 
filter there is, of course, a certain amount of resistance and energy disaipa- 
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Fig. 2. Curves showing the ratio of the iterative impedance (mid-series) at any 
frequency to that at zero frequency, if a (“ Tjrpe B *’) low pass filter, or to that at infinite 
frequency, if a (“ T 3 rpe high pass filter. 


tion associated with the inductances and condensers. At ordinary voice 
frequencies, the dissipation in both paper and mica condensers is usually 
negligible. Similarly, at carrier frequencies, say from 3,000 cycles to 
100,000 cycles, where only mica condensers are ordinarily used, the 
dissipation in the condensers can likewise be neglected. However, the 
effects of dissipation in the coils of a filter are seldom negligible and in 
general must be considered. 

Consider, then, the same structure as previously discussed except 
that each coil has an effective resistance R which, it will be assumed, cannot 
be neglected. Such a structure is indicated in Fig. 3. It has already 


R H U 




1^1 

bh 


Co 


viiUMy---- 


Fio. 3. Two-element type of low pass wave filter—having dissipation. 
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been shown that the propagation constant P of any structure is dependent 
simply on the ratio of the series to the shunt arms of the structure; that 
is, upon Z 1 /Z 2 . In other worde, it is possible to read directly, from curves, 
such as are given in Figs. 11 and 12 of Appendix E, the attenuation con- 
stant (A) or the phase constant (B) per periodic section of any ladder 
type of structure when the value of Z 1 / 4 Z 2 is known. 

Considering, then, Fig. 3, it is evident that 

= R jLoco and Z 2 = Jc~<jd 


If Q is the ratio of the reactance of the coil to its effective resistance—this 
ratio being called the coil dissipation constant —or if 



^ R 

(19) 

then 

Zi = Xqw + 

(20) 

and 


3 

0 

II 


(21) 

But from (6) 

uc, = 

(22) 

Whence 


(23) 


In the ideal (non-dissipative) case Q is, of course, infinite and equation 
(23) becomes 



This completes the derivation of the more important formulae applying 
to the two-element low pass type of filter. 

17.12 Mid-Series Equivalent M-Derived Type.—Considering the 
two-elcment filter just discussed as the prototype, the mid-series equiva¬ 
lent m-derived type will be (see Fig. 7B of Chap. XVI) a structure of the 
form and having the constants shown in Fig. 4B. This sort of structure 
has been called a three-element type of low pass wave filter. 

17.121 Mid-Series Iterative Impedance Zk of a Non-Dissipative 
Filter.—Since it has been shown in Sect. 16.31 that the above structures 



Chap. XVII] DESIGN OF WAVE FILTERS 


205 


~■pvMAflfilLr-i—t j^ooto /— 




Fig.4\ 

Fig. 4A. Prototype of low pass filter. 



Fig 4H 

Fig. 4B. Mid-series equivalent m-derived 
type of low pass filter. 


have the same mid-series iterative impedances and the same cut-off 
frequencies, it is evident from (11) that the mid-series iterative im¬ 
pedance of the three-element non-dissipative low pass filter shown in 
Fig. 4B is 


Zk^ 



(25) 


But in the derived type, as shown in Fig. 4B, L\ = mLo and C 2 = mCo. 
Hence 



(26) 


Whence from (25) the mid-series iterative impedance of the three-element 
structure is 


‘-'SW'-a)’] 

From equations (12) and (26), 


(27) 


(28) 


Whence 


(29) 


which, as previously stated, is the same as that obtained for the two- 
element filter having the same nominal iterative impedance, Zq. 

17.122 Cut-Off Frequency, /c—From (7) it is clear that ni the proto¬ 
type, the cut-off frequency fc is 


/c = - 


W 


1 


(30) 


which must also be equal to the cut-ofiF frequency of the derived type 
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as shown in Sect. 16.31. In the derived structure (see Fig. 4B) 

Li = mLo (31) 

U = (32) 

4m 


Whence 


Ct = mCo 


and m = 


Co = Cs X 


Also from (31) and (32) 


-©■ 


U - ix* 


w = Li{Lx + 4I2) 

The cut-off frequency of the derived type of filter is thus 


xVioCo 


TyJloXC.X^^ 




{L\ + 4 X 2 ) 


t ^ C 2 { Li + 42.2) 


17.123 Frequency of Infinite Attenuation, /o*.—Infinite attenuation 
in non-dissipative filters will occur in the derived or m-type when 
(Zi/Z 2 )m is infinite. It is evident from equation (19) of Chap. XVI 
that this occurs when 

But from (31) and (32) it is known that 

> 1 1 
m* =-^ or m = —=== 


1 + 4^ 


1 + 4 : 
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and from (24) that 



Hence, the frequency of infinite attenuation is given by 



or the ratio of the frequency of infinite attenuation to the cut-off frequency 
which, in low pass filters, is usually called “a” is: 


— /oo ^ /l 4_ ^ 

(44) 

Since it has been shown in (39) that 


7rVC2(ii "f* 4 L 2 ) 

(45) 

then 


27r V2y2C2 

(46) 


In passing, it may be remarked that equations (41) and (44) give a relation 
which is often useful, namely: 



17.124 Determination of the Values of the Filter Elements.—From 
equations (31), (47) and (16) 

X, = = Lo ~ ^ ^ (481 

a vfe irfe a 

Similarly, from equations (32), (47) and (16) 

y T I ~ _ T 1 _2o^l — m* 

Lt — Aro —;;;-A,o--j- a — - 

4m 4a Vo* - 1 ^fc 4m 


1 

*■/: 4oVo* — 1 


and from equations (33), (47) and (17) 


n n n — 1 1 1 Vo* — 1 

C» “ Com = Co-“ “ —fo -(50) 
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These formulae enable one to determine all the constants of the filter 
when the nominal iterative impedance Zo, the cut-off frequency fe and the 
ratio/oe//c (or a) are known. It is to be noted that if the variable a = oo. 
the value of L 2 becomes zero and the 3-element or the mid-series equiv¬ 
alent m-derived type of low pass filter reduces to the 2-element type or 
to its prototype. 

17.125 Ratio of the Series to the Shunt Impedances, Z 1 /Z 2 .—As 
previously explained, this ratio completely determines, for any structure, 
the propagation constant per periodic interval of the structure. 

Referring to Fig. 4B 


and 


Whence 


Zi = Ri jLio) -— \-jLiu) 




IjiOi I . LiCiO? ~ 1 


(1 + jQ)aiC2<j‘) 

Zi + jQiLiCiW^ - 1 ) 


(51) 

(52) 

(53) 


Putting the values of Li, -£2 and C 2 , as given by equations (48), (49) and 
(50), in the above equation, 


Z 2 


U + jV = 




(54) 


In the ideal case where there is no dissipation; i.e., where Q is infinite, 


P^u+jv = 

/j2 



(55) 


These last two formulae are, as will be shown later, extremely useful in 
connection with the determination of the propagation constant and, 
hence, are important when calculating the transmission loss occurring in 
a dissipative low pass filter. 

17.126 Mid-Shunt Iterative Impedance Zk of a Non-Dissipative 
Filter.—From equations (1) and (9) in Chapter XI it is seen that the mid¬ 
shunt iterative impedance Zk of any structure is 


Zk' 


Zk 


1 



(56) 
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With the aid of equation (55) the above equation gives 



But it has been seen from (29) that 


Hence 



(58) 


It should be noted, from (58), that the value of Zk is very nearly 
constant over the entire transmitting range of the filter and is essentially 
equal to Zo—provided a has a value of approximately 1.25. This may 
be seen by reference to the curves of Fig. 2 which, although as indicated, 
apply to the mid-series iterative impedance of an equivalent mid-shunt 
m-derived type of low pass wave filter, are also, in effect, a plot of Zo/Zx^ 
Such terminations evidently make it possible to eliminate practically all 
reflection effects over the greater portion of the transmitting range of a 
filter. 

This completes the derivation of the more important formulae apply¬ 
ing to the mid-series equivalent derived type of low pass filter shown 
in Fig. 4B. 

17.2 Propagation Characteristics of Non-Dissipative Filters. 

17.21 Attenuation Characteristics.—As pointed out in Sect. 17.42, 
the attenuation constant of any properly designed composite wave filter 
may be obtained by adding together the attenuation constants of the 
various sections of which the structure is composed. The attenuation 
characteristics of various types of wave filter sections are shown, in a 
symbolic way, in Fig. 3 of Chapter XVI. There are also shown in Fig. 5 
the attenuation characteristics of low pass and high pass wave filter 
sections having various values of a and o'. The meaning of o' is given 
in Sect. 17.212. 

17.211 Structures Having Infinite Attenuation at Some Frequency. 
—It is seen from equation (55) that if a has a finite value, Zi/Zt 
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becomes a minimum and, hence, the value of the attenuation constant 
of a 3-element low pass wave filter becomes a minimum at an infinitely 
high frequency. A quantitative idea of this effect may be gained by 



Fig. 5. Attenuation constant—frequency ratio curves for various types of low 
pass and high pass wave filters. 

m 

comparing the attenuation curves, in Fig. 5, of a wave filter section whose 
a = 1.01 with that of a section whose a = 1.50. Fig. 5 also indicates 
clearly the advantages which may be obtained, from an attenuation 
standpoint, of using a composite wave filter structure or, more specifically, 
a structure composed of one or more sections of the 2-element (o = oo) 
type—which give only a relatively small attenuation pear the cut-off 
frequency but a very large attenuation at frequencies remote from the 
cut-off frequency—combined with one or more sections of the m-derived 
type, having different values of m or a. Such combinations will evidently 
give a structure whose attenuation characteristics are steep near the cut¬ 
off frequency and are maintained at relatively high values at frequencies 
remote from the cut-off frequency. The method of joining together 
such sections without refiection effects is discussed in Sect. 17.4. 

17.212 Structures Never Having Infinite Attenuation.—There are 
certain types of low, high and band pass wave filter sections that never 
have infinite attenuation at any frequency. All such wave filter sections 
employ coils having mutual inductance between two or more of their 
windings. Referring to Fig. 5, the attenuation characteristics of these 
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structures are seen to approach that of the 2-element structure when 
o' = 00 , and to approach zero at all frequencies when o' = 0. In the case 
of a L.P. filter, o' is defined as fjfct and in the case of a H.P. filter, as 
fdfa —where fa is a frequency more or less arbitrarily chosen. 

17.22 Phase Shift Characteristics.—The imaginary component of 
the image transfer constant, which has variously been called the phase shift 
constant, the wave-length constant or the phase constant, is not ordinarily 
of as much interest as is the attenuation constant of a wave filter struc¬ 
ture. This is because—as Von Helmholtz pointed out—the ear is 
unable, in ordinary acoustic systems, to detect phase relations. In 
other words, it is largely the absoluie magnitude of the received currents 
at the various frequencies that determines the sensations produced upon 
the auditory nerves. However, phase relations have, indirectly, some 
effect upon the absolute magnitude of the received current in a telephone 
system, as may be seen from a consideration of the interaction factor 
or the last factor in equation (54) of Chapter XI. Ordinarily, however, 
it is only in the transmitting range of a filter and only near one of its 
cut-off frequencies that the interaction factor and, hence, the phase 
•constant becomes important in the ordinary telephone system. Another 
place where the phase constant-frequency characteristic is of importance 
is in connection with the use of low pass filter structures, or their equiva¬ 
lents, in binaural systems. In such systems—which are likely to gain in 
importance as time goes on—it is usually desirable to employ a structure 
in which the phase constant is as nearly as possible directly proportional 
to the frequency. Although probably of suflScient importance to warrant 
a more complete analysis, the phase constant is here only briefly discussed 
because of limited space. 

17.221 Structures Having Infinite Attenuation at Some Frequency. 
—In structures having infinite attenuation at some frequency, the phase 
constant per section is ordinarily determined most readily from 
the value of ZijAZt of the equivalent ladder type of structure and 
from curves of the general type illustrated in Fig. 12 of Appendix E. 
It can readily be shown that the amount of dissipation usually en¬ 
countered in a wave filter has ordinarily but little effect upon the phase 
constant of the structure. Hence, it is a suflBciently good approximation 
in most cases to obtain the phase constant from curves or computations 
which ara calculated on a non-dissipative basis. Fig. 6 shows a set of 
such curves for various values of a. From these curves, which apply only 
to low and high pass wave filter sections, it may be seen that there is always 
a shift of r radians or 180® at the cut-off frequency. The phase shift at 
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any lower frequency, in a low pass filter, and at any higher frequency, in a 
high pass filter, is dependent upon the value of a. In composite wave 
filter structures the total phase constant is equal to the sum of the 
phase constants of the individual sections provided all adjoining sections 
have the same image impedances at their junctions. 



^FOR LOW PASS FILTERS or ^ FOR HIGH PASS FILTERS. 

Fig. 6. Phase constant—frequency ratio curves for various types for low pass and high 

pass wave filters. 

17.222 Structures Never Having Infinite Attenuation.—The phase 
shift in low pass and high pass wave filter sections, of the type that never 
has infinite attenuation, may also be obtained from curves such as are 
shown in Fig. 6. Here again it is to be noted that the phase constant 
or the phase shift at the cut-off frequency is always tt radians or 180° per 
section. The phase shift at lower frequencies, in low pass filters, and at 
higher frequencies, in high pass wave filters, is always less than 180° 
and is a function of o' or of the specific make-up of the wave filter section. 

In the case of binaural systems where, as previously stated, it is 
frequently desired to have the phase shift approximately propiortional 
to the frequency, it is seen that the value of o' should be usually in the 
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neighborhood of unity. The exact value of o' which should be chosen 
depends, however, upon (1) how close to the cut-off frequency it is desired 
to go and (2) what percentage deviation from linearity may be permitted. 

17.3 Half Wave Filter Sections.—Up to the present point in the 
discussion of wave filter sections we have assumed the structure under 
consideration to be composed of an infinite number of recurrent sym¬ 
metrical sections. Moreover, the formulae for the iterative impedances 
and the propagation constant have been derived on the same assumptions, 
namely, that of an infinitely recurrent structure. As already shown in 
Chapter XI, exactly similar results wbuld have been obtained if any 
filter section had been considered as a unit and if formulae for the 
image impedances, image transfer constants, etc., had been derived on 
such a basis. 

In the actual design of wave filters, as referred to in Sect. 17.62, 
it is frequently found desirable to make use of half sections rather than full 
sections. Whereas a full wave filter section is a symmetrical structure 
and may be replaced at any given frequency by a symmetrical T network, 
a half section (as shown in Fig. 7) will be a dissymmetrical structure and 




Fig. 7. Diagrams showing how a symmetrical T network can be regarded as comprised 
of two dissymmetrical or half sections. 


can be represented by a dissymmetrical T network in which the im¬ 
pedance of one of the series arms is zero—i.e. by an L network. 

It has been mentioned before, but not proven, that it is more con¬ 
venient, when considering a dissymmetrical structure, to deal with its image 
impedances and image transfer constant, rather than with its iterative 
impedances and propagation constant. The distinct advantage of using 
the former, in the actual design of wave filters, will be made clear in the 
next few sections. 

17.31 Image Impedances of a Half Section.—Consider Fig. 8 which 
represents one of the half sections shown in Fig. 7. Since the image 
impedances of any structure are determined by the short circuit and the 
open circuit impedances (see equations (25) and (26) of Chapter XI) of 
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the structure 



Zt, = + 2Z*) = 1 

r^4zj 

(59) 

and 



Zr ~ S—• , 

1 ZiZ, 

(60) 


^4Zi 


Referring to equations (1) and (9) of Chapter XI, it will be noticed that 
equations (69) and (60) are the mid-series and mid-shunt iterative 
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Fig. 8. Half section of a ladder type of structure. 

impedances of the corresponding full section shown in Fig. 7. The 
image impedances Zi^ and Z/,, then, of any half section, such as is 
shown in Fig. 8, can be obtained immediately from the full section im¬ 
pedances by the following relation: The image impedances, Zr^ and Zr^, 
of any half section are equal respectively to the mid-series and mid-shunt 
iterative impedances of the corresponding full section. 

It can be easily shown that, if the iterative impedances of the half 
section had been employed instead of the image impedances, no such simple 
relationship between the impedances of a full and a half section could 
have been obtained. 

17.32 Image Transfer Constant of a Half Section.—Referring again 
to Fig. 8, the expression for the image transfer constant 0 of a half 
section is (see equation 94 of Chapter VII) 

e - tonh- - t..h- = rinh- } (61) 

From equation (1) of Chapter XVI, (61) is seen to be equal to one>haIf of 
the propagation constant or of the image transfer constant of the corre¬ 
sponding full section. The image tranefer constant, ther^ore, of any half 
section is equal to one-half the image tranter constant (or to one-half of the 
propagation constant) of the corresponding fuU section. 

Again it can be easily shown that no such simple relationship exists 
betwMn the propagation constant of a half section and that of the 
corresponding full section. 
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17.4 Composite Wave Filters.—In actual practice, a filter is usually 
composed of a number of sections (the number ranging from one-half a 
section to, say, six sections) in which ail of the sections are so designed 
that they have the same image impedances at their respective junc¬ 
tions and in which the respective sections generally have different 
attenuation characteristics. Such a filter structure is called a composite 
wave filter. The desirability and advantages of using a number of dis¬ 
similar sections have been pointed out in Sect. 17.211. 

17.41 Image Impedances, Z/, and Z/,, of a Composite Wave Filter. 
—In general, a composite wave filter may be regarded as a dissymmetrical 
structiHe; that is, it may be replaced at any given frequency, in so far as 
its external action is concerned, by a dissymmetrical T network which 
will have different image impedances at its twp ends. A simple method 
will now be given for obtaining the image impedances of a composite 
filter of any number of sections, provided the sections are so designed 
that they have like image impedances at their respective junctions. 

Referring to Fig. 9, consider two dissymmetrical T networks, whose 
image impedances at their junction are equal. From equations (25) and 
(26) of Chapter XI 


j/.= 4 


(Za + Zc){ZaZb + ZaZe + ZbZc) 


Zb + Ze 


j/.= 4 


{Zb + Zc)(^ZaZb ZgZc 4 " ZbZc) 
Zq “H Ze 


= Zi^ - 4 


(Zrf + Z/) {ZdZ, + ZdZf + ZtZ/) 


Z, + Zf 


(Z, + Z,)iZdZ. + ZdZf + ZJZj) 
Zd-{- Z/ 


(62; 

(63) 


( 64 ) 


where the image impedances of one T network are Z/, and Zr^, and those 
of the other are Z/^ and Z/,. 

From Figs. 2A and 2B of Chapter VIII it is possible to represent the T 
networks of Fig. 9 by a single equivalent T network whose arms will 



Fio. 9. Two dissymmetrical T networks having the same image impedances at their 

junction. 
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have the values shown in Fig. 10. The image impedance Zr, of this 
equivalent T network, as determined from the left end, is 


'ix - yj- 


(Zi + Z3){Z\Zi + Z\Zi + ZtZt) 


Substituting in (65) the values of Z\, Z^ and Zt as given in Fig. 10 and 



Fig. 10. Single T network equivalent to the two networks of Fig. 9. 


making use of the relations expressed in (63), Z/j may be shown to be 

\{Za Zc){ZaZh ZaZc ZhZe) 

V -ZHT?-- 


Similarly, it may be shown that 


l(Zt + Zf){ZdZe + ZdZf + ZrZf) y 

I -- 


It is evident from the above general proof that, in this manner, any 
number of symmetrical or dissymmetrical T networks may be combined 
with the Insult that the image impedances Z/j and Z/,of the T network— 
which is the equivalent of the entire structure—will be equal respectively 
to the terminating image impedances of the first and last T networks. 
The above result can be applied to the case of a composite wave filter by 
considering any full section of the filter to be represented by an equivalent 
symmetrical T network and any half section by an equivalent dissym¬ 
metrical T network in which the impedance of one of the series arms is 
zero. The above result may then be expressed as follows: The image 
impedances, Zi^ and Zi^, of a composite structure comprising any number 
of fidl or half sections are equal respectively to the terminating image im¬ 
pedances of the first and last half or full sections, provided that all the sections 
of the filter are so designed that they have equal image impedances at their 
respective junctions, 

17.42 Image Transfer Constant, 0, of a Composite Wave Filter. 
—By following a method of proof similar to that used in the preceding 
section, we can arrive at a convenient and simple Wj|y of obtaining the 
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total image transfer constant of a composite wave filter—by means of a 
knowledge of the image transfer constants of the various sections. Re¬ 
ferring to Fig. 9, and to equation (27) of Chapter XI, it will be remembered 
that: 

e*" \ (Za~+'Zc)(Zt + z,) ~ ^ ^ 

and 

e. - (e,) 


Adding (68) and (69): 


e« + e. = log. ^ ^ + log. 1 :1 - 



(1 + a;)(l + y) 
(1 - a:)(l - yj 


(70) 


Now, referring to Fig. 10, the image transfer constant of the T network, 
which is the equivalent of the two T networks of Fig. 9, is 


6 = tanh 


.4 


ZiZi -|- ZiZz Z2Z3 

(Zi + Zz)(Zz + Zz) 


= tanh 12 = log. -J } ^ 

> I — z 


(71) 


Substituting in (71) the values of Zi, Z 2 and Z 3 as given in Fig. 10 and 
making use of the relations expressed in (63), equation (71) may be shown 
to be equal to equation (70), or in other words 

0 = Ga + 0. (72) 

As in the preceding section, this general proof may be applied to the case 
of a composite filter to show that the total image transfer constant, 0, of 
a composite structure comprised of any number of full or half sections is 
equal to the sum of the image transfer constants, 0i + 02 + • • •, etc,, of 
the various full and half sections, provided that all the sections of the structure 
are so designed that they have equal image impedances at their respective 
junctions, 

17.5 Graphical Method of Determining Reflection and Terminal 
Losses.*—It was shown in Sect. 11.8 that the total transmission loss in 
any structure can, in many cases, be closely approximated by simply 
adding up the attenuation losses in the filter and the losses corresponding 
to the reflection effects at the terminals of the filter. Such a method is 
usually much simpler than the rigorous mesh method discussed in Sect. 
9.0 due to the fact that the latter method simultaneously carries with 

* This method was developed l>y O. J. Zobel, and is discussed by him, in detail, 
in a paper entitled ‘^Transmission Characteristics of Electric Wave-Filters/* Bell System 
Technical Journal, October, 1924. 
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it the determination of the tot&l phase change as well as the determina¬ 
tion of the absolute ratio of the currents. Since ordinarily a knowledge 
of the phase change is not required, the mesh method does more than is 
necessary. Again, with the mesh method, an alteration in the wave- 
filter design, as is sometimes desired, may require a complete recalculation 
—a thing that is seldom necessary when the other method is used. The 
mesh method is, of course, the only one adapted for use with general 
networks, but the much shorter method of adding the attenuation and 
reflection losses is practically always possible in wave filter structures 
as ordinarily designed. This is due to the fact that the image im¬ 
pedances of the adjacent sections comprising the filter structure are 
practically always made identical to each other, thus eliminating any 
reflection effects in the body of the structure. The attenuation losses 
are easily obtained from a knowledge of the values of the ratio, ZifZz, 
for the various component sections, and from curves (see Fig. 11, Appen¬ 
dix E) plotted from equation (7) of Chapter XL The problem then is to 
determine what can be, done in the way of plotting general curves to 
reduce the labor of calculating the values of the reflection or terminal 
losses. 

Consider that it is desired to calculate, in accordance with the 
general method discussed in Sect. 11.8, the transmission loss of a filter 
On the assumption that the interaction factor can be neglected. As 
pointed out in the above mentioned section, in such cases it is only neces¬ 
sary to add to the attenuation losses of the various sections the values 
of the reflection factors at each end of the filter. The total attenuation 
losses of the various whole and half sections comprising the filter can be 
obtained by the method already discussed—when the values of the ratio 
Z 1 /Z 2 are known for the various sections. In getting the value of the 
losses due to reflection effects, it is, as has been stated above, desirable to 
obtain general curves showing the values of reflection losses for various 
terminating conditions. Formulae for plotting such curves are derived 
in the following sections. 

17.51 Filters Terminating in Mid-Section M-Derived Structures. 
—^Tbe first of these general curves is based on the fact that most filters 
are terminated either in a mid-shunt termination of a mid-series equiva¬ 
lent mrderived type, or in a mid-series termination of a mid-shunt 
equivalent m-derived type —the derived types being obtained from a 
constanUK structure as a prototype. It is easy to show (see Sect. 
17.126) that such terminations are desirable provided other filters are 
not to be connected either in series or in parallel with the filter under 
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consideration—in other words, provided the filter works'into terminal 
impedances, at each end, that are essentially pure resistances. 

Consider, then, a filter terminated in a mid-shunt termination of a 
mid-series equivalent m^erived type of structure. If the prototype is a 
constanUK type, the mid-series image impedance of the prototype (see 
Chapter XI) is 

Zi = ylZiZiyjl ^ 0^1 *^" 4 ^ ( 73 ) 


In such a structure as is here under consideration, the nominal iterative 
impedance, Zo, is, in general, as has been seen in Sect. 17.114, the value 
of the terminal impedance (assumed in this case to be pure resistance) 
into which the filter operates. Suppose, therefore, that such a filter is 
to be terminated in a resistance Zq and that we wish to find the value of 
the reflection loss existing between it and the mid-shunt image impedance 
Z / of an equivalent mid-series m-derived type of structure. 

It is known from Chapter XI that the ratio of the mid-series image 
impedance to that of the mid-shunt image impedance of any symmetrical 
filter is 



(74) 


But as has been seen in Sect. 16.31, the value of Z 1 /Z 2 for an m-derived 
type is: 


(1 - 


(75) 


Whence 



(76) 


in which (Zi/Z»)jc is the impedance ratio of the constant-K protot}T)e and 
iZilZt)n is that of the m-derived type. Hence, from (74) and (76) 



(77) 



220 


TELEPHONE TRANSMISSION CIRCUITS [Chap. XVII 


But since the Zi of the derived type is the same as that of the prototype, 
it follows from equation (73) that 


From (77) and (78) it is evident that 


2 / 


(i). 


+ 4 




If then, from the reflection factor, which is (see Sect. 11.7) 


V42,% 

2/' + 2o 



(78) 


(79) 


(80) 


we determine the corresponding loss in napiers (which will be called Am), 
the following relation is obtained: 


€ 



(81) 


We can, by means of (79) and (81), determine the value of the reflection 
loss at each terminal which must be added to the attenuation losses in 
order to get the total transmission loss in the filter—provided the 
interaction loss can be neglected. 

It is noted from (79) that if 

(82) 

there are three variables, viz., Uk, Vk, and m, which must be re¬ 
duced to two variables if curves of constant loss loci are to be shown on 
a plane. This may be done by giving one of them either a definite value 
or a fixed relation to one of the others. It is known that Vk has a value 
differing from zero only when a wave filter is dissipative. For ordinary 
amounts of dissipation, Fjc is so small that it has but little effect upon 
Am. Hence, for most of the frequency range we can put, without appreci¬ 
able error, Vk = 0, leaving .dm as a function simply of m and Uk. At 
two points, however, the value of F* exerts a large influence upon the 
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value of A„ —these two points being the critical frequency where Ux 
= — 4 and the frequency of maximum attenuation in the m-type where 
Uk= — 4/(1 — m*). These points are not ordinarily of sufficient 
interest in filter designs to warrant plotting curves for them. If desired, 
however, such curves can be plotted, without appreciable error, as func¬ 
tions of m and Vx- 

Curves applying for the free transmitting range and the attenuating 
range (with the exception of frequencies near points of infinite attenua¬ 
tion) may, then, be computed from (79) and (81)—by substituting Ux 
for its approximate equivalent, (Zi/Z 2 )x. 

As an example of the computation of such curves, suppose it is desired 
to calculate the reflection loss when m = .6 and Ux 4= (^i/^2)x = — 6.00. 
I'hen from (79) 


-2 

^ /' C.64( - 6) + 4] V1 -~iT5 


db il7.68 


Putting this value in (81) 

V4(±il7.68) 
“ l ± 717.68 

Whence, from exponential tables 


€ = 


8.41 

17.71 


= .474 


Am = .746 napier 


(83) 


(84) 

(85) 


Such curves, then, make it possible to determine the reflection loss, 
(in napiers) which exists in any structure terminated in a mid-shunt 
termination of a mid-series equivalent m-d^rived type of structure— 
provided the prototype of such derived structure is a constant-A^ structure 
and that the terminal impedance into which the structure is working is 
equal to the nominal iterative impedance Zq of the filter. These last 
two conditions are practically always fulfilled in every design of filter 
and consequently do not greatly restrict the value of the curves. Since 
the ratio of the mid-shunt image impedance, of a mid-series equivalent 
lYi’-derived type of filter, to Zo is exactly the same (assuming the same value 
of m) as is the ratio of Zo to the mid-series image impedance of the mid¬ 
shunt equivalent m’4enved type of filter, it is evident that the reflection 
losses in the two cases are the same. This is, of course, on the assump¬ 
tion that both structures are derived from the same constant-ZiL proto¬ 
type. In other words, such terminal loss curves apply equally well 
either to the mid-shunt termination of the mid-series equivalent type or 
to the mid-series termination of tjje mid-shunt equivalent type of m- 
derived structures. 
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17.52 Filters Terminating in an X-Series Element.—In the case 
where two filters have cut-off frequencies relatively close together and 
where the two filters are to be connected together for parallel operation, 
it can be shown from a study of the impedance relations that it is usually 
desirable to terminate both filters in an a;-series (or its equivalent) section 
of a filter of the constanUK type—x being the fractional part of the total 
series impedance, Z\. If, for example, a filter were terminated in mid¬ 
series, X would be .5, while if the termination were in a full series arm, x 
would be 1.0. As a matter of fact, if two or more filters are to be con¬ 
nected in parallel, as referred to above, it can be shown that it is usually 
desirable to terminate each filter in approximately an a: = .8 ifc section 
(or its equivalent) of the constanUK type. The exact value of x, how¬ 
ever, may vary under different conditions from .7 to. 9 or possibly even 
over a greater range. 

Consequently, a problem which often comes up is to determine the 
loss of a filter so terminated—when connected between two pure resist¬ 
ance terminal impedances each of the value Zq. In other words, it is 
desired to have curves showing the value of the terminal losses which, 
when added to the attenuation losses, will, as before, (neglecting the inter¬ 
action factor) give the total transmission loss in the filter. 

If the filter were to terminate in a one-half section of a constant- 
K type, it would be possible to get the corresponding reflection or terminal 
loss (s AJ) from the formulae already derived—such losses being 
obtainable from formula (79) by equating m to unity, thereby getting 
the ratio of ZolZ/ for the prototype or constant-K type. Then 



This relation combined with an equation of the sort given by (80), viz.. 



makes it possible to calculate the desired reflection loss (ss A/). 

Suppose that it is desired to determine the loss of such a structure 
as that shown in Fig. 11. We can first determine the loss due to the 
attenuation proper in the filter; secondly, the refiection loss at the end 
of the filter which is not shown in the figure; and thirdly, by the 
method discussed below, the loss at t^e end of the filter which is shown. 
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If the filter had been terminated at its mid-series image impedance 
Z/, the terminal loss could have been determined by means of formulae 
(79) and (81). In addition to the above loss, however, there is now a 
still further loss (^ -4/') due to the (x — .5) Zi element which addi¬ 
tional loss, by Thfivenin's Theorem, is given by the relation 


^ = .8 


'■* — -i 6Xt 


TO DISTANT -RND 


s 

I 




MID-S OUKS ♦ 

Zi - ZoVi + i |‘ 

♦ 


(X~ 51Zi 



Fia. 11. x-series termination of a ladder type of structure. 




Zq + Zi I 
Zo + Z/ + (a: — .5)Zi i 


_ 

i ^0 1 + yjl + J + (* — . 5 )Zi 


( 88 ) 


But since, Zo* = Z 1 Z 2 , this becomes 


1 + 


= 




'+^/^+> 1 ' 


( 89 ) 


Consequently, the loss A,” -given by (89), added to the reflection loss 
(= At) corresponding to equation (87), gives the total terminal loss 
(b which must be added to the total attenuation losses and to the 
terminal loss at the other end of the filter in order to give the total trans¬ 
mission loss of the filter—neglecting as before the effect of the interaction 
factor. 

It will be observed that equation (89), as well as equation (79), involves 
three variables, x, Uk, and Vk (since Zi/Zj s Uk + jVK), which, as 
in the case of the corresponding equation for A„, must be reduced to 
two variables if curves of constant loss loci are to be shown on a plane. 
This may be done as before without any serious loss of approximation, 
except near the critical frequency, where £7* = — 4, by neglecting the 
value of Fjc and assuming in the above formula that Zi/Z* = Uk. With 
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this assumption, curves of the terminal loss A* can be plotted in terms of 
Uk and X. 

Let us consider an example of the above method of calculating such 
ciu-ves. Assume Uk= Zi/Zt - — 10 and that x - .8. Then from 
(86)—if the filter were terminated at mid-series—the impedance ratio 
would be 

^=yjl-^=dzjh225 (90) 


which by equation (87) gives 


-v«.' 


2.21 _ 2.21 

lztil.225; 1.58 


= 1.40 


(91) 


Whence, from exponential tables, AJ= — .336 napier. In other words, 
if the filter had terminated in a mid-series termination (x = .5) there 
would have been a reflection gain of .336 napier to add to the other 
losses in the filter. 

The additional loss which is due to the extra .3 end section is given 
by equation (89) and is 


1 + V- 1.5 ^ i 1 d= il.225 

■ 1 -f V- 1.5 + .3V- 10 ’ i 1 ± il.225 ± j.949 

= I L58 _ 1.58 

|l±j2.174: 2.39 


(92) 


which from exponential tables indicates a loss of .414 napier for A,". 
Consequently, the total terminal loss A^, which is the sum of A/ and 
A/', is .414 — .336 = .078 napier. 

17.6 Practical Methods of Filter Design. 

17.61 Desig[n Data Ordinarily Given.—The design data ordinarily 
given for a low pass wave filter are: (1) the maximum allowable trans¬ 
mission loss below a given frequency/i; (2) the minimum allowable loss 
above another and higher frequency /i; (3) the terminal conditions— 
impedances, etc.—between which the filter is to operate; and’(4) the 
value of the coil dissipation constant Q (^ Lw/R), which is the ratio of the 
reactance to the effective resistance of the coils. The resistance introduced 
by the condensers is usually considered to be negligible. 

17.62 General Procedure.—If the above losses are expressed in 
TU or in miles of standard cable the first procedure is to reduce them to 
napiers by multiplying them by the proper factor. It is next seen from 
the formulae given in Sect. 11.8 that if the loss in the attenuated range 
is so large (1 or 2 napiers) that the interaction factor can be neglected, 
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the total loss in the filter—assumed to be terminated at both ends in 
pure resistance impedances of the value Zo—is composed simply of the 
reflection losses and the attenuation loss. It is furthermore noticed that 
the maximum value which the reflection factor can have, when the 
image impedance of the filter is a pure imaginary—which it approximates 
closely in the attenuated range—is a value of 2 which corresponds to a 
total reflection gaiuy at both ends of the circuit, of .694 napier or 6.36 
miles. In the attenuated range of a filter, moreover, the reflection factor 
at each end of the circuit will practically always reach the maximum 
value of — .347 napier as the negative value oi Ur increases. As a 
result, in the preliminary design of any filter, whether it be a L.P., H.P., 
B.P. or L. and H.P. filter, it is always reasonably safe to assume that the 
minimum transmission loss of a filter in the attenuated range will, over 
a wide frequency range, be essentially .7 napier less than the minimum 
total attenuation constant of the filter. The problem of design then 
resolves itself first into a determination of what cotnbination of sections 
of the various kinds that are available will give a total attenuation loss, 
in the attenuated range of the filter, of .7 napier in excess of that specified 
for the minimum transmission loss. 

Before proceeding with such a design, however, it is necessary to 
make some assumption with regard to the theoretical cut-off frequency 
fc of the filter. It is evident that due to dissipation, etc., there will 
always be an appreciable loss at the theoretical cut-off frequency /c of 
the filter, this loss varying roughly fiom 5 to 15 miles in many commercial 
designs of filters. If, then, the loss of a low pass filter at the frequency/i 
is to be kept down to a value of 2 miles or less, it is evident that the 
theoretical cut-off frequency fc must be appreciably higher than /i. In 
such cases a rough method to use for determining the tentative location 
of the theoretical cut-off frequency of the filter is to assume it to lie 
approximately half way between the two given limiting frequencies, 
or to assume that 

(93) 

If, then, as is usually found advisable, one of the sections of the filter 
is to have its point of infinite attenuation approximately at the frequency 
U, the value of a is: 



Having the above information, the next procedure is to determine 
what combination of whole and half filter sections will give the necessary 
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12A and 12B. Illustration of the method of combining two- and three-element low pass wave filter sections. 
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attenuation in the attenuated range. These attenuation losses may 
ordinarily be computed on the assumption that the structures are non- 
dissipative, since it is easy to show that the effects of dissipation in the 
coils and condensers, over a wide range of frequencies, can ordinarily be 
neglected. As a result, the losses so determined—after the total Reflec¬ 
tion gain of .7 napier previously referred to has been subtracted—^give 
a fairly close approximation of the transmission loss of the filter. The 
only frequencies in the attenuated range where dissipation usually cannot 
be neglected are at the frequencies of maximum attenuation, in which 
points one is not ordinarily particularly interested, inasmuch as the loss 
at these frequencies is usually much above that existing in other portions 
of the attenuated range. 

17.621 Combination of 2-Element and Af-Derived Types.—From 
the formulae already derived in Sect. 17.4, it is evident that the two-ele¬ 
ment type of low pass filter sections can be combined with the midr-series equiva¬ 
lent or mid-shunt equivalent m-derived types of sections in such a way that 
the resulting structure will have a toted image transfer constant which is the 
sum of the individual image transfer constants of the component filter sections, 
and image impedances which will be determined solely by the characteristics 
of the terminal sections of the composite filter. The detailed method of 
combining such two- and three-element filter sections into a composite 
filter structure is shown in Figs. 12A and 12B. The resulting design 
formulae for the various values of the elements of the composite structure 
are very useful and make it possible to determine readily the elements of 
any composite low pass filter structure comprised of two- and three- 
element sections. The principle of building up any number or combina¬ 
tion of such sections should be self-evident when once the process in¬ 
volved in Figs. 12A and 12B is clearly understood. The process of 
building up any composite high pass filter comprised of two- and three- 
element sections b similar to that employed for any low pass filter. 
Examples of this are illustrated in Figs. 12C and 12D. 
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12C and 12D. Illustration of the method of combining two- and three-element high pass wave filter sections. 
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CORRECTIVE NETWORKS OR EQUALIZERS* 

18.0 A corrective network is one that is designed to have a given loss 
characteristic. Since the transmission loss caused by any structure is, in 
general, a function both of its iterative impedances Zk and its propagation 
constant P, it is desirable, if possible, to eliminate one of the above param¬ 
eters {Zk or P) from consideration so that the loss will be a function 
simply of the other variable. This will be true if either of the iterative 
impedances of the corrective network can be made equal to that of one 
of the terminating impedances, since under these conditions the inter¬ 
action and reflection factors will become unity, leaving the attenuation 
loss as the total transmission loss in the structure. When, as is frequently 
the case, corrective networks are used to offset or correct for the attenua¬ 
tion-frequency characteristics of non-loaded cables, open-wire lines, etc., 
they are frequently called attenuation equalizers or simply equalizers, 

18.1 Constant Resistance Structures.—In most cases where a correc¬ 
tive network or equalizer is required, the terminal impedance, in one 
direction at least, is essentially a fixed pure resistance R, If, therefore, 
a structure is used whose iterative impedance is a pure resistance and 
is independent of the frequency, the transmission loss caused by such a 
structure may be made identical to its attenuation loss. 

In Fig. 1 there are shown five general types of structures whose 
iterative impedance—in one direction at least—is a pure resistance and 
is independent of the frequency. In all of these structures it is noted 
that the product of Zu and Z 21 must be equal to and be independent 
of the frequency. Let us consider, therefore, the necessary requirements 
in order that such a condition may be fulfilled. 

If the above relation is to be fulfilled and if Zu consists of certain 
elements in series, then Z 21 must consist of corresponding elements in 
shunt—the product of the individual impedances of the series and shunt 
elements always being maintained constant; i.e., independent of the 
frequency—and equal to R^, This may possibly best be seen by reference 
to the following example based on the generalized structure shown in 
drawing A of Fig. 1 and exemplified, in detail, in the structure shown 
* The general types of structures discussed in this chapter are due to O. J. Zobel. 
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Figs. 1A, IB, 1C, ID and IE. General recurrent networks having constant resistance 

iterative impedances. 


in Fig. 2—in which the elements in the series arm are related to the 
corresponding elements in the shunt arm as follows: 


L\\ _ 

C 21 C 22 



•^13 -^'23 jy _ D2 

^ tv 

O23 Gu 


( 1 ) 


With such relations, then, the product of Zn and Z 21 will be equal to il* 
and will be independent of the frequency. The structures Zu and Zti 
are called inverse networks of constant resistance product 


R 



Fig. 2. Circuit illustrating the method of combining impedance elements in such 
a way that the product of the impedance of one arm and that of the impedance of the 
other arm is a constant, independent of frequency. 


Assuming that one end of any structure shown in Fig. 1 is to be 
terminated in a pure resbtance load, the problem of obtaining its trans* 
mission loss b, as has been pointed out, simply that of obtaining its 
attenuation loss. It is easy to show that the propagation constant of 
any of the structures shown in Figs. lA, IB, 1C or ID b given by the 
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relation 



Consequently, from this formula it is apparent that for any given value 
of ZnjR, the transmission loss of such a structure can be determined. 
In order to facilitate the design of such structures, it is possible to 
derive from equation (2) the relation 

and to plot curves, such as are given in Fig. 3, which give at once the 



Fiq. 3. Curves showing the relation between the real portion of the propagation 
constant, A, per section of a constant resistance structure and its series impedance 
Zii Rn + iXii. In these curves R is assumed to be 600 ohms. 
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attenuation loss (in napiers) of a constant resistance structure in terms 
of the effective resistance Rn and the effective reactance -Yu of the Zw 
arm. Equation (3) shows that the center of these concentric circles is 
located at the point — R, 0 and that the radius of the curves is e'*. While 
the curves of Fig. 3 are drawn for a specific value of the terminal resistance 
R, viz., 600 ohms, it is, however, evident from equation (3) that the 
curves are equally applicable for a design requiring any other value of 
R such as Ro—the procedure in this latter case being simply to multiply 
all the resistances and inductances in Z\\ and Zn by the ratio Ro/R and 
all the capacities by the ratio R/Rq. 

It may be noted that the loss caused by any such constant resistance 
structure is identically the same as if a simple series impedance of the 
value 2Zii, or a simple shunt impedance of the value is inserted 
between two equal terminal impedances, each of which has the value R. 

18.11 Design of T]rpical Corrective Network.—With the foregoing 
as a basis we will take a typical example of a corrective network and show 
in more or less detail the procedure which may be followed in its design. 

Assume that it is required to design a corrective network of the 
constant resistance type such that when it is connected between 600 ohm 
terminal impedances it will have a loss-frequency characteristic that is 
a straight line—the loss at 21,000 cycles being 7.2 miles greater than the 
loss at 33,300 cycles, this latter loss being less than 1 mile. It is further 
to be assumed that the actual loss curve will not deviate from the above 
ideal curve by more than ± J mile at any frequency. 

In considering the general make-up of the impedance elements to be 
used for the Zn arm of the above structure it is evident from such curves 
as are given in Fig. 3 that if the loss at 33.3 kilocycles is to be very small 
the impedance of the Zu arm must also have a very small value at this 
frequency—the value increasing in magnitude as the frequency decreases. 
A consideration of the impedance-frequency characteristics of the various 
possible combinations of elements indicates that a combination consisting 
of a resonant unit paralleled by a condenser and a resistance should 
satisfy the general shape of the curve which it is required to meet. 
Assume then a general structure such as is shown in Fig. lA and that 
for the Zii arm a resistance element Ri is shunted by a reactance element 
—this latter consisting of two condensers Ci and 0 % and an inductance 
L\ as shown in Fig. 4. In deciding on the value of R\ let us consider 
what would be the loss existing at zero frequency if the straight line 
curve, which is to be approximated, were to be extended to that fre¬ 
quency. Such an extension of the straight line curve indicates that 
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it would pass through approximately 20.4 miles or 2.23 napiers. From 
an inspection of curves of the type given in Fig. 3 it can be shown that 
the value of the resbtance corresponding to this loss would be approxi¬ 
mately 5,000 ohms. Consequently, since the impedance of the Zu arm 
will be simply Ri ohms at zero frequency, it is seen that, if the structure is 
to have the above loss at zero frequency, the value of Ri should be 
5,000 ohms. 

K 
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A. 
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Fig. 4. Series arm for the proposed constant resistance equalizer. 


Having thus more or less arbitrarily decided as to the value of the 
resistance Ri to be used in the Zu arm, the next matter to be determined 
is the make-up of the reactance element shunting this resistance. If a 
resistance r is to be shunted by a reactance x, the effective resistance R' 
and the effective reactance X* of the combination may be obtained from 
formulae (19) and (20) of Appendix F. From these formulae the follow¬ 
ing data are obtained for various (arbitrarily chosen) values of x 
shunting the assumed value of r (or Ri)—namely, 5,000 ohms. 


r 

X 

R' 

X' 

A 

L 

5,000 

- 1,000 

192 

- 961 

.73 

6.7 

5,000 

- 700 

96 

- 686 

.49 

4.5 

5,000 

- 350 

24.4 

- 348 

.17 

1.6 


The values of A are the losses, in napiers, which are read from the curves 
of Fig. 3, while the values of L are the corresponding losses in miles of 
standard cable. They are the losses that would be caused by a constant 
resistance structure—when connected between terminal impedances of 
600 ZOf ohms—the impedance of whose Zu atm was (R' + jX'), or, in 
other words, whose Zu arm consisted of a 5,000 ohm resistance r (or Ri) in 
parallel with a reactance x which varies as shown above. 

The above table indicates that when the combined reactance x of the 
three elements (X,i, Ci and Cj) is — 1,000 ohms, the loss caused by 
the constant resistance structure is 6;7 miles. From the arbitrary ideal 
curve (arbitrary simply in the fact that the minimum loss at 33,300 
cycles is assumed to be .75 mile) which has been plotted in Fig. 5, a loss of 
6.7 miles should occur at a frequency of 23,100 cycles. Hence, neglecting 



234 TELEPHONE TRANSMISSION CIRCUITS {Chap. XVIII 


any effects of dissipation in the reactance elements, the reactance x should 
be — 1,000 ohms at a frequency of 23,100 cycles. 



Fig. 5. Corrective network or equalizer and its loss-frequency characteristic. 

Similarly, when a: = — 700 ohms it is evident from the table that 
the loss caused by the structure is 4.5 miles which, from the curve in 
Fig. 5, should occur at a frequency of 26,900 cycles. Therefore, the 
reactance x of the three reactive elements of the Zu arm should be 
— 700 ohms at 26,900 cycles. In a like manner, we find that a reactance 
a: of — 350 ohms, which corresponds to a loss of 1.6 miles, should occur 
at a frequency of approximately 31,800 cycles. 

The effects of dissipation in the reactance elements will, however, 
be such as to increase slightly the loss caused by them at those frequencies 
near their resonant frequency. In other words, it is reasonable to assume 
that the actual loss caused by the elements, when their reactance is — 350 
ohms, will be slightly higher than 1,6 miles. We will, therefore, assume 
that, due to resistance in the coils, the value of a: = — 350 ohms should 
occur at a frequency of 31,600 cycles corresponding to a loss, from the 
curve in Fig. 5, of 1.7 miles. 

From the preceding, it is evidently required to design a reactive 
network (see Fig. 6) composed of three elements such that its reactance x 
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Fio. 6. Series arm of constant resistance structure consisting of a resonant combina¬ 
tion paralleled with a condenser. 
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shall have the following values at the frequencies given: 

Frequency Reactance x 

23,100 - 1,000 

26,900 - 700 

31,600 - 350 

By means of formulae (28) to (32) of Appendix F, we find that the follow¬ 
ing values for the inductances and the condensers will result in a network 
that will have the desired reactances at the frequencies referred to in 
the above table, and should, therefore, give an attenuation characteristic 
in conformity with the original requirements: 

U = 7.57 X 10-» henry 
Cl = .00263 X 10-« mf. 

Ci - .00236 X 10r< mf. 

The Zn arm will, therefore, be made up as shown in Fig. 7. 


SdOO OHMS 



Fiq. 7, Complete series arm for the constant resistance equalizer. Inductances are 
expressed in millihenries and capacities in microfarads. 


Assuming that the ratio Q of the reactance of the coil to its effective 
resistance is 150 and that there is only a negligible amount of dissipation 
in the condensers, values are then computed for the impedances of 
the Zn arm at different frequencies. These impedances are given in the 
following table: 


Frequency 


Zn 

A 

L 

21,000 

266 

-j 1120 

.86 

7.9 

23,100 

192 

-j 962 

.73 

6.7 

25,000 

138 

-i 820 

.61 

5.6 

26,900 

96 

-j 686 

.49 

4.5 

29,000 

64 

-j 541 

.36 

3.3 

31,600 

31 

-i 346 

.18 

1.6 

33,300 

9.4 

-i 215 

.08 

.7 


The values of the corresponding losses in napiers. A, were read from the 
curves of Fig. 3 and the corresponding values in miles L of standard 
cable are plotted as the points in circles in Fig. 5. It is seen that these 
points all lie within about .1 mile of the ideal loss curve represented by 
the straight line. Hence, a corrective network of the constant resistance 
type of structure having a Zn arm as shown above will readily meet the 
requirements originally imposed. 



236 TELEPHONE TRANSMISSION CIRCUITS [Chap. XVIII 


If the constant resistance structure is made up in accordance with 
the form shown in Fig. lA, it is then possible to combine the 5,000 
ohm resistance of the Zn arm with the value of R (600 ohms) since the 
two resistances are directly in parallel. This combination produces the 
resistance 536 ohms as shown in the completed structure in Fig. 5. The 
' values of the various elements in the shunt arm Zn are then obtained as 
previously explained in Sect. 18.1 (equation 1). 

The completed structure should then produce the loss-frequency 
characteristic indicated by the points regardless of the impedance to 
which the series arm (terminals 1 and 2) is connected provided only that 
the shunt ar n (terminals 3 and 4) is connected to the iterative im¬ 
pedance of the structure—which, in the case under consideration, is 
600 ZQ! ohms. 

18.12 Method of Associating Additional Elements with Any Given 
Impedance so that the Total Combination has an Impedance Charac¬ 
teristic that is Approximately a Pure Resistance and Independent of the 
Frequency.—In addition to utilizing the constant resistance type of 
structure as a corrective network, that is, as a means for producing any 
desired loss-frequency characteristic, it is also apparent that it can be 
associated with any device in such a way that the complete structure will 
have approximately a constant resistance impedance at all frequencies. 

Suppose, for example, that the damped impedance of a receiver can be 
represented by a resistance Rn in series with an inductance Ln, in series 
with a parallel combination of an inductance Ln and a resistance Rjj. 
If an impedance-frequency curve of the receiver is given, the effective 
resistance and reactance of the above combination of inductances and 
resistances can evidently be made identical to the corresponding values 
for the receiver at any two desired frequencies. Formulae for doing this 
are given in Appendix F (No. 51 to No. 54). With this structure as a 
basis for the value of Zn in Fig. IB, we can determine the corresponding 
values of Rn, Cn, Cu and Ru by relations similar to those given in 
equation (1). Then the completed structure, which could be made up 
as shown in Fig. 8, will evidently have an impedance R that is very nearly 
a pure resistance and whose value is essentially constant with respect 
to the frequency. 

For example, a structure of this sort, designed to correct the damped 
impedance curve of an operator’s receiver, was found by Zobel to have a 
variation in impedance deviating from a 600 ohm pure resistance by less 
than 5 per cent from all frequencies from zero up to 3,000 cycles. The 
loss caused by the associated elements was roughly 8 miles—remaining 
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fairly constant over the frequency range from 0 to 3,000 cycles. Not¬ 
withstanding this relatively large loss, however, such a constant resistance 
unit is frequently of interest in those cases where the impedance of a 
receiver, line or similar device must be balanced by a pme resbtance or 
other simple network in order that the maximum possible gain may be 
obtained from a repeater or similar device. 



Fio. 8. Receiver and aasociated network—the combination giving approximately a 


constant pure resistance impedance, R. 

18.2 Constant-K Structures.— A constant-K structure is, as has been 
already pointed out, one of the ladder type, in which the square root of the 
product of its series impedance Z] and its shunt impedance Z 2 is equal to K — 
where K is a constant, independent of frequency (or in which the product 
of Zi and Zj is equal to K*). The method of making the product of two 
impedances Zi and Zj independent of the frequency has been explained 
in Sect. 18.1. 

It was shown in Sect. 17.112 that the iterative impedance of a 
constant-K structure of the ladder type is, at mid-series 

(4) 

and in Sect. 17.113 that the mid-shunt iterative impedance is 



where Zo is equal to K and is a constant that is independent of the 
frequency. From these equations it is evident that the impedances, 
Zjc or Zk of any such structure will remain fairly constant and will be 
essentially independent of the frequency provided the value of Zi/Z* 
does not become greater than unity or thereabouts; that is, if over a 
given range, Zi/Zj varies from zero to unity, the iterative impedance will 
evidently not vary by more than 10 or 12 per cent from its nominal 
value, Zo. The design of a constant-K structure is, therefore, usually 
baaed on the assumption that the make-up of each of the component 
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sections is such that their value of Z\jZi will not become large enough 
to make the iterative impedance of the structure deviate sufficiently from 
Zo (or the terminal impedance) so that the interaction and reflection 
factors have to be taken into account. 

In other words, the constant-it structure is somewhat analogous to 
the constant resistance structure, but is not quite as satisfactory as the 
latter structure when one end is working into a terminal impedance that 
is a constant pure resistance. This is due to the fact that the iterative 
impedance of the constant-/iL structure does not remain rigorously con¬ 
stant over the entire range of frequencies and, consequently, certain 
terminal effects cannot always be neglected. In some cases this is a 
serious objection while in others it is relatively unimportant. 

The main advantage of a constant-iT structure as compared with a 
constant resistance one, where but small attenuation is required, is the 
somewhat greater ease with which designs employing such a type of 
structure can be made. For example, the phase angle of Z\ has less 
effect upon the attenuation characteristic of a constant-A” structure than 
does the phase angle of Zu in the case of the constant resistance structure. 
Consequently, in designing a constant-A structure it is, in general, only 
necessary to give careful consideration to the magnitude of .the effective 
resistance of Z\, w’hereas in the constant resistance structure the values of 
both the effective resistance and the reactance of Zu must be carefully 
considered. With this simplification in mind, the design of a constant- 
A structure can be undertaken along the same general lines as has been 
indicated for the constant resistance structure. 
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SUPERIMPOSED CIRCUITS 

19.0 The desirability as well as the possibility of simultaneously 
sending more than one telephone or one telegraph message over the same 
pair of wires—withoitf interference—was realized many years ago. By 
the use of phantom circuits it is possible to transmit three telephone 
messages over two pairs of wires. By the use of a similar scheme it is 
possible to simplex a telephone circuit and thereby to obtain a non- 
interfering telegraph channel (employing the ground for the return) 
for each pair of wires that is being used for telephone purposes. Several 
non-interfering telegraph channels can be obtained by compositing a 
telephone circuit, while a much larger number of non-interfering telegraph 
messages or several telephone messages can be simultaneously super¬ 
imposed on a single pair of wires by means of high frequency carrier 
currents. These various schemes are discussed briefly in the following 
sections. 

19.1 Phantom Circuits.—Ordinarily only one telephone circuit is 
obtainable over each pair of wires. If, however, four wires run between 
two points, three telephone circuits may be obtained over these wires. 
Two of these telephone circuits are called side circuits and the other one a 
phantom circuit. 

The operation of such a circuit (see Fig. 1) is as follows. Current 


PHANTOM MKP. COIL NO I a PHANTOM RKP COIL NO. 3 



PHANTOM RF.P. COIL NO. 2 . ^ PHANTOM RF.P. COIL NO. 4 

Fio. 1. Schematic diagram of a phantom circuit. 


flows from one wire C of the phantom circuit to the midpoint Pi of the 
balanced winding of the phantom repeating coil No. 1. If this point 
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Pi b at the electrical center of the line winding of the repeating coil 
and if the line wires R and 5 are exactly alike—i.e., if they have the same 
impedances—the current will split equally between the two wires R and 
S. At the dbtant end of the circuit, if Pi is at the electrical center of 
phantom repeating coil No. 3, the currents will pass in equal amounts 
through the windings L and M and out on the phantom wire G. The 
return of the phantom current from wire H to wire D is by an identical 
process. 

The phantom current will evidently not produce any interference 
with the side circuit, provided the former passes equally through the 
balanced windings L and M, etc., as under this condition no flux is 
produced in the core of the repeating coil and hence no electromotive 
force is induced in the side circuit due to current flowing in the phantom 
circuit. Any unbalance in impedance between the line wires R and S, or 
T and U, or any unbalance in the balanced windings of the phantom re¬ 
peating coils, will unbalance the phantom circuit and tend to produce 
crosstalk between the phantom and the side circuits. 

The phantoming of a phantom circuit or a double phantom —which is 
evidently possible theoretically—is usually found undesirable on account 
of the diflSculties in properly balancing all of the eight wires. 

A cable which is designed for phantom working is called a quadded 
cable. The two wires of the side circuits are first twisted together into 
pairs—one pair being given"one length of twist and the other pair a 
different length of twist. These pairs, in groups of two, are then twisted 
into quads, with a still different length of twist. Such processes are 
necessary to secure symmetry—especially with loaded cables where the 
tendency to crosstalk b greater than with non-loaded cables. 

It b sometimes desirable to terminate one or both of the side circuits 
at an intermediate point. The circuit of Fig. 2 shows one side circuit 



Fio. 2. Simplified diagram of a phantom circuit, with one side circuit terminating at a 

mid-point. 
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-taken out at an intermediate point and the other side circuit carried 
through. 

The method of loading a phantom circuit is shown schematically in 
Fig. 3. As was explained in Sect. 13.21, the side circuit loading coils add 



Fig. 3. Simplified diagram of a circuit loaded with side circuit and phantom circuit 

loading coib. 


inductance only to the side circuit and the phantom coils load only the 
phantom circuit. The d-c. resistance of the phantom loading coils, how¬ 
ever, enters into the side circuit, and hence the efficiency of the side circuit 
is not quite as high as that of a similar circuit which is not phantomed. 

19.2 Simplex Sets.—A simplex set (see Fig. 4) consists essentially 
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Fio. 4. Simplified diagram of a circuit using simplex sets. 


of a phantom repeating coil—the line portion of the telegraph circuit or 
channel being the same as that used for one side of a phantom telephone 
circuit. 
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The return portion of the telegraph circuit is ordinarily through the 
ground. If the line wires and line windings of the phantom repeating 
coils are properly balanced, it is evident that the telephone and telegraph 
currents will pass over the line simultaneously without mutual inter¬ 
ference. The use of intermediate simplex sets makes it possible to intro¬ 
duce intermediate telegraph stations without interfering with through 
telephone service, excepting in so far as transmission and signaling losses 
are caused by the additional coils required. 

The use of simplex sets makes it impossible to use simultaneously a 
phantom telephone circuit, and only gives one telegraph channel for each 
pair of wires. 

19.3 Composite Sets.—A composite set is an apparatus arrangement 
whereby the telegraph currents, which involve frequencies from zero to 
approximately 100 cycles per second, are separated from the voice currents 
which contain higher frequencies. It may be regarded as a form of a 
wave filter. 

By means of composite sets (see Fig. 5), a pair of wires normally used 



Fig. 5, Simplified diagram of a typical composite set. 


as a telephone line may be divided at each terminal or intermediate 
station so that each wire of the pair may be used as an independent 
telegraph circuit at the same time that the pair is used as a telephone 
circuit. The branches of the composite sets which are connected to the 
telephone apparatus are known as telephone branches, and those connected 
to the telegraph apparatus are called telegraph branches or Morse legs. 

Composite sets are so designed as to reduce to a minimum any possible 
interference between the telephone and telegraph systems due to their 
simultaneous operation in their respective branches. The impedance 
of the telegraph apparatus and that of the coil winding in series with 
the telegraph branch, together with the capacity of the intervening 
grounded condenser connected across each telegraph branch, serve to 
reduce the suddenness in changes of potential, due to the operation of the 
telegraph apparatus, at the point where each telegraph branch joins the 
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line, thereby practically eliminating the noise known as Morse thump 
which the operation of the telegraph apparatus has a tendency to produce 
in the telephone circuit. The possible tendency to unbalance the circuit, 
due to differences in impedance between the telegraph circuits which may 
be connected to the two telegraph branches, is overcome by the con¬ 
densers (Cs and Ci) connected across these branches. These condensers 
serve to maintain the impedance of the telegraph branches to telephone 
currents at practically a constant value, regardless of diflferences in the 
condition of the telegraph circuits which may be connected to the two 
branches. 

In order to reduce the momentary impulses known as cross-fire which 
pass from one telegraph branch to another through the telephone branches 
and to reduce the effect of these impulses upon the signaling apparatus, 
each telephone branch of the composite set is connected directly to 
ground through a path .<4-5 (or .<4'-B) which has a low impedance to 
such impulses. The condensers in these grounded branches and in the 
telephone branches (Ci and Cj) prevent interference with the proper 
operation of direct-current supervisory signals in cord circuits or trunks 
which may be connected to the line. 

In order to eliminate crosstalk between phantom circuits and their 
side circuits, when composited, it is essential that the composite sets 
should not introduce any capacity or inductance unbalance into the side 
circuits with which they are associated. To prevent this, the condensers 
Cl and Cj, are especially selected with a view to avoiding wide variations 
in their capacity, and the windings of the associated coils are closely 
balanced electrically. 

Either a side circuit or a phantom circuit may be composited. To 
avoid unbalancing the phantom telephone circuit, however, both side 
circuits must be composited, even if there is a demand for but one or 
two of the four telegraph circuits which are thus rendered available.* 

19.4 High-Frequency Carrier Current Telephony and Telegraphy, f— 
Recent developments in multiplex telephony and telegraphy have greatly 
increased the message-carrying capacity of long-distance telephone lines. 
Several telephone conversations or telegraph messages over one pair of 

* For a more complete description of composite sets and their associated appa¬ 
ratus, see a paper on “ Composite Telegraphy and Telephony,’' by J. H. Bell, Po9i 
Office Electrical Engineer's Journal, Vol. 15, Part 1, April, 1922, pp. 1-12. 

fFor a more extended discussion of the principles involved in carrier current 
telephony and telegraphy, see paper by E, H. Colpitts and O. B. Blackwell, Trane* 
actiane the A, /. E. E,, Vol. XL (1921), pp. 205-296. 
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wires are simultaneously transmitted in addition to the telephone con¬ 
versation and telegraph messages provided by the ordinary methods. 
There is no interference between these various messages, and the sub¬ 
scriber is not aware that the line is being used by other subscribers at 
the same time. Due to the complexity and expense of the apparatus 
required for a system of this type, it is not practical to equip lines which 
are less than 150 or 200 miles in length. 

In high-frequency multiplex transmission, the voice current or tele¬ 
graph signals are modulated with a high-frequency current which carries 
them to the other end of the line. These high-frequency currents, 
commonly called carrier currents, are sustained oscillations generated by 
vacuum tubes. The carrier current and the voice current, or the tele¬ 
graph signals, are impressed on a device known as a modulator. This 
may be a vacuum tube or any other electrical device which has a non¬ 
linear relation between input voltage and output current. In the process 
of modulation* the band of frequencies representing the voice combines 
with the carrier current in such a way that the entire band is shifted up¬ 
ward in the frequency scale to a position adjacent to the carrier fre¬ 
quency. In a multiplex system the voice current or telegraph signal for 
each channel modulates a carrier current of different frequency. Each 
carrier frequency, then, represents an individual circuit or channel. 
These bands of high-frequency currents—called side bands^ —allocated 
to different parts of the frequency range, are then impressed on a tele¬ 
phone line and transmitted to the distant station. Here they enter a 
system of selective networks of the wave filter type. Each wave filter is 
so designed that it admits only that band of high-frequency currents 
representing a given channel. After the high-frequency bands have thus 
been separated, each one is again impressed on a detector or demodulator 
whereby the original band of voice currents or telegraph signals is re¬ 
stored and transmitted to the subscriber in the usual way. 

The frequency range used for carrier transmission extends approxi¬ 
mately from 3,000 to 30,000 cycles. The lower limit is determined by 
the fact that the ordinary telephone conversation transmitted over the 
line employs frequencies up to about 2,500 cycles. The range between 
2,500 and 3,000 cycles is used for effecting complete separation between 
the ordinary voice channel and the carrier channels. The upper fre¬ 
quency limit is determined largely by the increased attenuation of the 

* Modulation is discussed in a paper by E. B. Craft and £. H. Colpitts on “ Radio 
Telephony,” Free. A. I. E. E., Vol. 38, Part 1,1919, pp. 30&-343. 

tSee artide on “RelationB of Carrier and Side Bands in Radio Transmission,” by 
R. V. L. Hartley, Proe. I. R. E., Vol. II, No. 1, Feb., 1923, pp. 34-^55. 
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line and by the transposition requirements necessary to prevent cross¬ 
talk or interference at high frequencies. In this frequency range as 
many as four two-way telephone channels or ten duplex telegraph channels 
have been obtained on one pair of wires. 

Carrier systems are best adapted for operation over open wire non- 
loaded lines. Means have not yet been developed so that long cables or 
ordinary loaded circuits can be made suitable for carrier transmission, 
the attenuation and crosstalk being too great for currents of high fre¬ 
quency. Phantom circuits are also considered unsuitable for carrier 
systems due to the extreme difficulty of maintaining a sufficient degree 
of balance between phantom and side circuits at high frequencies. 




APPENDIX A 


USEFUL MATHEMATICAL FORMULAE* 


I. ALGEBRA 

The binomial theorem is: 

(A ± B)« = A»± RA^^B + ^ 

JL 1 

j- I) (fi 2) _|_ _ 

In the arithmetic series: 

Ax + (^1 + D) + (Ax + 2D) + {Ax + 3D)+ ... 
if is any term, the sum of N terms is 

Su = ^ (Ax + An) = ^ (2Ax + 

and the value of the A^th term is 

+ (AT - 1)D 

In the geometric series: 

Ax AxR ■{■ ^ii2* “H AxR^ ”{■ AxR* 
if An is any term, the sum of N terms is 

„ _ Ax(R^ - 1) _ AnR - Ax 
ii - i R-i 

and the value of the ATth term is 

An = AxR^-^ 

Solution of a Quadratic Equation. 

In the quadratic equation: 

Aa^ + Bx + C == 0 

we have 

-B± -^B^^AC 

- - 2A - 

. A A- B 

The arithmetic mean between A and B is —-— 

The geometric mean between A and B is “^AB 

* For formulae relating to complex quantities, see Appendix B. 
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(11 

( 2 ) 

(3) 

(4) 

( 5 ) 

( 6 ) 
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The harmonic mean between A and B is 


2AB 
A + B 


It is to be noted that 


■4 + J5 ^ ./rs ^ 2AB 


> ^AB> 


A-hB 


Solution of a Cubic Equation. 
In the cubic equation: 


A^ + SBf +3Cy + D = n 

(7) 

Let 

q= AC - B^ 

(8) 

and 

_ZABC- AW ,,, 

r _ ^ 

(9) 

Then the required three roots are 

yi = (*1 — B)/A 

(10) 

yt = (Xi — B)IA 

(11) 

and 

yz = (*3 — B)IA 

(12) 


in which the values of xi, xi and xa are to be obtained from one of the 
following equations. 

Case (1). If q is — and r* S (— q)®: 


xi = ± 2 V— q cos r ico3“* - - — - L -rr I 
13 V(-q)»J 

Xi = ± 2 V~ q cos 


V(- q)» 

r 1 ± r , 27 r 1 

L 3 V(- q)» 3 J 

X3 = ± 2 ^/— q cos r -COS~’ ■: + — 1 
13 V(-q)» aj 

Case (2). If q is — and r* g (— q)®: 

xi = ± 2V— q cosh I icosh~* 1 

LS V(- q)»J 

Xi = =7= V~ q cosh I -cosh"* | 

Ls V(- q)» J 

+ j V— 3q sinh f ^ cosh"* 1 

Ls V(-q)*J 

Xi=‘ ^ V— q cosh j i cosh"* - 

L3 V(-q)*J 

— i V— 3q sinh f - cosh"* 1 
Ls V(- q)» J 


(13) 


(14) 
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Case (3). If g is + : 

ari = d= 2 V? sinh ^ sinh“* ^ J 

a’l == ^ V? sinh i sinh~‘ J 

+ j VSg cosh i sinh"* 

xs = TV? sinh j^^sinh"* J 

— j '>l3q cosh ^ sinh~* J 


(15) 


Note: In all of the formulae for * 1 , Xt, and xz, the upper of the al¬ 
ternative signs are to be used when r is + and the lower of the alterna¬ 
tive signs are to be used when r is —. 

Solution of a Bi-quadratic (4th Power) Equation. 

Given x* -f ox* -f 6x* -|- cx -f- rf = 0 
First find any (real) root of the cubic: 

8X* - 46X* -I- 2X(ac - 4d) - c* - d(o* - 4h) = 0 (16) 


(For the solution of a cubic see the preceding case). 

The four roots of the bi-quadratic are then given by the roots of 
the following two quadratic equations: 


X* -f- X 2X — 6 J -1- X -j- Vx* — d = 0 

x»-|-x[^|4-\/j+2X-6]-f-X- Vx» - d = 0 


(17) 

(18) 


Solution of Two Simultaneous Equations. 


'rhen: 


Given 


Ax By = E 

AiX Biy — El 


_ EBi - EiB 
* ABi - AiB 

_ E\A — EAi 
^ ABi - AiB 


(19) 


(20) 
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Solution of Three Simultaneous Equations. 


Then: 

X = 


Given 


Ax + By+Cz + D = 0 
Aix + Biy + Cm + Di = 0 
AiX Bty ”1~ Cm = 0 


D(B,Ci - B,Ci) + Di(BCi - BiC) + Dt{B,C - BCi) 
-r BiCx) + Ai{BiC - BCi) + Ai{BCx - BxC) 


( 21 ) 


^ _ D(A,C, - AjCx) + Dx{AiC - ACi) + Di^ACx - AxC) 

^ A(BxCi - BtCx) + AxiBiC - BCi) + Ai{BCx - BxC) ^ ’ 
_ D{AtBx ~ AxBi) + Dx(ABi — AtB) + Di{A\B — ABx) 
A{BxCi - BiC{) + AxiBiC - BCi) + AiCBCx - BxC) ^ 


Solution of Four Simultaneous Equations. 


Given 


'Aw Bx Cy + Dz = E 
Ajm> + Bxx Cxy ■¥ Diz — Ex 
AiW "H BiX -|- Ciy DiZ — Ei 
AiW Bzx -j- Ciy -f* Dm ~ Et 


Then: 

w= \EZBxiCiD3-CtDi)-BiiCxDi-CiDx)+Bi{CxDi-CiDi)2 
-ExlBiCiDz- CzDi)-BiiCDz-CzD)+Bi{CDi- CiD)] 
+EilB(CxDi-CzDx) - Bx(,CDz-CzD)+Bz{CDx-CxD)'} 

-EilB{CxDi-CiDx)- BxiCDi-CiD)+BiiCDi- CiZ))]} {//} 


(24) 


X — {EQ— AxiPiDi — CzD^-\- AiiCiDi — CzDx) — AziCxDi — CiDx)~\ 

+ExlA(fiiDz-CzDi) - AipDz- CzD)+Az{CDi-CiD)2 
+Eil-AiCxDz-CzDx)+Ax(CDz-CzD)-Az{CDx-CiD)'] ^ 

+EzlAiCxD2-CiDx)-AxiCDi-CiD)+Ai{CDx-CxD)']]^{H\ 

y= {EQ— Ax{BzDi— BiDz)-\- Ai{BzDx — BxDz) — AziBzDx —EiEj)] 
-\-E^A{BzDi — BiDz)-\- Ai{BDz — BzD) — AziBDz—BiD)~\ 

+EjC^ {BxDz- BzDx)-Ax{BDz- BzD) -Az(BxD- B£>i)] ^ 

+E,[^ (BiDx-BxDi)-AxiBiD-BDz)+Ai{BxD- 5Z)i)]j -H {Hj 

2 = {EC- A x(E,C,- BzCi)+Ai{BxCz-BzCx) - A ,(EiC*- BPx)'} 

+E,C^ {BiCz- BzCi)+Ai(BzC- BCz) - ^,(E*C- EC,)] 

+E 2 C^ {BtCx-BxC,) -AxiBzC- BC,)-Az(BCx- EiC)] ^ 

+EzLAiBxCi-BiCx)-Ax(BCi-BiC)+Ai(BCx-BxC)']]^{H] 

In all of the above equations the value of H is 
H = AlBxiCiDz - CzDi) - BiiCxD, - CzDx) + E»(C,Z), - C,I>i)] 

- AxlBiCiD, - CzDi) - BiiCDz - CzD) + E,(C/), - C,E)3 

+ AlBiCxDz - CzDx) - Bx(CDz - CzD) + Bz(CDx - CiR)] 

- A,£B(CxDi - CtDx) - Bx(CD, - CzD) + Bt(CD, - CiE)3 
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n. HYPERBOLIC FUNCTIONS* 


tt J 

sinh u =-- -= ~ sinh (— u) = —r— = tan {GD)u 


csch w 


sinh u = 


2 tanh ^ 


tanh u 


l-tanh*^ Vl-tanh*M 


= Vcosh* M — 1 


= „ + + + 
^3!^5r 7!^ 

e“ -I- e~“ 1 

cosh u =---= cosh (— w) = —= sec (GD)u 

2 sech u 


(28) 


(29) 


(30) 


1 + tanh* — 


1 


cosh u = z= _ ^r.. r - = Vsinh*M+l 

l-tanh*H Vl-tanh*M 
2 

^ X u / \ 1 sinh u 

tanh u = —-—— = — tanh (“• u) = — = — 

-T e ^ coth u cosh u 


(31) 


~ sin {GD)u 


X u Jt u2 I 2w® 17w^ , 62m® 


if M*< 


(i)‘ 


sinh (o ± 6) = sinh o cosh b ± cosh o sinh b 
cosh (a ± 6) = cosh a cosh b zt sinh a sinh b 

tanh o d= tanh b 
1 ± tanh a tanh b 

sinh a ifc sinh b 


tanh (o ± 6) = 


tanh 


Ct‘)- 


cosh a + cosh b 


siiih a 4- sinh 6=2 sinh ° cosh ® ^ 


sinh o — sinh 6=2 sinh 


2 

a — b 


cosh 


2 

a + 6 


(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 


2 2 

* For additional relations between anti-hyperbolio functions see Appendix C. For 
formulae relating to complex quantities see Appendix B. 
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cosh a + cosh 6=2 cosh - cosh ° ^ 

A A 


(40) 

cosh o — cosh 6=2 sinh ° ^ ^ sinh ° ^ 

A A 


(41) 

^ ^ . r sinh (o =fc 6) 

tanh a ± tanh 6 = —-- 

cosh a cosh o 


(42) 

(sinh a + cosh a)“ = cosh ua + sinh ua 


(43) 

sinh|= ^|(cosh a - 1); co3h|= ^i(co8h o + 1); 


, a _ cosh o ~ 1 _ sinh a 
” 2 sinh a cosh o + 1 

(44) 

sinh 2a = 2 sinh a cosh a = 

1 — tanh* a 


(46) 

cosh 2a = cosh* a + sinh* a = 2 cosh* a — 1 = 2 sinh* 

0+ 1 

(46) 

^ ^ 2 tanh a 

tanh 2a = ^ -- ^ 

1 + tanh* a 


(47) 

c*ha.--j+—-|jj20+ 


(48) 

. , o*,5a^ 61o*, .. ,^/jrV 

secho=l--+-- —+... .f a*<(^-j 


(49) 

coth o = - + 5 ~^ + + •• • if a* < ir* 

a 3 45 945 4725 


(50) 

sinh*^ a = log, (a + + 1) = cosh""^ Vo* + 1 



a* 3a« 5a^ ,35a* 

“ 6*^40 112''’1162 

if o* < 1 

(51) 


cosh"' a = log« (a + Va* — 1) = sinh"* Vo* — 1 

i, ,52) 


tanh"' a »» 4 log, =* cosh"* .- = sinh ' 

2 ® 1 - o Vl - o» Vl - o* 

»o + ^ + |^+y+--- if «•<! (63) 
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1 + Vo»+ 1 


csch~^ a = log, • 


a 


(54) 


= sinh ^ -- 5 — - - It > 1 

a a 6a* 40a® 112a^ 

sech“^ Or = log, ^ -?- = cosIi“* i 

a a 

, 2 a^ 3a^ 5a® .. 2^1 /ccx 

-'“«-5- 4 - 32 - 96 - " ''‘=‘ <“> 

co'h-«r4^+^.+7T.+ <“> 


III. APPROXIMATION FORMULAE 

In these approximation formulae 6 is used to signify an extremely 
small quantity and L to signify an extremely large quantity—when 
compared with the other quantities with which they are associated. 
The sign == is used to denote “equals approximately."' 


(1 db 5)^ = 1 db A5 provided A’^ > 1 

.(57) 

(1 ± ^ ^ -^5 provided N > 1 

(58) 

V/i(/l + 5) = A+l 

(59) 

V.4 ± 5 = ± 

2ylA 

(60) 

sin (a: dz 6) == sin a: dz 5 cos x 

(61) 

cos (ar db 5) == cos x ^ S sin x 

(62) 

tan (ar db 6) = tan x d: ~ 

cos* X 

(63) 

log, (x ± «) == log. a: ± ^ ^ ^ ^ 

(64) 

log, (1 d: 5) = ± 5 — ^5* 

(65) 

sinh (x db 5) sinh x ± 5 cosh x 

(66) 

cosh (x ± 5) ^ cosh x ± 5 sinh x 

(67) 

tanh (x ± 5) == , XV“*. 

1 d= 8 tanh x 

(68) 
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sin # 5 

(69) 

tan“^ a 4 8 

(74) 

cos 5 == 1 

(70) 

sinh 8 4 8 

(75) 

tan 5 =? 5 

(71) 

cosh 8 4 1 

(76) 

sin-» a = 5 

(72) 

tanh 8 4 8 

(77) 

cos-ia = ^(2A-1) (73) 

sinh“* 8 4 8 

(78) 

where K 

is any integer 



tanh~* a = a 



(79) 

sin (a ± jB) == 

5 cosh B dt j sinh B 


(80) 

cos (a ± jB) 4 

= cosh B TjS sinh B 


(81) 

tan (a db jB) = 

_ 2a rt j sinh 2B 

1 + cosh 2B 


(82) 

sinh (a db jB) ■■ 

= a cos B zkj sin B 


(83) 

cosh (a ± jB) 

= a cos B rb jS sin B 


(84) 

tanh -(a ±jB) 

j_2h ± j sin 2B 

1 + cos 2B 


(85) 

sinh L == cosh 

X= 


(86) 

tanh X 4= 1 



(87) 

sin (A dr jL) 4 

= cosh X /rb tan * (cot A) 4 j d= ~ ) 

(88) 

cos (A ± jL) =. 

= cosh X / T tan“‘ (tan 

•II- 

(89) 

tan (A ± jL) 

= tanh 2X /rb 90° 


(90) 

sinh (X d= jB) 

4 sinh L lAz B = /: 

± B 

(91) 

cosh (X dr jB) 

= Idb B = \ logw ( 

[AmL) /± B 

(92) 

tanh (X rfc jB) 

4 1 


(93) 

sinh (A db jS) 

4 sinh A d: jh cosh A 


(94) 

cosh (A d= jS) 

4 cosh A rt jh sinh A 


(95) 

tanh (A d: ji) 

tanh A dr jh 

1 rb ja tanh A 


(96) 

«*4» IH- a 



(97) 

4 1 - a 



(98) 
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IV. TRIGONOMETRIC FORMULAE 

sin A = —= Vl — cos* A = - - 

CSC A . Vl -f- tan* A 

At Ai At 

cos A = —^ = V1 — sin* A = 

sec A Vl + tan* A 

AK A6 

= cos(- ^)=l-_+^-^ + 


tani4 = 


1 sin A 


sin A 


cot A cos A Vl — sin^ ^ 


Vl — cos^ A 
cos A 


= -**"<- ■3+T5+W 


+ . . • if < 


sin 2A = 2 sin A cos A 


2 tan A 


1 + tanM 

cos 2A = cos* A — sin* ^ = 1 — 2 sin* A = 2 cos* ^ — 1 


tan 2A = 


2 tan ^ 

1 — tan* A 


sin (A d= B) = sin A cos B =t cos A sin B 
cos (-4 =t jB) = cos A cos 5 =F sin ^ sin B 
y j . tan A zh tan B 


tan (A zh B) = 


1 T tan A tan B 


siiT^ A = cos W1 — /I* = tan ^ 


Vl - .4* 


o + o--,Jl-Vl-^* 

= 2 cos - - -= 2 sin ^yj - - - 

1 _ Vl — .4* 

= 2 tan ‘- — -= — sin * (— A) 

= ^ cos“* (1 — 2A^) = ^ sin“* 2^Vl — A'^ 

1, _.2^Vl - A^ 

t-2^- 

= '‘+T + -40+113+ -''-^ 
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co8~* .1 = 8in“‘ Vl — = tan' 

= 2 3in~^ 


♦ -1 

= fon *-=: 

A 


2 C08' 


‘-‘V- 


+ A 


yj^— 2 ^ = 2 tan-» i cos » (2^* - 1) 


= ^ sin-» 2A^ll- = ^ tan-» ^^^J_ -— 

-1 / IT . ZA^ 5A'' 

X C08 ( .4) 2 6 40 112 


(109) 


tan"' .4 = sin *■ 


Vl + A^ 
2A 


= cos 


- • • • if ^* < 1 

1 1 * 2^ 

= 5 tan * - t 

Vl + 1 - 


1 • —I -“-fi 1 1 — A* r, • -I / Vl + — 1 

= ^ Sin ‘ r+A^ = 2sin ' I - 


2Vl + 


= 2 cos 


/ l + Vl + A^ 

' 2Vl + A^ 


= 2 tan' 


_1 Vl + - 1 

A 


= - tan-‘ (- ^) = ^ - 1*+ + 


( 110 ) 


if -4* < 1 


( 111 ) 


V. 

rf(sin x) = cos xdx 
d{cos ar) = — sin xdx 
d(tan x) = sec* xdx 
d{cot ar) = — esc* dx 


DIFFERENTIAL CALCULUS 

(112) </(sinh x) = cosh xdx 

(113) d(cosh x) = sinh xdx 

(114) d(tanh x) = sech-xrfx 

(115) d(coth x) = — csch* xdx 


rf(sin ‘ x) = ^ 

Vl — X* 

<i(co8“‘ x) = - ^ 

Vl — X* 


(116) (f(sinh-» x) = 

Vx*+1 

(117) d(cosh“* x) = ■■ 

Vx* - 1 




(118) d(tanh-* x) =-^ 

(119) <f(coth~* x) = — —^ 

1 — X* 


( 120 ) 

( 121 ) 

( 122 ) 

(123) 

(124) 

(125) 

(126) 
(127) 


* Use the + sign, if x lies in the firet or fourth quadrants and use the ~ sign, 
if sin*' X lies in the second or third quadrants. 

t Use the v— sign, if oos~^ x lies in the first or fourth quadrants and use the -f sign, 
if 000*^^ X lies tn the second or third quadrants. 




APPENDIX B 


COMPLEX QUANTITIES 


A complex quantity is a two-dimensional number. It may be repre¬ 
sented, (1) in the general case, simply by any convenient symbol, such as 
P, Z, etc., or it may be represented, (2) in polar coordinates, by an ex¬ 
pression such as Z /0 —in which case the quantity (Z) preceding the 
angular sign (/ ) is to be regarded simply as a numeric and not as a 
complex quantity in itself, or (3) in rectangular coordinates, a complex 
quantity may be represented by an expression such as -^4 + jBy where j 
is an operator denoting 90® rotation and is defined as V— L When a 
symbol or any other expression represents simply a numeric (as con¬ 
trasted to a vector quantity), it is frequently enclosed in vertical bars, viz., 

1ZI, to indicate that regard is only to be given to the numerical or abso¬ 
lute magnitude of the quantity so enclosed. Positive angles are assumed 
to lie in an anti-clockwise direction of rotation and are represented by the 
symbol (/ ), while negative angles are assumed to lie in a clockwise 

direction and are indicated by the symbol (/ ). In the following dis¬ 

cussion 0 is the angle XOP. 

One complex quantity is said to be the conjugate of another when 
their real parts are equal and their imaginary parts are equal in magnitude 
but have opposite signs, viz., A + JB and A — jB are conjugate quanti¬ 


ties. Expressed in polar coordinates, 
Z /0 and Z /0 are conjugate quantities. 
In the general symbolic system a dash 
over the symbol is used to indicate that 
one quantity is the conjugate of another, 
viz., Z is the conjugate of Z. 

The following relations are useful in 



changing from the polar to the rectang- — Graphical representation 

ular system of coordinates and vice versa of a complex quantity by means of 


(see Pig. 1). 

a: « Z cos 0 (1) 

e=tan-‘| (3) 


rectangular or polar coordinateis. 


y = Z sin 0 

(2) 

r 

0 == COt~*-p 

(4) 


Z - X -r cos e (5) 
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Z * y sin e (6) 
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Let Pi s Xi + jTx s Zi and Pt = X* + jTj s Z 2 represent 
two complex quantities. 

Then their sum is given by the expression: 

Pi + Pt= {Xi + Xi) + j{Yi + Yi) (7) 

Therefore, to add vectors, add all the real parts to obtain the real 
part of the resultant and add all the imaginary parts to obtain the 
imaginary part of the resultant. 

The difference of the two quantities is given by a similar expression: 

Pi-Pi = (Xi - Xi) + KYi - Yi) (8) 

Their product is: 

PiPi= ZiZi /Oi + Oi ( 9 ) 

Hence, the product of vectors is found by multiplying their scalar 
magnitudes or moduli and adding their angles.* 

Their quotient is: 

^ = p/ei-ei ( 10 ) 

or is obtained by dividing one modulus by the other and by subtracting 
the angle or argument of the divisor from that of the dividend.* 

The iVth power of the vector quantity P is: 

P^,=Z^im ( 11 ) 

and its Ath root is; 

pus ^ Zus (12) 

In the above equations the complex quantities are expressed in the 
form in which experience has shown them to be best adapted, as a rule, for 
performing the processes in question. If a quantity on which it is wished 
to perform any of these operations is expressed in the other form than the 
one indicated, it will be usually found more convenient in carrying out the 
operation to convert the quantity, by means of equations (1) to (6), into 
the proper form. 

If Y is large as compared with X, equation (6) xoiU give more accurate 
results than equation (5). If X is large as compared with Y, then equation 
(5) wUI give the more accurate results. 

*The produot and quotient of two oomplex quantities nxay abo be obtained by the 
use of equations (14) and (15). 
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Addition: 

Given the two complex quantities P\— 12 + j29 and Pj = 7 — j2, 
to find their sum. From equation (7) 

Pi + P* = (12 + 7) + i(29 - 2) = 19 + i27 

Subtraction: 

Given the same two quantities as in the preceding example, to find 
their difference. From equation (8) 

Pi - Pj = (12 - 7) + j(29 + 2) = 5 +i31 


M tdtiplication: 

Given the same two quantities, to find their product: 


From eq. (3) 

From trigonometric tables 
01 = / 67° 3U 
and 


From eq. (4) 
cot 2 ^ 

From trigonometric tables 
02 = / 15 ^ 56 ’ 
and 


sin 01 = .924 


cos 02 = .9616 


From eq. (6) 

Z = ^29 

* sin 01 .924 

Whence 

Pi = 31.4 /67° 31' 


31.4 


From eq. (5) 

Z = 

* cos 02 .9616 

Whence 

P 2 = 7.28 /iFW 


7.28 


From eq. (9) 

P 1 P 2 = Z 1 Z 2 /Q\ 4*^2 

= 31.4 X 7.28/67° 31' - 15° 56' 

= 228.6 /51° 35' 

From trigonometric tables 

cos 51° 35' = .6214 and sin 51° 35' = .7835 


From eqs. (1) and (2) 

a: = Z cos 0 = 228.6 X .6214 = 142 
y = Z sin 0 = 228.6 X .7835 = 179 
PiP, = 228.6 751° 35' = 142 + jl79 


Therefore 
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Division: 

Given the same two quantities as in the preceding example, namely, 
Pi = 12 + j29 and Pj = 7 — j2, to find their quotient. In the preceding 
example it was found that, expressed in polar coordinates. 

Pi = 31.4 /67®31' 

and that 

Pj = 7.28 /I5* 56' 

Hence, from equation (10) 

§ = 1^/67° 31' + 15“ 56' 
ji 2 7.28 

= 4.31 /83® 27' 

It should be noted from Fig. 1 that, since the square of the hypothe- 
nuse (Z) of a right angle triangle is equal to the sum of the squares of 
the other two sides (X and F), the absolute or scalar magnitude of any 
complex quantity is equal to the square root of the sum of the squares of its 
real and imaginary components. In other words if 

Zie^R + jX, then 1^1= V/P + (13) 


FORMULAE FOR COMPLEX QUANTITIES 

For reference purposes, there is given below a list of some of the more 
important formulae involving complex quantities. In the following 
formulae the symbol K is used to denote any integer. 


(A + jB)(C + jD) = {AC - BD) + jiBC + AD) 

A-\-jB_AC + BD .BC- AD 
C + jD C® + ZP'^-^C» + ZP 


1 _ ^ 

. P 


A ^-jB + P* •' ^* + P* 


V^+iP= ± 


Va* + /I j 

-jB=±: 


VA* + P* - Aj 


Va+JB = {A* + 



(14) 

(15) 

( 16 ) 

(17) 

(18) 

(19) 
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log, {A ± jB) = flog, (^» + B») 


+ j |^tan~‘ ^ ^ ^ ± 

• • ■ if /I is + (20) 

log, (^ ± jB) = i log, (^* + B*) 


+ j^tan~* ^ db (2/ik + l)7r 

• • • if is — (21) 

loge i4 /0 = loge A + j{d + 2TrK) 

(22) 


(23) 

log, (+ 1) = db j2TrK 

(24) 

log, (~ 1) = ± jTr(2K + 1) 

(25) 

log, (+ j) = ± jTr(2K + f 

(26) 

log, (-j) = ±:jir{2K+ ») 

(27) 

A le = A cose + jA sin 6 = 

(28) 

= 1 

(29) 

" (“•!) = j 

(30) 

ghr(2K-hl) ==: _ J 

(31) 


(32) 

= cos A A- j sin A 

(33) 

g~M — pQg A — j sin A 

(34) 

_ 1+ J tan A 

1 — j tan A 

(35) 

gA+jB ^ gA 1^ — gA pQg g _J_ jgA gj„ g 

(36) 

|jii+yB|= gA 

(37) 

QA+iB ^ ^>*[€03 (B log, C) + j sin (B log. C) J 
sin jA = j sinh A = jfe'* — e~*) 

(38) 


= — j sinh (— A) = jVcosh* A — \ (39) 


cos }A «■ cosh A = + c '*) = cosh (— A) = -p===== (40) 

VI — tanh* A 


(41) 
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sin ^ — e~^^) = — j sinhj^ 

cos ^ — coahjA 

eJ^A _ j 

^ ^ **“**-^’^ 

sin (A zb jB) = sin A cosh B Azj cos A sinh B 

= zb j sinh (R ^jA) 

cos (A zb jB) = cos A cosh B sin A sinh B = cosh (B ^jA) 


tan (A zb jB) 


sin 2A ± j sinh 2B 
cos 2A 4* cosh 2B 


(cos ^ ± i sin B)‘* = cos NA zb j sin NA 


v/cos~T±ysin^ 


A “|~ 2irK 


dz j sin 


A 4" 2ir/L 


(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 

(49) 


sin~* A = — j sinh~* = — j log, (JA 4- Vl — A‘) (50) 

cos“* A = — j cosh~* A = — j log, (-4 4-iVl — J*) (51) 

tan~* A = — j tanh~* jA = ii[log, (1 — jA) — log. (1 4- jA)J (52) 

sin~* jA = j sinh“‘ A = j log, (^4 4- ''^14- 4*) (53) 


cos ^jA= — j cosh ^ jA = ^— j log, (4 4- >^1 4- -4*) (54) 

t&n~^ jA = j tanh“' A = jjpog* (14-4) — log, (1 — A)2 (55) 

sinh jA = j sin A (56) 

cosh jA = cos A (57) 

tanhy4 = j tan A (58) 

sinh jirK — 0 (59) 

cosh jtA!’ = cos irK = (— 1)* (60) 

tanhjVii: = 0 (61) 

sinh^ ± 4 4-i l) = j cosh 4 (62) 

sinh ^4 zfc = ± j cosh 4 (63) 

sinh (4 4- jitK) = (— 1)* sinh 4 (64) 

sinh {A 4- j^r) = — ; cosh 4 (66) 
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sinh (A + j2ir) = sinh A 

(66) 

cosh.| 

sinh A 

(67) 

cosh 1 

A ± j ^ ^ = ± j sinh A 

(68) 

cosh (A + jirK) = (— 1)^ cosh A 

(69) 

cosh (A + j|7r) = — j sinh A 

(70) 

cosh (A + j2Tr) = cosh A 

(71) 

tanh 1 

^ /I =fc j ^ ^ = coth A 

(72) 

tanh (A + jwK) = tanh A 

(73) 

sinh j 

1 (2A- + 1) = j sin (2iC + 1) 1 = ± i 

(74) 


co3hi|(2ii:+1) = 0 (75) 

sinh (A db jB) = sinh A cos B zt j cosh A sin B 

= dz j sin (B l^jA) 

= Vsinh^ A + sin^ B tan“^ (coth A tan B) 

= Vcosh^ A — cos^ B /dz ta n~^ (coth A tan B ) 

cosh (A zt jB) = cosh A cos B zt j sinh /I sin 5 = cos (B ^JA) 

= Vsinh* A + cos^ B /zt tan"~^ (tanh A tan B ) (77) 

= Vcosh^ A — sin* B /zt tan~“^ ( tanh A tan B) 

^ ^ . ‘D^ tanh ^ zt j tan B sinh 2A zt j sin 2B 

Unh M ± ^ . ^ ^ ^ (78) 

smh~‘ db jB) 

- sinh-» r + 5* - 1 


.. +(fi + 1)* - + (B - 1)* 

1 sm I - 1 - 


± J sm 




• ±i 


j sin M , _ 

L Va» 


+ (¥ + 1)» + Va“» + (B - 1)* 
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] 


cosh ^ (i4 zb jB) 

r 4- (1 4- A)» + V5» + ^ 

2 


= cosh” 


L 


_j f ylB» + (1 + 4)* - Vb» + (1 - A)* 

..2 


dz J COS ^ 

= sinh-i [ - 1 + V(4 =» +'F -r)^ 4l^J 

• -if 24 

7 COS M 


] 


(80) 




tanh~‘ (4 d= jP) 
= ^ tanh~* 


24 


VR* + (1 + 4)» + VR* + (1 - 4)'». 
± 2B 


1 + 4* + R* 


+ tan ‘ 


1 - 4» - fi» 


_i, R*+(H-4)» .^r, -1 , , -1 1 

- * '“*• «■+(I - 2 ?+■” L I + J 

sinh-'OB) - cosh-* B+ ;<■'+» I, it B>1 

4 W 

sinh-1 (jR) = j[(- 1)*^ sin-‘ R + AV], if R < 1 
cosh-» (jB) = rt [^sinh-‘ R + X ^ tt j 

tanh“^ {jB) = j[|tan“* B + Air] ~ i ^ ^ ~ cot~^ R J 

,-/n = + (1 - 


sin * (4 =t jR) = sin” 


] 


rh j cosh 


-1 + (1 + +iL- 


(81) 

(82) 

(83) 

(84) 

(85) 

( 86 ) 


cos * (4 ± jB) = cos' 

L 

^ j cosh' 

IT—tan~' 

tan~‘ (4±iR) = 


r Vr* + (1 + 4)* - Vr» h- (1 - 4)* 


1 y^±.(i.±_4)* ± Vr" + (1 - 4)» 

‘(d=R-l)'^*®”"'(±R+l) 


] 


(87) 


(88) 


± ii log. 


4* + (1 =fc Bf 
4* + (1 =F R)* 
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RELATIONS BETWEEN VARIOUS ANTI-HYPERBOLIC FUNCTIONS 


Proofs of the Relations Existing Between Various 
Anti-Hyperbolic Functions 


(Used in Equation (7), Chapter XI) 

Given that, by definition:* 

cosh P s 4-(1) sinh P = — e~0 (2) 

tanh P = ^ (3) 

cosh P 

To prove: 

iog« (U 4- ylu^ — 1) = cosh~* U 
Let P = cosh“* U. Then 

U = cosh P s A(eP e-n 

{/2 _ 1 = 4- e-y - 1 = - 2 4- = W - e-y 

U 4- -T = He'* 4- e-'*) 4- He'’ - O = 

Hence: 

log, (U 4- Vt7* -T) = log, e'* = P = cosh-* U (4) 

To prove: 

P = sinh”* VU* — 1 where P = cosh”* U 
U = cosh P s He'* 4- e-O, U* = H®*'* 4-2 4- e-***) 

U* - 1 = He*'’ - 2 4- e-***) = He** - e-**)* 

Hence: 

VtP — 1 = He** — e”'*) = sinh P or P = sinh”* VtP — 1 (5) 

To prove: 

P = tanh~* - where P = cosh”* U = sinh'* VCP — 1 

Since sinh P = V CC® — 1 and cosh P — U 
Then: 


sinh P , „ /CP^l o /CP^ 

* The symbol ■ is used to denote equals, by definition.*’ 
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( 6 ) 
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To prow: 


P - 2sinh 'yj 2 

where P = cosh * U 

cosh P = U = i(«' + «~0 

or i(«'’-2 + 0 

Hence; 


yl^ 2 s sinh 2 or P - 2 sinh"* y]^ ^ ^ 

To prove: 


P = 2 cosh-' ^ 

where P = cosh ^ U 

P = cosh”^ U or 

U = cosh P a + e-0 

^ + 2 + O. 

J ^ + ‘'■■‘^'*0 * cosh 


Hence: 

P = 2 cosh~> (8) 

To prove: 

P=2tanh-‘^^ 


where 

Since: 

Then: 

or 


P = 2 sinh ^ = 2 cosh ^ 






lu-l 
v/u+ 1 


tanh“* 



I/- 1 

U+ 1 


( 9 ) 
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FORMULAE FOR EQUIVALENT NETWORKS 

1. RELATIONS BETWEEN GENERALIZED TWO-TERMINAL 
NETWORKS HAVING IDENTICALLY EQUIVALENT 
IMPEDANCE CHARACTERISTICS 



Fig. 1. Equivalent impedance networks composed of one combination of three 
generalized impedances. 

The two networks shown in Fig. 1 are equivalent when: 

A{\ + A) (1) C = (1 + A)* (2) \ + A (3) 



Fig. 2. Equivalent impedance networks composed of a second combination of 
three generalized impedances. 


The two networks shown in Fig. 2 are equivalent when: 



Fio. 3. Equivalent impedance networks oompoaed of one combination of four 
generalised impedances. 
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The two networks shown in Fig. 3 are equivalent when: 


c = 

N(M + N) 

M + N -28 

(7) 

Z) =. 

M + N-28 

(8) 

E = 

N(M - N) 

(9) 

F - .. 25^ _ 

(10) 

N- M + 2B 

N- M + 2B 

where 

M=l+A+8 

(11) 

and N= <AP - iAB 

(12) 



Fia. 4. Equivalent impedance networks composed of a second combination of 
four generalized impedances. 


The two networks shown 

in Fig. 4 are equivalent when: 


u- Bf 
(1 + :4)(i + 5)* 

(13) 

n _ (^ - Bf 

(1 + A)W + B) 

(14) 

F- ^ 

^ 1 + ^ 

(15) 

F = 

1 + B 

(16) 



Fig. 5. Equivalent impedance networks composed of a third combination of four 

generalized impedances. 


The two networks shown in Fig. 5 are equivalent when: 


^ _ (28-M + N){M + N) 
^ 4RAr 


D = 


2^- M_+N 

Tn 


(18) 


p _ (Jtf + AT - 2B)(M - N) 
^ A8N 


F 


M-\-N-28 
” 2N 


( 20 ) 


(19) 
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Af = 1 4- ^ + B (21) and AT = Va/» - ^AB (22) 



Fia. 6. Equivalent impedance networks composed of a fourth combination of four 

generalized impedances. 


The two networks shown in Fig. 6 are equivalent when: 


C ^ \ + A 


(23) K - (24) 

(25) (26) 

\A — By 



Fig. 7. Network which contains generalized impedances, Z\ and Zi, of a constant re¬ 
sistance product and whose impedance is a pure resistance, E, at all frequencies. 


The two networks shown in Fig. 7 are equivalent when : 

ZiZt = B? (27) 



Fig. 8. A second type of network which contains generalized impedances, Zi and 
Zt, of a constant resistance product and whose impedance is a pure resistance, at all 
frequencies. 
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The two networks shown in Fig. 8 are equivalent when: 


(28) 


z. 



Fio. 9. Bridge type of network which contains generalized impedances, 2 1 and Z|, 
of a constant resistance product and whose impedance is a pure resistance, R, at all 
frequencies. 

The two networks shown in Fig. 9 are equivalent when: 

ZiZt = iP (29) 


11. RELATIONS BETWEEN TWO-TERMINAL STRUCTURES 
COMPOSED OF PURE REACTANCES AND 
HAVING IDENTICALLY EQUIVALENT 
IMPEDANCE CHARACTERISTICS 


r 


4 


T 


1 

J" 


I'* EQLIV 
.M.F\T 


T 


Jc. 


Fig. 10. Three-element equivalent networks, each containing one inductance and 

two capacities. 


The two networks shown in Fig. 10 are equivalent when: 
Ct=^C^ + CB (30) 

La 


Cl = ^ {Ca + Cb) 


Li = 




or when: 


Ca 


Ct* 


(33) 


Cb 


CiCt 


Cs+Ct Ci + Ct 


(31) 

(32) 

(34) 


( 36 ) 
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IS EQUIV¬ 
ALENT TO 


•• 


r 

T 






Fio. 11. Three-element equivalent networks, each containing one capacity and two 

inductances. 


The two networks shown in Fig. 11 are equivalent when: 


u 


w 


L/i + Li 


or when: 


_ Lt( Li -4- Li) 

Li 


(36) Cl = ( 
r — 

* Lji +Lb 

(39) Ca 

Lb = Z/i -f" Li 



(37) 

(38) 

(40) 

(41) 




1. S 
>» 




‘■I 


t£:i. 


ri(. 121) 

Fig. 12. One type of four-element equivalent networks, each containing two inductances 

and two capacities. 


Each of the meshes or networks shown in Fig. 12 are equivalent to 
each other from an impedance standpoint when the following relations 
have been satisfied: 


Li 


It 

Cl 




_ LuL ajLR + La){CB + Ca)* 
{LrCr — LaCa)* 

La + La “ Ly = Lr + La 

Ca _ Cv' _ {LaCa-LaCa? 

( \ T La V “ Cv + Cw {Lr -1- La)*(C« + Ca) 


(42) 

(43) 

(44) 
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Ct — Cb — 


CyCw 


C«Ca 


Cv + Cw Cr + Ca 
Lb = (46) 


Li + L^ 

c.=c.(..§y 


Lb = 


ill* 


Ly — i* 


Cy = Cl + C* 


(48) 

(50) 

(52) 


il + i* 

Cb = C, 

il 


iir = 




(45) 

(47) 

(49) 

(51) 


Cw = 


Cl 


C3 = 


A + Va« - ^Li^CiCiK 


2is*Ci 

in which A = (iiCi -j- i*Ci LiC^)^ — ^LiCiL^Ci 
CsCj 


(Ci+C,) (53) 
(54) 


C« = 


/CCX T ilCl + ilCl + i2C2 — L^Cr 
(55) is =-7^-79- (56) 


Ca-C2 Ca-CR 

Lr = Li is (57) 

Ante; In the special case in which iiCi = L 2 Ci, equations (54), (55), 
(56) and (57) reduce to: 




is = 


i2 
2 

ia = 4* 


1 + 


1 - 


4 


1 + 


4ii 

it 


i 

C.sj: 


4= i.< 


C*-p 


E~ 


14 

i, J 


(58) 

(59) 

(60) 

(61) 


r* 

i€a 


Fif. I3A 


Fig. I3B 





Ca ^ ^ Ca 


I 


Flf. 131) 


Fiq. 13. A $eeond type of four-element equivalent networks, each containing two 
inductances and two capacities. 
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Each of the networks shown in Fig. 13 will have identically the same 
impedance, at all frequencies, when the following relations have been 
satisfied: 


r, Cb{Ca + Cb) f 

, / LwV C«Cs(C« + Cfl)(i« + La)* 

'"'V ivy (iBCa-lsCs)^ 

(62) 

C 2 = Ca + = Ck = 

Ca + Ca 

(63) 

i - - - 

Ly^ _ (LrCr — LgCsY 



+ Lw {Cr + C8Y{Lr + La) 

(64) 

j j LvLw 

LrLs 

Lr + Ls 

(65) 

r - 

Cl + C 2 

<“> - cTc, 

(67) 

L. = i.(l+g 

^ (68) Lb = L 2 

(69) 

Cv “ C 2 

(70) C, = y - ?■ i 

(71) 




Z|r = Li -f" L 2 

(72) Lw = (Li + L 2 ) 

(73) 

L 

K + VX2 
^ 27,1(72* 

(74) 

in which K = {LiCi 4“ L 1 C 2 "i“ — 4 L 1 C 1 Z/ 2 C 2 


Lh= (75) 

Ltg — L/2 

^ LiCj + L 1 C 2 + L 2 C 2 “• LrC2 

Cs 

(76) 


C« = (72 - Cs 

(77) 


Note: In the special case in which LiCi = LtCt, equations (74), (75), 
(76) and (77) reduce to: 

-J==l ( 81 ) 


'I 
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III. RELATIONS BETWEEN TWO-TERMINAL STRUCTURES 
COMPOSED OF RESISTANCES AND INDUCTANCES 
AND HAVING IDENTICALLY EQUIVALENT 
IMPEDANCE CHARACTERISTICS 



Fiq. 14. Three-element equivalent networks, each containing one inductance and two 

resistances. 


The two networks shown in Fig. 14 are equivalent when: 



Fig. 15. Three-element equivalent networks, ea<^h containing one resistance and two 

inductances. 


The two networks shown in Fig. 15 are equivalent when: 


1 

II 

k 

(88) 

T - 

(89) 

+ Lb 

* Lx + Lb 

D _ 

■ 

(90) 

ZfB =* 

(91) 

(Lt + U) 

(92) 


CO 
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Fif. 168 



Pif 16C 



Pig. 16D 


Fig. 16. One type of four-element equivalent networks, each containing two resistances 

and two Inductances. 


Each of the meshes shown in Fig. 16 will haye identically the same 
impedance, at all frequencies, provided the relations given below are 
satisfied: 


ftl 

R/ 

Ra + Rb 

“(> 

Rw 

{LrRs “ LsRrY 

R + LsYiRR + Rs) 

(94) 


_ RaRb 
Ra + Rb 

= Rv 

_ RrRs 

Rr + Rs 



(94a) 

L, 

II 

tB 

II 

^1 

vLw 

+ Lw 

_ LrLs 

Lr -f“ Ls 



(95) 

7, 



Ly* 

{LrRs — 

LsRr)^ 




)■ ^ 

+ Lw {R 

R + Rs)^^ 

[Lr + Ls) 


Ra = 


(97) 

Rb = 

Ri + R 2 


(98) 

x.- 


(99) 

La = 

Xi ^ 1 + 

Ri) 

(100) 

Rv ^ Rt 

(101) 

Rw = 


(102) 

Ly =* L\Lt 

(103) 

Lw = 

= ^(L^ + L^) 

(104) 


Ls 

2Li 

K + y/K*- 

4LtLiK 

fit* 

] 

(105) 
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in which 


Lr = 


\Ri Ril 


LrL^ 
Ls La 


(106) 




RiRi 

Ls — Lr 


L\ , Li . i>2 Lii 


(107) 


:ri4. ri4.±:2 — ri! 
jRl JB 2 Ii2 1^2 





Fig. ITA 


Fig. 17B 


Fig. I7C 


Fig. 171) 


Fig. 17, A second type of four-element equivalent networks, each containing two 
resistances and two inductances. 

Likewise each of the meshes in Fig. 17 will have identically the same im¬ 
pedance, at all frequencies, provided the relations given below are satisBed: 


Li — ^ (La + Lb) = Lw ^ 1 + 


Zy2 = + Lb = Zf = Lr + Ls 


_ LaLs(Lr -}“ Ls)(Rr 4“ Rs)^ 
(LrRs — LsRsY 


(109) 

( 110 ) 


La == 
Ra^ 


L^ 

L\ + L 2 
Ri 


Ly ^ Lt 

jy _ RlRi 


II 

+ 

RrRs(Rr + Rs)(Lr + Ls)* 
(LrRs — LsRr)* 

(111) 

= Rr + Rs 


(112) 

(113) 

T — L\L% 

® U + u 

(114) 

, (115) 

Rb ~ R^ 

(116) 

(117) 

Ljf = 

(- 1 )’ 

(118) 

(119) 

ff = 

Ri + Rt 

(120) 


1 

(121) 



^ R\R% 
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• 

in which 

\ ill ^ / 

4 L 1 L 2 

R1R2 



Rr ~ R2 — Rs 


(122) 


T — / _1_ ^2 _L. ^ 

Ui ^ Rn) 

RrRs 

(123) 


'Rb-Rs 


Lb = Li — La 


(124) 


IV. RELATIONS BETWEEN TWO-TERMINAL STRUCTURES 
COMPOSED OF RESISTANCES AND CONDENSERS 
AND HAVING IDENTICALLY EQUIVALENT 
IMPEDANCE CHARACTERISTICS 



Fig. 18. Three-element equivalent networks, each containing one resistance and two 

capacities. 


The two networks shown in Fig. 18 are equivalent when: 


Ci = 

Ca + Cb 

(125) 

Cl (Ca + Cb) 

(126) 

Ri = 

Ra 

(‘ 4 :)’ 

(127) 

r - 

Cl + Ci 

(128) 

Cb = 

CiC, 

(129) 


(130) 

Cl + Ct 




Fio. 19. Three-element equivalent networks, each containing one capacity and two 

resistances. 
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The two networks shown in Fig. 19 are equivalent when: 


Ri = 


Rb* 


(131) 


Ra + Rb 
c, =C^(l+^y (133) 

Rb= Ri + Rt (135) 


Ca = 


_ RaRb 
Ra + Rb 

Ri- 

C, 


Rt 


Ra = ^ (Ri + Rt) 






'i 


(132) 

(134) 

(136) 


It 


3 


Fig 201) 


Fig. 20. One type of four>element equivalent networks, each containing two resistances 

and two capacities. 

Each of the meshes of Fig. 20 will have identically the same im¬ 
pedance, at all frequencies, provided the relations given below are satisfied: 


Ri = ^(Ra + Rb) = Rw(^l+^J 


_ RjiRs(Jiii + R8 ){Cr + CaY 
(RrCr - RsCsY 


Rz ^ Ra Rb = Rv = Rr + Rs 

Ca _ Cy^ __ (RrCr — RsCaY 




Cj = Cb = 
Ra^ 


(■+!)’ 

CyCw CrCs 


Cv + Cw (Rr + RsYiCR + Cfl) 


Cy + Cw Cr + Ca 
(141) 


Ri + Rt 

= (143) 

Rv= Rt (145) 


Rb 

Cb 

Rw 


Cf “ Cl -h Ct 


Cb 


(147) 

K -f - ARt'CtCtK 


RiRj 

Ri-)r Rt 

Ct 

Ri 


Car « ^((71 + C,) 


2RfCi 


(137) 

(138) 

(139) 

(140) 
(142) 

(144) 

(146) 

(148) 

(1491 
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in which 

K. “h RiC^ -f“ RzOz)^ — 4R1R2C1C2 


0 _ RaR^ 

* Ra - R2 

(166) 

RiCi + RiC^ ”1“ R2C2 — RrC^ 

(167) 

Rs — Rr 

0 

I 

II 

(168) 


V. RELATIONS BETWEEN EQUIVALENT FOUR-TERMINAL 

NETWORKS 

These are structures which, when connected between a source of 
power having only two terminals 1-2 (or 3-4) and an impedance also 
having only two terminals 3-4 (or 1-2), can be substituted for each other 
without affecting the current, voltage or power in either of the terminating 
circuits.* 

(Par meehanical reasons, the remaining figure* in Appendix D do not appear in itrictly numerical order). 


STRUCTURE 

EQUIVALENT SMOOTH LINK 


•- 

/■ • : 

-• 

Fig. 31.A 


Fie .ill) 


Za 

A A A A A ^ 


P - 2 


• r vvVVvV M ^ 



File. 32A 


Fie .3_»b 




Note: In the circuits shown in Figs. 33B and 34B, the 1-2-3-4 connection 
of the transformers is assumed to be a series aiding connection. 
















EQUIVALENT T NETWORKS | EQUIVALENT » NETWORKS 
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APPENDIX E 


FORMULAS FOR VARIOUS TYPES OF CIRCUITS 
I. Ladder Structure—^Two Mesh. 


W\AAA- 



Fia. 1. Two-mesh ladder type orstructure. 

£(Zi + Zt) 


/t = 
/» = 


ZiZi Z\Zt -f- ZiZz 
EZt 

ZiZ% Z\Zt -f" Z^Zz 
EZz 


ZiZi -f- ZiZj ZjZs 

II. Ladder Structure—Three Mesh. 


■VWNAA 



>AWAA- 
/. * 


i" 


Fia. 2. Three-mesh ladder type of structure. 

, _ EC(Z, + Z,)(Z, + Z.) + Z.Z,] 

11 - Jj - 

E[^Zz(Zi + Z^) + ZiZi^ 

/,--- 


It 


It 


It 


EZziZi Zs) 
H 

EZiZz 

~H~ 

EZzZz 

__ 


( 1 ) 

( 2 ) 

(3) 


(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 


* For oirouit formulae involving separate-winding transformers or auto-transformers 

see Appendix Q. 


283 
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in all of which 

H s Zi(Z, + Z,)(Z4 + Zs) + ZtZiiZi + Z^) + Z2Z,(Z4 + Z*) (9) 
in. Ladder Structure—^Four Mesh. 

Zi Z, /, 



i" 


j {(Zi-\-Zi)(Z4-{-Zi)-\-ZiZi]-\-ZtZi(Zi-{-Zi-\-Zi)~] 


( 1 =- 


H 


h- 


_ E[_{Zi•\-Z^\ {Zt(Z3+^4) + ^S^4}+^6Z7(ZgH-^«)] 

H 

J _ EZ^\_{Z^-\-Z^{Zt-{-Z^)-\-ZtZ^~\ 

* # H 

, _ AZ,[:Z»(Z,+Z7)+Z,Z7] 

^ H 

J _ EZ^Z,{Z,+Zi) 

7.--- 


/.= 

h= 


EZiZ^Zi 

H 

EZrZ^Z, 


H 

in all of which 

H^\Zt+Zj] {Zi(Z* + Z,)(Z4 + Zs) + Z2Z,(Z4 + Zj) 

+ ZtZiiZi + Zj)! + ZjZtKZi + Z 2)(Zj + Zi) + ZjZs) 

IV. Bridge Structure. 


( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 
(16) 
(16) 

(17) 



Fia. 4. Three different Tepreeentations of a bridge type of structure. 
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Note: All of the circuits of Fig. 4 are identical—the particular method 
of representation being simply a matter of individual choice. 


j _ + Zi) + Zt{Zi 

‘ // ■ 


h = 


4 ~ ZU + Z 4 (Zi + ZsJG 

T _ Ei{_Zi{Zi + Z2) + Zi(Z2 + Z4)] 

/,-^- 

, _ E[Z 6 (Zi + Z2) + Z2(Zi + Za)] 

. . H - 

, _ EW, - Z1Z4] 

h- jj - 

j _ E\_Zf,{Z\ + Z3) + (Z2 + Z4)(Zi + Zj + Zs)] 

H 

in all of which 

H = (Zi + Zi){Z%Zi 4 - Z5Z#) 

+ (Z3 + Zi){Z\Z<i, ZsZg) + (Za + Z6)(ZiZ4 + Z2Z3) 

f- Zi{ZiZz + Z2Z4) 4- Z6(ZjZ2 4 " Z%Zi) 

V. Bridged-T Structure. 


(18) 

(19) 

( 20 ) 
( 21 ) 
( 22 ) 

(23) 

(24) 




Fia. 5. Three different representations of a hridged-T type of structure. 

Vote: All of the circuits of Fig. 5 are identical—the particular method 
of representation being simply a matter of individual choice. 


j = 

J mZiiZ, 4 - z,) 4 - Z,(Z, 4- z,)] 


(25) 


(26) 
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r _ 4* Zt) + Zt{Zt 4" Zt)^ 

* H 

j ^ ElZiiZi + + (Zt + Zi)(Zi + Zi + Z,)] 

* H 

j _ EZZiiZt + Zt) + Z,(Z, + Zt)l 
‘ H 

J _ E^Zi{Zi + Zj) + Z](Z| + Z$)] 

i6 jj 


(27) 

(28) 

(29) 

(30) 


in all of which, as in formula 24 

H ^ (Z, + Zt)iZtZt + ZjZ,) 

+ (Zj + Z4)(ZiZ2 + ZjZj) + (Zi + Zt){ZiZt + ZjZa) (31) 
“I" Zj(ZiZi 4- ZtZi) 4" ZtiZiZt 4" Z%Z^ 


VI. Local Battery Substation Circuit. 



Fio. 6. Local battery type of substatioa circuit. 


Note: 1—2-3-4 is assumed to give a series aiding connection of the 
induction coil. 

Case 1: Assuming an e.m.f. E acting in series with Zt, the various 
currents are: 


Ir — II = 


Ip = It — 


EZ 


M 


(Zp 4" Zt)(Zs 4" Zji + Zl) — Zii* 

_ E{Zb 4~ Zr 4~ Zl) _ 

{Zp 4- Zr)(Z5 + Z« 4- Zl) - Zt? 


(32) 

(33) 


Case 2: Assuming an e.m.f. e acting in series with Zl, the various 
currents are: 


_ g(Zp 4~ Zt) _ 

(Zp 4" Zt)(Zs 4~ Z* 4" Zl) — Zt? 

_ tZti _ 

{Zp 4" Zt)(Zs -h Zg -h Zl) — Zt? 


(34) 


Ip — It 


(35) 
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In an ideal circuit of the above type the power-distribution ratio is 

y=pxp (36) 

The turns ratio on the induction coil is 

Ns_ l^_ fZt Y 

Np \Zp \ZtY+1 

The impedance of the set is 


Z^=Zu + ^^Zr 


The impedance of the receiver is 


Zp = 


Zy 

Y+1 


Vn. Common Battery Substation Circuit—General Case. 


(37) 


(38) 

(39) 



Fig. 7. Common battery type of substation circuit—(i^neral case. 


Note: 1-2-4-3 is assumed to give a series aiding connection of the in¬ 
duction coil. 

Case 1: Assuming an e.m.f. E acting in series with Zt, the various 
currents are: 


j _ E^Zc^B~\'ZR'^Zp-\-Zs-h2Zu)-\-Zn{Zit-\-Zp-^-Zu)'^ 

T ~E£ZsZy-h(Za-i-Zu)(Zc-i-Zc-hZB)J 
H 

j _E^Zc{Zif^Zp-\rZ8'^2Zit)~iZy\-Zc){.ZR-\-Zp-\-ZM)~\ 

**---.- „ -■ . 


(40) 

(41) 

(42) 


E^Zb(.Zb^Zp-\-Z a-{-2 Zm) . 

J -{■i.Zf\-Zc){.ZB-¥ZB-\-Zp-{-Za-\-2ZM)'\ (43) 

--■ - w - 

is- ^ 

iC— -5 ^ 


(45) 
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in all of which 

H Zp+Z5+2ZAf) 

““ (Zjg+Zp+Zjif)*]—(^Z p+Zc+Zp+Zat] 

X[[Zc(Zj*+Zs+Zp4'Z5+2Za/)4“Zp(Z72+Zp+Za/)] (46) 

+ C^i2+Zp+Z5+2ZAfX-^fi(^«+^^?+^7’+Zp) 

+ Zc'(Z;2 + Zp+ZAf)] 

Cewe 2: Assuming an e.m.f. e acting in series with Zl, the various 
currents are: 

^C(-^«“h^^4‘Zp+Z5+2ZAf) (Zft+Zc+Zr+Zp) 

/l=-- - 


H 

j — a[]Zs(ZAf—Zr)+Zc(Zj5+ZAf)3 

- H 


~ (Zp4~Zp-f~ZA/)^3 (47) 
(48) 


/p— 


^(Zfi+Zc4“Zr+Zp)(Zp+Zp+Zs+2ZA/) 

^ — (Zp+Zp+ZAf)(Zp+Zc+Zp+Zii/)] (49) 

~ H 

e[J^Z B-\'' Z c-\- Z p Z \f){ZR-{- Z Z p -{- Z m) 


It^ 


H 


, _eiZBiZB + ZT+Zp) + ZciZB + ZB + Zp+ZM)2 

I, -^ ^ 


"~(Zp~hZp+ZAf)(Zp+Zp+Z5+ 2Zif)] (50) 

(51) 


^^^^(Z^+^KZij+Zp+Zp) — (Zat—Z r)(Zp+ZB+Zp+ZAf)] 

in all of which has the value given in (46). 

Vm* Common Battery Substation Circuit—Ringer Omitted. 



Fig. 8. Common battery type of substation circuit—ringer omitted. 


Note: l-2-4~3 gives a series aiding connection of the induction coil. 

Case 1: Assuming an e.m.f. E acting in series with Zt, the various 
currents are: 


+ Zc + Zp + Zm2 

(Zl + Zt + Zb)(Zk + Zc + Zr -f Zp) - (Zr - Zv)* ^ 
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_ ~ + Zb + ZuJ _ 

(Zl + Zt + Za){ZR + Zc + + Zp) — {Zt — Zm)^ 

E]^Zr + Z c + + 2ZA f]_ 

{Zl + Zt + Z^{Zr + Zc + Zt + Zp) — {Zt ■“ -Zm)* 


Case 2: Assuming an e.m.f. e to be acting in series with Zu the 
various currents are: 

e[ZR + Zc + Zt + Zp~] __ 


/l = 

Ir = 

It = 


{Zl + Zr + Za){ZR + Zc + Zt + Zp) — {Zt — Zm)^ 
cIZt-ZmI 

{Zl + Zt + Z8){Zr + Zc + Zt + Zp) — {Zt “* Zm)‘ 

_ gfZfi + Zc + Zp + Zm] _ 

(Zl + Zt + Z8){Zr + Zc + Zr + Zp) — {Zt “ ZmY 


(56) 

2 (57) 


(58) 


In an ideal substation circuit of the above type, the following relations 
hold: 

The impedance of the set is: 


7 Zsy j_(^Zp+ ylZsW 


The power-distribution ratio I’ is (see Sect. 10.3) 

V VZs / Zr 
The turns ratio Ns/Np of the induction coil is 


N 

Np 


p \Zp "^\Zt^Y+1 


The receiver impedance is 
Zr = 


Zr 




(59) 


(60) 


(61) 


(62) 


IX. Local Battery Anti-Side-Tone Substation Circuit. 

1 Jl* 



Fio. 9. liooal battery anti-side-tone type of substation circuit. 
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Note: 1-2-3-4-5-6 gives a series aiding connection of the windings of 
the induction coil. 

Case 1: Assuming an e.m.f. E acting in series with Zr, the various 
currents are: 


j _ E£Zac(2d + Zr + Zw) — Zad{Zcd — Z«)] 
IL H 


(63) 


_ E^Zac{Zd -H Zcd Zy) — Zad{Zc Zcd ~H Zr,)] 

/j, ss E[_(Zcd — Zr)^ — (Zc -4 - Zjt 4 *+ Z* + Z^)D ^ggj 


j _ E£Zad(.Zc + Zr -f* Zt) — Zac{ZcD ~~ Zii)] 
In H 


( 66 ) 


in ail of which 

H ^ IZA + ZtTUZcd - ZnY - {Zc + Z« + Zl)(Zi> + Z, + Zjv)] 

+ Za(^Zac{Zd Zb-\- Zn) ~ Zad{Zcd ~ Zr)~\ (67) 

+ Zad{JZad{Zc ■}■ Zs Zl) — Zac(Zcd ~ Z*)] 

and Zac is the mutual impedance between windings 1-2 and 3-4; Zcd 
is the mutual impedance between winilings 3-4 and 5-6, etc. 

Case S: Assuming an e.m.f. e acting in series with Zt, the various 
currents are: 


T _ i^Zad^ — {Za + Zt){Zd + Zg + Zn)"] 

It jj 


( 68 ) 


_ ^ZAoiZAC + Zad) ~ (Za + Zt)(Zd + Zcd + ^iv)] ^gg^ 


J _ «C^iic(Zi> -f" Zg -+• Zn) — Zad(Zcd ~ Zg)3 

H 

J _ ^(^s + Zr)(ZcD “ Zr) — ZacZaI^ 

In jj 


(70) 

(71) 


in which H has the value given in (67). 

Assuming an ideal transformer, equations (63) to (71) become 
respectively: 

With an e.m.f. E acting in Zr: 


E[_Zb('>IZaZc + "^ZaZd) + Zn'^ZaZc2 


H 


(72) 


E^Zh’^ZaZq — ZiVZgZc] 


H 


(73) 
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j- _ — E^Zit{'^Zc + “^Zd)* + ZfiZc + Zi^d"} 

r _ E\^Zit(,‘^Z aZc "t* ’^ZaZd) + Zi,'^ZaZd2 

With an e.m.f. e acting in Zl’- 

j _ — C^jZrZa + ZnZa + ZtZd^ 

IL jj 


J _ — ^Zt(.Zd + ylZcZo) + ZsZa'2 
In - jj - 


J _ (^Zr^'^ZaZc + "^ZaZd) + Zn"^ZaZc] 
^ H 

J _ c^Zf^ZcZo — ZitZji^ 

^ ^ - 
in all of which 


(74) 

(75) 

(76) 

(77) 

(78) 

(79) 


H Si — \^Za{ZlZs + ZlZr + ZrZs) + Zt{ZcZn + ZdZl) 

+ ZrZt {J^Zc + "'/^ d )*] 


In an ideal invariable substation circuit of the type shown in Fig. 9, 
the power-distribution ratio Y is 



The impedance of the set is 


■Z^, = Zr{Y+1) (81) 

The relations between the various elements are given by 

Zi. : Zs : Zt : Zr = Y(Y + 1) : {Y + 1) :Y (82) 


X. Common Battery Anti-Side-Tone Substation Circuit. 



Fio. 10. Common battery anti-aide-tone type of substation circuit. 

Note: 1-2-3-4-5-6 is assumed to give a series aiding connection of the 
induction coil. Zab is the mutual impedance between winding 1-2 
and winding 5-6, etc. 
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Case 1: Assuming an e.in.f. E acting in series with Zy, the various 
currents are: 


Ej^ZBcC^A + ^B+SZ^fl+Z^C+^BC+^n+ZL) 




— (Zc + ^iSr+Z^C + ^Bc) (^B+^P + ^itB)] 


H 


(84) 


£'C(^^C+^BC“’^fi)(Zc+^/V+Z^C+i^Bc) 

r _ — (Zc+^V+Z«)(ZA + ^B+2ZAB4-2i4C+2BC+^n+^L)]] 

It Jj 

c4"-2 ^bc"~ Zft) (Zfl+Z d+Zab) 

J. — ZBc(^D+2L+2ft + 2A + ZB+2ZAB)3 

'"- H - 

E£(Zc-}-Zy-\-ZK)(ZL-\-ZA-\-ZAB-{-ZAC-\-ZBc) 
j _ ~(Zc-\-Zn-\-Zac){Zac-{'Zbc~Zr)'} 

Is JJ 

in all of which 

H=^Zb-¥Zd-\-Zab-\-Zbc^{Zc-\-Zn-¥Zr){Zb-\-Zd-\-Zab) 

— ZBciZAC-\~ZBC~ZR)^-\-[_Zc-{-ZN'\-ZAC-{-ZBC^ 

X C(EB'hZD-t-Zr) (,ZaC-\-ZbC~ Zr) — ZBc(ZB-i-ZD-hZAB)J (88) 

~t~CEA-{-ZB-h2ZAB~hZAC-i-ZBC-hZ/}-t-ZLjC^BC 

— (Zc'i-Zy-i-ZR)(ZB-hZo-i-ZT)2 

Case 2: Assuming an e.m.f. e acting in series with Zl, the various 
currents are: 


(85) 


( 86 ) 


(87) 


r _ ^ZBC~(Zc-\~Ztf-i-ZR){ZB-i-ZD~\-Zr)2 

IL Jj 

e^ZBc(.ZB-\-ZD-\-ZAB-\-ZBc) 


— (Zb-\-Zb-\-Zt) (Zc-{-Zn-{-Zac'\'Zbc)^ 


H 


(^Zbc(,Zc-\-Zn+Zac'^Zbc) 




— (Zc-t-Zfr-t-ZR)(ZB-hZB-hZAB-t-ZBc)3 


H 


(89) 


(90) 


( 91 ) 


f^(ZB'\‘ZD-\-ZT)iZAC-\-ZBC~ZR)— ZBciZB-\-ZD-\-ZAB)'Ji 
(^{Zc-\-Zn‘\~Zb){Zab-\-Zbc~Zt) — Zbc{Zc'¥Zn'^Zac)'^ 
in all of which H has the value given in (88). 




Appendix E] FORMULAE FOR VARIOUS CIRCUITS 


293 


In an ideal substation circuit of the above type the power-distribution 
ratio is 


Y + VZb 

(94) 

The turns ratios are given by 


Nc_ jZc , 1 

Nj, \Zb VZr F(F-Fl) 

(95) 

and 



(96) 


the upper of the alternative signs giving the most efficient circuit. 

The relations between the various elements are given by 

: Z;. ; Z« : Zr = F(F -1- 1) : (F -f 1) : F (97) 

XI. Attenuation Constant and Phase Constant Per Section of a Re¬ 
current Ladder Type of Structure. 

From formula (7) of Chapter XI 

cosh->[^H--^J (98) 

Now if 

U + then (99) 

Furthermore, if the phase angle of ZijAZi is assumed to be 4>, then 

cos ^ or U = IP ^ cos <f> (KX)) 

^JlP+V^ 

Equation (98) now becomes 

P = cosh-> [(1 + 2U) -f j2F] (101) 

Referring to formula (80) of Appendix B, it is evident that equation 
(101) may be written 

P = cosh-i [ ylW+lXTuy + VF*-t- U*] ^^ 

-F j cos-' [Vf^-F (1 + uy - VF* -F u^] ^ ^ 


4Z 


If 


S Vu* -F F* 


(103) 
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equations (100) and (102) give 

P ^ A jB = cosh~^ [[± Vfc* -f 2k cos ^ + 1 + 

+ j cos~‘ []db VF 2k cos <t> + \ — kji 

- ■-.-■ . - ■ -- - (104) 

= sinh VP 4- 2A; cos^ -f-1 + (A: + cos<^)] 

+ i sin“‘ ‘\/2k VA* + 2A: cos tf> + 1 — (A + cos 0)3 

Since cos*^ ~ ^(1 + cos 0), equation (104) may be written 

P = A + jB = cosh“* r db x/ik — 1)* + 4A cos*^ + A1 

r I - 1 

4- i cos M ± yj(k — 1)® + 4A cos*^ — A 1 

In equations (104) and (105) the upper of the alternative signs is to be 
used when A is greater than unity and the lower sign is to be used when 
A is less than unity. 

If0 = 0°: 


A = cosh * (2k + 1) = sinh”* 2k ^ 

'-1 

(106) 

If0 = 180°: 

A = cosh”* (2A — 1) = sinh”* 2k yj 


(107) 

If A= 1: 

A = cosh”* ^ 2 cos^ ^ ) 


(108) 

If A is small compared with unity: 

A = 2Va cos^ 


(109) 

If A is 'arge compared with unity (say over 20): 

A = 2.3026 logio (4A) 


(110) 

If 0 — 180° and if A is less than unity: 

R = 2 sin”* VA = cos”* (1 — 2A) = sin”* 

V4A(1 - A) 

(111) 


If A= 1: 


B — cos”* f 2 cos^ — 1 


(112) 
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If k is small compared with unity: 

B = V2A:(1 — i)(l — cos(t>) (113) 

If k approaches infinity: 

B = (l> (114) 

The above equations make it possible to determine the values of the 
attenuation constant (;4) and the phase constant (B) per section of a 
recurrent structure of the ladder type (or its equivalent) provided one 
knows the value of one fourth the vector ratio of the series to the shunt 
impedances, or ZijAZt = kl4>. 

In order to facilitate the solution of problems where the value of 
Z 1 / 4 Z 2 is known and where the value of the attenuation constant or the 
phase constant is desired, there is plotted in Fig. 11 (11^, HR, llC, 
IID, HE, HE and 11G) a series of curves giving the relationship between 
kj^ and the attenuation constant A. Likewise, in Fig. 12 there is shown 
the relationship between kj^ and the phase constant B. 

In using these curves, it should be pointed out that the sign of the 
angle, <t> {i.e. whether + or —), does not affect the value of the attenuation 
constant, A, On the other hand, the phase constant, B, always has the 
same sign as the angle <f>. 



Fig. 11 A. X)iirve8 showing the relation between the attenuation constant per 
section, A, of any ladder type of structure and one fourth the ratio of its series to its 
shunt imp^nces, ZJiZi » k •• 0 to .2, A *0to .92. 







.20 .24 .28 32 36 40 .44 ,48 .52 .56 .60 .64 .68 .72 .76 ,80 .84 .88 .92 .96 100 


Fig. llB. Curves showing the relation between the attenuation constant per 
section. A, of any ladder type of structure and one fourth the ratio of its series to its 
shunt impedances, Zi/4Zt m kl^. A; » .2 to 1.0, A « 0 to .92. 
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WD, Curves showing the relation between the attenuation constant per 
section, A, of any ladder type of structure and one fourth the ratio of its ^ries to its 
shunt impedances, ZiliZi » k ■= LO to 1.2, A « 0 to .96. 
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Fig. IIE, Curves showing the relation between the attenuation constant per 
section, A, of any ladder type of structure and one fourth the ratio of ifs series to its 
shunt impedances, ZilAZ% m klji, Ac 1.0 to 1.2, d » .96 to 1.92. 


















Appendix E] FORMULAE FOR VARIOUS CIRCUITS 


301 




Fig. IIF. Curves showing the relation between the attenuation constant per 
section. A, of any ladder type of structure and one fourth the ratio of its series to its 
shunt impedances, ZiliZt « A:/d. k ^ 1.2 to 2.2, A » .8 to 2.4. 






ATTENUATION CONSTANT PER SECTIONSA 


302 TELEPHONE TRANSMISSION CIRCUITS [Appendix E 



2 3 4 & 6 7 e 9 10 M 12 13 14 15 16 17 16 19 2A 21 22 


Fig. IIG. Curves showing the relation between the attenuation constant per 
section, A, of any ladder type of structure and one fourth the ratio of its series to its 
shunt impixlances, Zt/iZt "■ k 2 to 22, A 1.7 to 4.5. 
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APPENDIX F. 


FORMULAE RELATING TO 2-, 3- AND 4-ELEMENT TWO-TERMINAL 

NETWORKS. 

1. Formulae Relating to 2-Element Networks. 



Fio. 1. A resistanoe, r, shunted by a capacity, c. 

If, at any frequency <i)/2ir, the impedance of the network shown in 
Fig. 1 is jR -H jX ohms, then 

R = —, (1) and X=- , (2) 

1 + (rcwy 1 + (rcw)* 

Also, if we know that at wi, E = Ri and that at cu?, /i = Et, then 


^ == (3) and c = - (4) 

Similarly, if we know that at a?i, X ^ X\ and that at wj, X = JTj, then 

c = ~ (5) and (6) 

XiXtifa^ — «») c«i /ill 

\'+Xw, 



Fio. 2. A reoistance, r, shunted by an inductanoe, L. 

If, at any frequency «/2ir, the impedance of Uie network shown in 
Pig. 2tsR-\- jX ohms, then 


904 
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Also, if we know that at ui, R‘= Rt and that at wt, R—Rt, then 

r V. 1 


• ^ R\Rt{W — Ml*) /n-. 


and 


L = -X 

Wl 




( 10 ) 


1 


Similarly, if we know that at wi, Z = Jti and that at ( 02 , X = Z 2 , then 


r =r XlXt{(a2 ~~~ ^1*) QJX 


and 


_ L<t)i 


x/t- 


( 12 ) 




Fig. 3. An inductance, L, in parallel with a capacity, C 

If, at any frequency w/2ir, the impedance of the network shown in 
Fig. 3 is jX ohms, then 

^ ” r- xcw* • 

Also, if we know that at «i, X = Xi and that at X = Xt, then 
L « ^ (14) and C = (15) 


Wi<02(A'2Ci)s — A^lCOi) 


XiXt{wi* — wi*) 


■iX 


Fio. 4. An inductance, L, in aeries with a capacity, C. 

If, at any frequency cs/2r, the impedance of the network shown in 
Fig. 4 is jX ohms, then 

~ LCof —• 1 


C« 

Also, if we know that at »t, and that at < 0 ,, = Xt, then 

1 


(16) 




Xt + 


«dtWi(X|Wi — XiWt) 


(17) and 


Cat 




(18) 
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I - ■ ■ • 




Fig. 5. A resistance, r, in parallel with a reactance, x. 



If, at any frequency (o/27r, the impedance of the network shown in 
Fig. 5\sR + jX ohms, then 


R = 


ra^ 

r^ + x^ 


( 19 ) 


and 


X== 


r^x 

r^ + a? 


X = 


II. Formulae Relating to 3-Element Networks. 




( 20 ) 


( 22 ) 



I-• 

Fig. 6. An inductance, L*, shunted by a resonant arm consisting of an inductance, hu 
in series with a capacity, Ci. 


Given the network shown in Fig, 6 , and the knowledge that its re¬ 
actance at 0)1 is Xi, at 0)2 is X 2 and at W 3 is X^\ to determine the 
values of ii, Ci and 
We have 



«air (r«i» - 1)( W - 1) 1 

x»] Lwi*(ra),=' - 1) - a)3*(r«,» -1) J 

( 23 ) 

II 


( 24 ) 

7 a — 

1 

( 25 ) 

0)1 

CiWi* 

X, 

fwi* - 1 



the values of which may be calculated from the relations 

XiO)2 
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and 


(cos^ -- 0)1^) V — (a?2^ — coi^) 

— C01^)(JI)2^V — (c02* — 


(27) 


-jx 


Fig. 7. A capacity, Ca, shunted by a resonant arm consisting of an inductance, Li, in 
series with a capacity, Ci. 

Similarly, if we are given the network shown in Fig. 7, and the knowl¬ 
edge that its reactance at oji is Xu at 0)2 is X 2 , and at cjz is X 3 , the values 
of Lu Cl and C 2 may be determined from the following equations. 



1 

1 



XiU>t 



C\ — 

1 

1 

(28) 


Tcoi* - 1 

- 1 



Cl 

1 

(29) 

02 — 

T(f)2 1 

X2<J^2 


T 

c, 

the ''alues of which may be calculated from the relations 


1 - 


V - 


X 2 ^2 


1 - 


Xi ^ 
Xi <0, 


and 


7’ = ("2* “ ^ W 


Wl*) 


W»*(W2* — «!*) ~ Fw 2*(W8* — Wi*) 
III. Formulae Relating to 4-Element Networks. 


(30) 


(31) 


(32) 


1, 

J 


• jX 


Fig. 8. A resonant arm—consisting of an inductance, L, in series with a capacity 
C —^in series with an anti-resonant arm, consisting of an inductance, I, in parallel with 
a capacity, c. 
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Given the network represented in Fig. 8 . Its impedance is pure 
reactance, X, and is given by 

If its reactance at ui is Xi, at W 2 is Xt, at < 1)3 is X 3 and at wa is Xa, the 
values of L, C, I and c may be determined as follows. 

We have 

io}i*)w + (ZiWi*)* + (toi*)y + (Zi(oi)z — 1 = 0 (34) 

(< 08 *)W + (J?’ 2 W 2 ®)a: + (W 2 ®)y + (X 2 C|} 2 ) 2 ! —1 = 0 (35) 

d- (X 3 <i) 3 ^)x + (w 8 *)y d" (Xaa)s)z — 1 = 0 (36) 

(o}A*)w d- (XiUA*)x d- («4®)y d- (Xi<a4)z —1 = 0 (37) 

Solving these four simultaneous equations (see equations 24, 25, 26 
and 27 of Appendix A) for w, x, y and z, we then have 


C= -z 

(38) 

X 

(39) 

1- y 4^ ^ - T 

(40) 

II 

(41) 



Fig. 9. A resonant arm—consisting of an inductance, L, in series with a capacity, 
C —^in parallel vdth an anti-resonant arm, consisting of an inductance, 1, in parallel with 
a capacity, c. 


Similarly, suppose we have given the network of Fig. 9. Its impedance 
is pure reactance, X, and is given by 

Cii , l-W 

LCu? - 1 Uo 

If its reactance at wi is X\, at tat is Xt, at wt is Xt and at C 04 is Xi, the 
values of 'L, C, I and c may be determined as follows. 





Appendix F] TWO-TERMINAL NETWORKS 


309 


We have 

{Xi(j3i^)w + W)x + {Xi(a^)y + (cci)z + Zi = 0 (43) 

(X20)2 ^)w + (o)2^)x + {X20i^)y + ( 6 ) 2 ) 2 ; + X 2 = 0 (44) 

{Xz(j3z^)w + ( 6 ) 8 *)iK + {XzOiz)y + ( 6 ) 3)2 + Xs = 0 (45) 

(X 46 ) 4 ^)^^ + {oi\)x + {Xi03^)y + ( 6 ) 4)2 + Z 4 = 0 (46) 

Solving these four simultaneous equations (see equations 24, 25, 26 
and 27 of Appendix A) for x, y and 2 , we then have 

/ = - 2 (47) 

c — ^ 


If we are given the network shown in Fig. 10, 


(48) 

(49) 

(50) 



Fia. 10. A network consisting of one arm—composed of a resistance, r, in series 
with an inductance, I —in series with a second arm, composed of a resistance, R, in 
parallel with an inductance, L. 


and the knowledge that its impedance, Z, at Wi is Ri + jLiwi and 
that at (i)i it is ii 2 + jLiUt, (in which if «2 > «i, then Rz > Ri and 
Li > Li), the values of r, I, R and L may be determined as follows. 

We have 



RLW 

+ LW 


(53) 



LPL 

B? + LW 


(64) 
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Similarly, if we are given the network of Fig. 11, 



Fig. 11. A network consisting of one arm—composed of»a resistance, R, in series 
with an inductance, L —in parallel with a second arm, composed of a resistance, r, in 
parallel with an inductance, 1. 

and the knowledge that its impedance, Z, at coi is Ri + jLicoi and that 
at (f )2 it is R 2 + jL2(j32i in which, if C 02 > wi, then R 2 > R\ and L\> L 2 , 
the values of fi, L, r and I may be determined as follows. 

We have 




2 (M,-M2y 

V^2 - jyj V - nJ 


oil 


2 T (55) 






r = 


/ = 


N^-N, 

1 

R 
R* + 

1 


Mi- 


Ni 




il* + 
in all of which 

Ri 




Ri^ + LiW 
iVi = — 

' fli* + uw 


(59) 


(61) 


M, = 
iV 2 = 


R 2 


R 2 ”t" 

Z>2C02^ 

R^ “F Ij^(^2 


cs 

(56) 

(57) 

(58) 

(60) 

(62) 


If we have given the network in Fig. 12, 



Fig. 12. A network consisting of one arm—composed of a resistance, in series 
with a capacity, C —^in parallel with a second arm, composed of a resistance, r, in parallel 
with a capacity, c. 
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and the knowledge that its impedance, Z, at <oi is Ri — j/Oicoi and 
that at u )2 it is Rj — jlC^ut, in which if wj > then Ri > R* and 
Cl > Cj, the values of R, C, r and c may be determined as follows. 

We have 


C = - 


Ni-N2 


1 + 




0)2 


f._l (Nr- N2\ 

C\M2-mJ 


c= Ni- 


r = 


1 + 

. 1 


7iVi - Ni Y 
\M2-mJ 




Ml - 


R 


R* + 


in all of which 

• Ml = 

Ni = 


Ri 


Ri* + 


CiW 


ClWl* 


1 

C^tOl* 

(67) 3/2 = 

(69) N 2 = 


Rz 

”1 

1 


Rj* + /^ !1 2 


C 2 W 2 * 


Ri* + 


r' 2 ,. 2 

Cl COj 


R2" + 


1 

C 2 W 


(63) 

(64) 

(65) 

( 66 ) 

( 68 ) 

(70) 


Similarly, if we have given the network represented in Fig. 13, 



Fig. ,13. A network consisting of one arm—composed of a resistance, i2, in series 
with a capacity, C —^in series with a second arm, composed of a resistance, r, in parallel 
with a capacity, c. 


and the knowledge that its impedance/ Z, at coi is Ri — j/Citai and 
that at C 02 it is R 2 — j/C' 2 C 02 , in which if C 02 > wi, then Ri > R 2 and 
Cl > Ci, the values of R, C, r and c may be determined as follows. 
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R — Ri — 


r 

1 + r*c*toi® 


1 _ r*c<oi* 



(71) 

(72) 

(73) 

(74) 
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FOKMULAE RELATING TO TRANSFORMERS 


I. Transformer Having Two Separate Windings: 


WVSA/^ 

—; - > 




^0 


Fta. 1. Transformer having two separate windings. 

E(Zs + Zb) 


If = 

Is = 


(Zp + Za){Zs + Zb) - Zm^ 

- EZm 


( 1 ) 


( 2 ) 


{Zp + Za)(Zs + Zb) ■“ Zm^ 

Note: The above equations assume that l--2~3“4 is the series aiding 
connection of the transformer.* 

If the transformer in Fig. 1 is an ideal one, the currents are 

EZb 


and 


Ip — 


Is 


ZbZp + ZaZs 

— ZpZ s 


ZbZp + ZaZs 

From (3) the impedance ‘Mooking into'' the 1~2 terminals is 

Zj, = ^XZb 

ip Ls 


(3) 

(4) 

(5) 


If the transformer is an ideal one and of the best possible ratio (i.e., 
if Zal.Zp = 5 = \ZbIZa\), the absolute magnitude of the received current is 

E 


1/sl = 


2^I\ZAZB\ cos^^^) 


( 6 ) 


in which 0 and <f> are the phase angles respectively of the terminating 
impedances Za and Zb. 

* The effect of changing the direction of a winding of any transformer is to ebange 
the sign of any mutual impedance associated with that winding. 
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n. Two-Winding Auto-Transformer. 


■a^a/vWwwwn- 



Fig. 2. Two-winding auto-transformer—^withi^an e.m.f. applied across both windings. 

_ E(Zp -f- Zb) _ 


Is- 

Is- 


(Zp + Zb){Zs + Zm + Za) + {Zp + Zm){Zb ““ Zm) 
E(Zp + Zm) _ 


(7) 

( 8 ) 


(Zp + Zb)(Z3 + Zm + Za) 4“ (Zp + Zm)(Zb — Zm) 

Note: In the above equations, 1-2-3-4 is assumed to be the series aiding 
connection of the transformer. 

If the transformer in Fig. 2 is an ideal one, the currents are 

EZp 


Is = 


Zb(Zp + Z 5 4" 2ZAf) 4" ZaZp 


(9) 


and 


Ib- ^ 


( 10 ) 


E(Zj^4" ^m)_ _ 

Zb(Zp + Zs 4 “ ^Zm) 4 " ZaZp 
From (9) the impedance ''looking into'" the 1-4 terminals of 
such an ideal auto-transformer is 


Z X Ze 

Zp 


( 11 ) 


■aaaaa/vvWvvsa 



k ^8 


Fig. 3. Two-winding auto-transformer—^with an e.m.f. applied across one winding. 

E(Zp -F Zm) 


Ib- 


Ia = 


(Zp Hh Za)(Zs 4“ 4" 2Z*f 4“ Zb) — (Zp 4- Zm)^ 

E(Zp 4” Zs -|- 2ZAf 4" Zb) 


( 12 ) 

(13) 


iZp -f- Za)(Z8 4“ 4" 2ZAr 4" Zb) — (Zp 4* Zm)^ 

Note: In the above equations, 1-2-3-4 is assumed to be the series aiding 
connection of the transformer. 
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III. Transfonner Having Three Separate Windings: 


VyAVVV/V\VvVVWV- 


U- 


'•t 




4< 


'7.C 


Fig. 4. Transformer having three separate windings. 


J E\_{Z2 + Zb)(Zz + Zc) — ''Z 23 ^] 

/,= 

(14) 

j. JSQZ13Z23 ZuiZz + Zc)]] 

I2 

(15) 

j E{_Z\iZit — Ziz{Zi + Zb)~\ 

h jj 

(16) 


'Note: In the above equations, l-2-3-4~5~6 is assumed to be the series 
aiding connection of the transformer. Z 12 is the mutual impedance 
between Z\ and Z 2 , etc. 

In each of the last three equations 


H = Zy^7j\zZ<iz — ZuiZz + Zc)2 + Z2z[,Zi2Ziz — Z2z{Z\ + ZaY] 
+ [^2 + 2b][(Zi + Za)(Z 3 + Zc) - Zi3^] 


In the case of an ideal transformer the above equations reduce to 


J. = 

E{Z2Zc ”1” ZzZb) 

(18) 

i 1 — 

Za{Z2Zc + ZzZb) + Z\ZbZc 


— EZcZ 12 

(19) 

I 2 

Za(Z2Zc ZzZb) "h Z\ZbZc 


— EZbZiz 

(20) 

is — 

ZAiZ^Zc 4- ZiZa) + ZiZbZc 



Fig. 6. Impedance ^4ooking into*' one winding of an ideal transformer having three 

separate windings. 
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From (18) it is noted that the impedance “looking into’ 
1-2 winding of such an ideal transformer is 

y _ E _ „ _ ZiZbZc 
h ZiZc + ZtZs 

IV. Auto-Transformers Having Three Windings. 


the 


( 21 ) 




ft'- 


Fig. 6. Auto-transformer haying three windings. 

Note: The direction of the windings is such that if Za, Zb and Zc were 
infinite all three windings would be in a series aiding connection. 

Case I. With an e.m.f. E acting in series with Za: 


I A = 


Ib = 


Ic = 


E^{Zc-\~Z\-\-Zi-]rZi-\-2Zi%-\-2Z\i-\-2Zii^{Z\i-\-Ziz—ZB) 

— (Zc-hZi-{-Zii-{-Z2g) (Zi-|-Zs-4-2iZi2-l-Zis+Zj8)3 
H 

Ej~(Zi-j-Zit-i-Zis) (Zc+Zs-t-Zij+Zss) 

— Zi3(Zc+Zl-l-Z2-l-Z8+2Zi8-j-2Zis-|-2Z88)] 
H 

jE[]Zu(Zi- 1-Zj-1-2 Zi 2-|-Zi j-f-Zj j) 

■+*(Zs~Zi8 —Z2$) (Zi-|-Zi2-|-Zj4)] 

H 


Case 2. With an e.m.f. E acting in series with Z*: 


Ia = 


/a = 


E£{ZA-bZi)(Zi-\-Zt+2Zii-{-Zi$-\-Ztt) 


la 


( 22 ) 


(24) 


(25) 


E|^(Zi-|- Zi2+Zi») (Z c+ ZsH- Zis-f- Z21) 

—Zi2(Zc+Zi-1-Z2-4'Z2-|-2Zi2+2Zij-1-2Z2»)3 
H 

^'C(Zi 4 'Zi 2 +Zij)* 

_ - (Z^+Zi) (Zc+Zi-l-Za+Zt-f 2 Zi 2+2 Zi 24-2Z2,)] 

H 


(26) 


(27) 


H 


• (Zi+Zu)(Zi-i-Zu+Zii)J 
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Cate 3. With an e.m.f. E acting in series with Zo' 
_ ^ -(2i+Z„)(Z,+Zii+Z»,)] (29) 

j _ E\^(Za-{- Zi)(Z3r¥Zli-{- Z2t)-h (Za— Zi2)(Zl-{- Zli-\-Ziz)^ /on\ 

* B (oU) 

If, 5= E[_{Zi-\-Zii)(^Zii—Z a)— {ZA-\-Zi){Zi-\-Ziz-\-ZB)'] (gjj 


In all of the preceding 9 equations: 

H ^[Zi-\-Zv iY iZc-k'Zz-\-Ziz-\-Zz») iZn~ZA) — Z\z{Z<i-{-Zn-{-Zzz)'] 
'\-\_Ziz-\-Zzz~ZB~Ji{ZA-\-Z\){Zi-\-Zn-\-Z2z) 

+ (Za—Z i2)(Zi+Zi2+Zij)] (32) 

4* C^2 + Zi2 + ZfiX^lS (^1 "I" Zi2 + Z 13 ) 

— (Z^+Zi)(Zc+Z3+Zi3+Z2a)J 

Assuming the auto-transformers, just considered, to be ideal, the 
impedances as determined at various terminals are as indicated below: 



ZaZb{<Zi + ylZj -f VZaJ* 
■Zi,Z, + Z^(V^+ V^)* 


(33) 


3 



Fig. 7B. Impedance “looking into'' the 0-2 terminals of an ideal three-winding 

auto-transformer. 


Z^Zc(VZx + _ 

ZcZ, + Z^(VZi + Vz, + Vz,)» 


(34) 
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Zoi —-7==r 


ZjbZcZx 


ZB{<Zr + VZj + Vz,)* + Zc(VZi + VZ 2 )» 


V. Impedance Relations in Ideal Transformers Having Four or More 
Windings. 

The impedance looking into any winding of an ideal transformer having 
four or more separate windings may be derived in a way similar to that 
employed in obtaining equation (21). For example, consider the five- 
winding ideal transformer shown in Fig. 8: 



Fig. 8. Impedance ^‘looking into” one winding of an ideal transformer having five 

separate windings. 

y __ _ ZsZaZbZcZp _ r20X 

Zx{ZbZcZd) + Z^{ZaZcZd) + Z^{ZaZbZd) + Z,{ZaZbZc) 


Similarly, the impedance looking into any winding of a multi-winding 
ideal auto-transformer may be obtained, by analogy, from equations (33), 
(34) and (35). For example, consider the transformers of Fig. 9, in which 
the windings are assumed to be in a series aiding connection. The 
impedances indicated in Figs, 74, 7B and 7C are given by equations (37), 
(38) and (39), respectively. 







LIST OF THE MORE IMPORTANT SYMBOIi5 USED IN 

THE TEXT 


a 


A 


A. 

Ac 


Ao-'- 

■^TRF. 

•^TRT. 

A,.. 
AJ.. 
AJ' . 
B .. 


C 

e. . 
«.. 
E. 

f. . 

u. 

/- 

/i- 


ft 


.Ratio of frequency of infinite attenuation to the cut-off 
frequency, /«//«or /*//.. 

. Constant used in low pass and high pass wave filter sec¬ 
tions having mutual inductance. 

. Real component of the propagation constant, P. In the 
case of a symmetrical structure, it is the attenuation 
constant. 

. Natural attenuation units, napiers, or hyps. 

. Attenuation constant of standard cable. 

• Reflection loss, in napiers, when filter is terminated in 

a mid-section. • 

• Phase difference loss, in napiers, or 

• Transformer loss, in napiers. 

• Transition loss, in napiers. 

. Total terminal loss, in napiers, when filter is terminated in 
an ar-series end section. = AJ A- AJ'. 

. Reflection loss, in napiers, when filter is terminated in a 
one-half section. 

. Transmission loss, in napiers, due to a (a: — .5) series ter¬ 
mination. 

.Imaginary component of the propagation constant, P. 
In the case of a symmetrical structure, it is the phase 
constant. 

Capacity or capacitance. 

. Electromotive force. 

.Natural base, 2.718.* 

. Electromotive force. 

. Frequency. 

Cut-off frequency of a low or high pass wave filter. 

• Frequency of infinite attenuation. 

. Lower cut-off frequency of a band pass or band elimina¬ 
tion wave filter. 

. Higher cut-off frequency of a band pass or band elimina¬ 
tion wave filter. 
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F .Constant used in low pass and high pass wave-filter design. 

G .Leakance. 

G .Constant used in low pass and high pass wave-filter design. 

H .Denominator of fractions. 

H .Constant used in low pass and high pass wave-filter design. 

I .Current (used with various self-explanatory subscripts). 

i. .The quadrantal operator, V— 1, 

k...". .1 Z 1 / 4 Z 2 1 = Vt72 4- 

K .Ratio of the reactance of a receiver to its effective 

resistance. See also Q, 

K .Constant. Also an integer. 

K .Coefficient of coupling. 

I .Inductance. 

L .Inductance. 

L .Loss in miles of standard cable. 

L ..Length. 

Lq .Argument loss in miles of standard cable, or Ltrt. "" i'TRF 

XxRF..Transformer loss, in miles of standard cable. 

Ltrt. .Transition loss, in miles of standard cable. 

m .Constant employed in derived wave-filter types. 

N .Any number. 

N .Number of turns (used with various self-explanatory 

subscripts). 

Na .Number of attenuation units or napiers. 

Ajvj g c..Number of miles of standard cable. 

.Number of transmission units. 

P .Propagation constant. 

P'..Propagation constant of a loaded circuit. 

Q .Coil dissipation constant, or the ratio of the reactance of a 

coil to its effective resistance, 

r.Ratio of any two quantities. 

r.Effective resistance. 

R .Effective resistance (used with various self-explanatory 

subscripts). 

Rl .Effective resistance of Zl. 

Ro .Effective resistance of Zo. 

Rr .Effective resistance of Zr. 

Ra .Effective resistance of Z 5 . 

Rt .Effective resistance of Zr. 

R\i .;-Effective resistance of Zn. 
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R 21 ..Effective resistance of Z 21 . 

t .Time, in seconds. 

U .Real component in generalized ladder structure. 

Uk .Real component in a constant-jK' structure. 

V .Velocity of propagation. 

V .Imaginary component in generalized ladder structure. 

Vk .Imaginary component in a constant K structure. 

W .Power or energy. 

X .Reactance- 

X .Fractional part of the series impedance, Zi, of a ladder 

type of structure. 

X .Reactance (used with various self-explanatory sub¬ 

scripts). 

XI .Reactance of Zl* 

Xo .Reactance of Zo* 

Xr .Reactance of Zr, 

Xs .Reactance of Zs- 

Xt .Reactance of Zy. 

.Reactance of Zn. 

X 2 i .Reactance of Z 2 i. 

V .Power-distribution ratio. 

z .Impedance. 

Z.Impedance (used with various self-explanatory sub¬ 

scripts). Usually employed as a vector quantity. 

Z.Conjugate of Z, i.e., if Z = -f jXy Z = R — jX, 

Zc .Impedance of a loading coil. 

Zc .Any series impedance. 

Zjj.Image impedance at one end. 

Zi,.Image impedance at other end. 

Zk .Iterative impedance, of structure with smoothly dis¬ 

tributed constants. 

Zk .Iterative impedance, mid-series, or mid-coil. 

Zk .Iterative impedance, mid-shunt, or mid-section. 

Zki .Iterative impedance, at one end. 

ZiT,.Iterative impedance, at other end. 

Zl .Impedance of a line. 

Zm .Mutual impedance. 

Zo.Impedance of structure, with distant end open-circuited. 

Zo* * ^ . .Nominal iterative impedance. 
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Zp .Self impedance of a primary windings. 

Zr .Impedance of any receiving device or circuit. 

Zs .Self impedance of a secondary winding. 

Zs .Impedance of structure, with distant end short-circuited. 

Za .Shunt impedance. 

Zt .Impedance of any transmitting device or circuit. 

Z\ .Total series impedance—between shunt arms—of gener¬ 

alized ladder type of structure. 

Zi.. .Any impedance. 

Z*.Total shunt impedance—between series arms—of gener¬ 

alized ladder type of structure. 

Zi .Any impedance. 


Z\i, Z] 2 , Zis, etc.Impedances in a series arm. 
Zii, 2m, Za, etc.Impedances in a shunt arm. 
Zii, Za b, etc... Mutual impedances. 


a .The real component of the image transfer constant, or the 

attenuation constant. 
a .Angle. 

(3.The imaginary component of the image tran.sfer constant, 

or the phase constant. 

/3.The difference between two angles or 6 — <l>. 

5.A relatively small quantity. 

A.Increment. 

e.Natural base, 2.718. 

$ .Angle. 

0. Image transfer constant. 

0.Angle. 

X.Wave-length. 

fi .. Voltage amplification constant. 

X......3.1416. 

tft .^gle. 

«.2ii/. 

=.Equals. 

^ .Is not' equal to. 

s.Equals by definition. 

4=.Equals approximately. 

II..Absolute or scalar value (modulus) of the complex 

quantity enclosed. 

/_ .Sign of a positive angle. 

/ .Sign of a negative angle. 
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Is less than. 

Is greater than. 
Cycles per second. 
Factorial. 
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Algebraic formulae, 247 
Anderegg, G. A., 152 
Anti-hyperbolic formulae, 252, 265 
Anti-resonance, 174 
Anti-side-tone substation circuits, 116 
efficiency unaffected by transmitter 
resistance, 33 

formulae for typical common battery, 
291 

formulae for typical local battery, 289 
similarity to 21 type repeater circuits, 
164 

Approximation formulae, 253 
Articulation, 
efficiency, 9, 12 
frequencies affecting, 4 
tests, 13 

Artificial lines, 151, 157 
Attenuation constant, 11, 123, 128 
of a distortionless circuit, 148 
of a ladder structure, 293 
of a loaded circuit, 146, 147, 154, 160 
of a non-loaded cable, 148 
of a smooth line, 143 
of dissipative structures, 202 
of non-dissipative structures, 188, 209 
Attenuation, 
equalizers, 229 

frequency of infinite, 206, 209 
unit, natural, 9 
Audibility, threshold of, 1, 2 
Audion, 162 
Auto-transformers, 
efficiency of, 40 
formulae for, 314 
multi-winding, 41, 316 
two-winding, 39, 314 

Balancing network, 
effect on singing point, 168 
of anti-side-tone substation circuit, 117, 
119 

of 21 type repeater circuit, 164 
Band elimination wave filters, 181 
formed by two filters in parallel, 182 


ladder types of, 183 
lattice or bridge types of, 186 
Band pass wave filters, 181 
bridged-T types of, 190 
formed by two filters in series, 181 
ladder types of, 184, 185 
lattice or bridge t 3 q)es of, 187 
Bell, J. H., 243 
Blackwell. O. B., 180, 243 
Bridge circuit, 

constant current tyge of, 179 
equivalent networks of, 281 
formulae for, 31, 284 
wave filter sections using a, 188, 198 
Wheatstone, 31, 117, 164 
Bridged impedance, 89, 91 
Bridged-T circuits, 188, 199, 282, 285 

Cable, 

attenuation constant of non-loaded, 148 
mile of standard, 9, 10, 59 
minimum loss caused by, 58 
quadded, 240 

Calculus, differential, formulae for, 256 
CampbeU, G. A., 13, 52, 80, 116, 119, 153, 
154, 159, 160, 180, 280 
Carrier current systems, 239, 243 
Characteristic impedance, 128 
Circuit formulae, for 
bridge structures, 284 
bridged-T structures, 285 
equivalent four-terminal networks, 280 
equivalent two-terminal networks, 267 
ladder structures, 283, 293 
substation circuits, 286 
transformers, 813 
two-terminal networks, 30^ 

Crcuits, 

ianti-resonant, 174 

bridge or lattice, 31, 178, 188, 198, 281, 
284 

bridged-r, 188, 199, 282, 285 
composite, 239, 242 
conjugate, 41,120 
constant current, 178, 179 
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four-wire repeater, 170 
iterative impedance of, 143, 155 
loaded, 146, 147, 152, 241 
parallel, 20, 114, 115 
phantom, 239, 245 
propagation constant of, 143, 153 
repeater, 41, 164 
resonant, 174 

series type of substation, 14, 16, 23, 
114, 115 
side, 239 

substation, anti-side-tone, 33, 116, 164, 
289, 291 

substation, ideal invariable, 19, 25, 27, 
102, 105, 108 

substation, ideal variable, 102 
substation, side-tone, 112, 114, 115 
Clark, A. B., 149 
Coefficient of coupling, 37 
Coil dissipation constant, 175, 204, 224 
Coils, loading, 156, 241 
Colpitts, E. H., 180, 243, 244 
Complex quantities, 257 
Composite circuits, 239, 242 
Composite wave filters, 215, 227 
Conjugacy conditions, 33, 120 
Conjugate, 
circuits, 41 

impedances, 16, 52, 54, 57, 257 
Constant, attenuation, 11, 123, 128 
of a distortionless circuit, 148 
of a ladder structure, 293 
of a loaded circuit, 146, 147, 154, 160 
of a non-loaded cable, 148 
of a smooth line, 143 
of dissipative structures, 202 
of non-dissipative structures, 188, 209 
Constant current circuits, 178, 179 
Constant, dissipation, coil, 175, 204, 224 
Constant, image transfer, 76, 128 
equivalent T network, expressed in 
terms of its, 135’ 

of a composite wave filter, 216, 227 
of a half section, 214 
of any dissymmetrical structure, 130 
Constant-iT structures, 201, 237 
Constant, phase, 123,128 
of dissipative filters, 204 
of ladder structures, 293 
of non-dissipative structures, 188, 211 
Constant, propagation, 123, 128 . 
of dissipative filters, 202 


of dissymmetrical structures, 128 
of loaded lines, 154, 160 
of non-dissipative structures, 188, 191, 
209 

of non-loaded lines, 143, 148, 158 
of symmetrical structures, 121,132,133, 
280 

property of, 126 

Constant resistance structures, 177, 229, 
269, 270 

Continuous loading, 152 
Corrective networks, 180, 229 
design of typical, 232 
Coupling, coefficient of, 37 
Craft, E. B., 244 
Current at receiving end, 
of a line, 138 
of any structure, 86 
Cut-off frequency, 156, 181, 192, 200, 

205 

Derived types of structures, 
m-type, 192, 204, 218, 227 
other types, 195 

Dissipation constant, coil, 175, 204, 224 
Dissipative structures, propa^tion con¬ 
stant of, 202 

Dissymmetrical structures, 
equivalent T network of, 134 
image impedances of, 213 
image transfer constant of, 214 
impedance of, 137 
iterative impedances of, 134 
propagation constant of, 134 
properties of, 127 
received current in, 138 
Distortionless transmission, 148 

Ear, characteristics of, 1, 91 
Echo effects, 149, 170 
Effective resistance, 6, 14, 19, 23 
Efficiency, 
articulation, 9, 12 
inherent, 19, 74 

maximxim overall, 16, 19, 23, 25, 27, 
109 

of a commercial substation circuit, 112 

of induction coils, 56, 69 

of receivers, 74 

of transformers, 54, 56, 69 

of transmitters, 70 

volume, 9 



INDEX 


329 


Electromagnet receivers, 8, 19 
Elmen, G. W., 166 

Energy in various bands of frequencies, 4 
Equalizers, 229 

Equivalent four-terminal networks, 280, 
281,282 

Equivalent T networks, 280, 281, 282 
of a dissymmetrical structure, 134, 135 
of a line, 150, 153, 158, 281 
of a 83 mimetrical structure, 133 
of a transformer, 55, 65, 83, 281 

Feeling, threshold of, 1, 2 
Filters,—see Wave Filters 
Flanders, P. B., 53 
Fletcher, H., 1, 3, 4 
Fondiller, W., 157 
Formulae, mathematical, 
algebraic, 247 
anti-hyperbolic, 263, 265 
approximation, 253 
calculus, 256 
complex quantities, 257 
for equivalent 4-terminal networks, 280 
fdr equivalent 2-terminal networks, 267 
for ladder structures, 283, 293 
for substation circuits, 286 
for transformers, 313 
for two-terminal networks, 304 
for various types of circuits, 283 
hyperbolic, 251 
trigonometric, 255 
Foster, R. M., 116 
Four-wire repeater circuits, 41, 170 
Frequencies, 
affecting articulation, 4 
cut-off, 156, 181, 200, 205 
energy in various bands of, 4 
in voice, 1, 4, 88 

Frequency of infinite attenuation, 206, 209 

Geomean surge impedance, 132 
Gherardi, B., 156, 161 
Graphical methods of determining 
reflection losses, 217 
transmismon losses, 96 

Half wave filter sections, 213 
Hartley, R. V. L., 244 
Heaviside, O., 149,152 
High pass wave filters. 181 
attenuation constant of, 210 


bridged-r type of, 189 
composite, 2^ 
ladder tjrpes of, 183 
lattice or bridge types of, 186 
phase constant of, 212 
HiU, J. G., 152 
Hoyt, R. S., 168 
Hybrid transformers, 41 
Hyp, 9 

Hyperbolic functions, 251 

Ideal invariable substation circuit, 
efficiency of series circuit below an, 25 
power received in an, 19 
with power ratio F, 108 
with unity power ratio, 105 
Ideal receiver, 7 
Ideal transducer, 46 
loss in induction coil below an, 56, 70 
T network, representing an, 65 
Ideal transformer, 34, 35 
equivalent T network of an, 65 
gains obtainable by an, 47, 83 
impedance looking into an, 38, 41, 313- 
319 

inserted in a circuit, 43 
loss in induction coil below an, 56, 70 
Image impedances, 128 
equivalent T network, expressed in 
terms of its, 135 

impedance of network, expressed in 
terms of its, 137 
of a composite wave filter, 215 
of a dissymmetrical structure, 130 
of a half section, 213 
of a network, 74 

received current, expressed in terms of 
the, 138 

transmission loss, expressed in terms of 
the, 140 

Image transfer constant, 76, 128 
equivalent T network expressed in 
terms of its, 135 

of a composite wave filter, 216, 227 
of a half section, 214 
of any dissymmetrical structure, 130 
Impedance, best terminal, 
for minimum transmission loss, 52,56. 59 
Impedance bridge, 32 
Impedance, bridged, 89, 91 
Impedance, characteristic, 128 
Impedance, iterative, 122, 128 
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constant resistancCt 229 
mid-series, 122, 192, 201, 203, 204 
midnshunt, 124, 192, 194, 201, 208 
nominal, 201, 202, 208 
of a dissymmetrical structure, 128, 134 
of a line, 143, 149 

of a S3niimetrical structure, 121, 131, 
133,280 

properties of the, 126 
Impedance, 

looking into an ideal transformer, 38, 
41, 313--319 
mutual, 34, 35, 84, 313 
mutual, unilateral, 32, 161 
self, 35, 36, 44, 85 
series, loss caused by, 89, 90, 97 
simulating a pure resistance, 236 
surge, 76, 128, 132 
transfer, 33 

Impedances, conjugate, 16, 52, 54, 57, 
257 

Impedances, image, 128 
equivalent T network, expressed in 
terms of its, 135 

impedance of network, expressed in 
terms of its, 137 
of a composite wave filter, 215 
of a dissymmetrical structure, 130 
of a half section, 213 
of a network, 74 

received current, expressed in terms of 
the, 138 

transmission loss, expressed in terms of 
the, 140 
Impedances^ 
in parallel, 30, 36 
optimum ratio of, 43, 44 
terminal, for no reflection losses, 75 
unilateral, 32,161 
Induction coil, efliciency of, 56, 69 
Infinite attenuation, 
frequency of, 206 
structures having, 193, 209 
structures not having, 210 
Inherent eflftciency, 19, 74 
Intelligibility of a system, 5, 9, 13 
Interaction factor, 139, 142, 218 
Invariable substation circuits, 102, 114 
efiSciency of circuits in terms of 25, 112 
power received in, 19 
with power ratio F, 108 
with unity power ratio, 105 


Inverse networks, 90 , 230 
Iterative impedance, 122, 128 
Iterative impedance, constant resistance, 
229 

Iterative impedance, mid-series, 122 
of equivalent m-derived structures, 192 
of ladder structures, 121 
of three-element filters, 204 
of two-element filters, 201 
Iterative impedance, 
nominal, 201, 202, 208 
of a dissymmetrical structure, 128, 134 
of a line, 143, 149, 155 
of a symmetrical structure, 121, 124, 
131, 133, 280 
properties of the, 126 

Jewett, F. B., 161 

Kendall, B. W., 152 

Kennelly, A. E., 7, 76, 132, 151, 195, 196 
Kirchhoff^s Laws, 28 
Knudsen, V. O., 3 
Krarup, C. E., 152 

L networks, 

best terminal impedances for, 61 
equivalent to ideal transformer, 67 
minimum loss caused by, 63 
Ladder structures, 124 
attenuation and phase constant of, 124, 
293 

formulae for, 283, 293 
propagation characteristics of, 124 
wave filter sections made up of, 182 
Lattice structure, and its equivalent I 
and II networks, 281 
Lattice structures, 

and their equivalent ladder structures, 
198 

formulae for, 284 

wave filter sections made up of, 188 
Lines, 

' artificial, 151, 157 
distortionless, 148 

equivalent T network of, 150, 153, 158, 
281 

iterative impedance of, 143, 155 
loaded, 152, 241 
maximum power from, 83 ’ 
propagation constant of, 143, 153 
Loaded circuits, 146, 147, 152, 241 
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Loading coils, 156, 241 
Loading, continuous, 152 
Loading, lumped, 153 
Losses, phase difference, 48, 72, 73 
Losses, reflection, 46, 74, 139, 217, 221 
Losses, terminal, 217, 221, 222, 223 
Losses, transformer, 
at transmitter terminals, 72 
derivation of formulae for, 43 
for different impedance ratios, 47, 63, 83 
generality of formulae for, 83 
practical applications of, 69 
Losses, transition, 
circuits having no, 53, 56, 60, 62 
curves for 9 btaining values of 47, 50 
derivation of formulae for, 43 
generality of formulae for, 83 
Losses, transmission, 
caused by inverse networks, 90 
caused by transformers, 56, 70, 84 
computation of, 82, 86, 140 
computation of small, 97 
due to bridged impedance, 89, 91 
due to series impedance, 89, 91 
graphical methods for determining, 96, 
217 

in terms of Zj and 0, or Z^^ and P, 140 
minimum, due to any structure, 52 
Low pass wave filters, 181 
attenuation constant of, 210 
bridged-P type of, 189 
composite, 226 

formulae for two-element, 200 
ladder types of, 183 
lattice or bridge types of, 186 
phase constant of, 212 
Lumped loading, 153 

M-darived structures, 192, 204, 218, 227 
Martin, W. H., 152 
Mathematical formulae, useful, 247 
Maximum 

overall efficiency, 16, 19, 23, 25, 27, 109 
power, through any network, 45, 52, 83 
receiving efficiency, 16, 25, 27, 104 
transmitting efficiency, 24, 27 
Maxwell, C., 32 

Mid-coil iterative impedance, 155 
Mid-section iterative impedance, 155 
Mid-series equivalent structures, 192, 204 
Mid-series iterative impedance, 122 
of equivalent m-derived structures, 192 


of ladder structures, 121 
of three-element filters, 204 
of two-element filters, 201 
Mid-shunt equivalent structures, 194 
Mid-shunt iterative impedance, 124 
of equivalent m-derived structures, 194 
of ladder structures, 125 
of three-element filters, 208 
of two-element filters, 201 
Mile of standard cable, 9, 10, 59 
minimum loss caused by a, 58 
Mills, J., 7, 162 
Minimum loss caused by, 
a mile of standard cable, 58 
an induction coil, 54 
any structure, 52 
Morse legs, 242 
thump, 243 
Mutual impedance, 34 
effect of changing windings on, 35, 
313 

effect on loss in a transformer, 84 
unilateral, 32, 161 

Napier, 9 

Natural attenuation unit, 9 
Networks, 

balancing, 117, 119, 164, 168 
best terminal impedances for, 52 
corrective, 180, 229 

equivalent four-terminal, 280, 281, 282 
Networks, equivalent T, 
and n, 281, 282 

of a dissymmetrical structure, 134, 135 
of a fine, 150, 153, 281 
of an ideal transducer, 65 
of a symmetrical structure, 133 
of a transformer, 55, 65, 83, 280, 281 
Networks, 

equivalent two-terminal, 195, 267 
image impedances of, 74 
image transfer constant of, 76 
inverse, 90, 230 
L type of, 61, 64, 67 
passive, 43, 45, 80 . 
selective, 180 
simulative, 180 
two-terminal, 304 
Nichols, H. W., 32, 80 
Nominal iterative impedance, 201, 202, 
208 
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Nonniissipative structures, 
propagation constant of, 188, 200 
Non-loaded lines, propagation constant 
of, 143, 158 
Osborne, H. S., 149 

Parallel 

impedances, 30 

type of substation circuits, 20, 114, 115 
windings of a transformer, 36, 38 
Passive networks, 43, 45, 80 
Phantom 
circuits, 239, 245 
loading coils, 156, 241 
repeating coils, 239 
Phase constant, 123, 128 
of a dissipative structure, 204 
of a ladder structure, 293 
of non-dissipative structures, 188, 211 
Phase difference loss 48, 72, 73 
''Pi»' (n) networks, 124, 280, 281, 282 
Pierce, G. W., 32 
Pilhod, J. J., 173 
Pomey, J. B., 79 
Power 

distribution ratio, 108, 109, 119 
efficiency, relative, 71 
Power, maximum, 
received, 16, 25, 27, 104 
through any network, 45, 52 
transmitted, 24 

Propagation constant, 123, 128 
of dissipative filters, 202 
of diss 3 mmetrical structures, 128 
of loaded lines, 154, 160 
of non-dissipative structures, 188, 191, 
209 

of non-loaded lines, 143, 158 
of symmetrical structures, 121,124,132, 
133,280 
property of, 126 

Protot 3 rpe structures, 192, 204, 218 
Pupin, M. I., 153 
Quadded cable, 240 

Ratio of impedances, optimum, 43, 44 
Received current, in any structure, 86, 
138 

Receivers, 
efficiency of, 74 
electromagnet, 8, 19 
ideal, 7 


inherent efficiency of, 19, 74 
Receiving efficiency, 
maximum, 14, 16, 19, 25, 27, 104 
of substation circuits, 33, 102, 106, 113 
Reciprocity theorem 32 
Reflection factor, 46, 139, 142, 220 
Reflection losses, 46, 74, 139, 217 
Repeater circuits, 
four-wire, 170 
one-way, 164 
twenty-one type, 41, 164 
twenty-two type, 168 
Repeater elements, 161, 162 
Repeaters, telephone, 161 
Resistance, effective, 6, 14, 19, 23 
Resistance, impedance made to simulate 
a pure, 236 
Resonant circuits, 174 

Selective networks, 180 
Self impedance, 35 

Self impedances, of an ideal transformer 
36, 44, 85 
Series 

aiding or opposing windings, 34 
circuits, simple, 14, 16, 23, 27 
impedance, loss caused by, 89, 90, 97 
loaded circuits, 153 
type of substation circuits, 114, 115 
Series-shunt structures, 
attenuation and phase constants of, 124, 
293 

formulae for, 283 

wave filter sections made up of, 182 
Shunt impedance, 
loss caused by, 89, 90, 96, 100 
Side bands, 244 
Side circuits, 239 
Side tone, 33, 112 
substation circuits, 114, 115 
Simplex circuits, 239, 241 
Simulative networks, 180 
Singing, 165, 166, 169 
point, 166, 167 
Speech, 
energy in, 4 

important fi^quencies in, 3, 88 
Speed, B., 156 
Standard cable, 10, 59, 71 
Structures, 
constant-X,%l, 237 
constant resistance, 177, 229, 269, 270 
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derived types of, 192, 195, 204, 218, 227 
dissipative, propagation constant of, 202 
Structures, dissymmetrical, 
equivalent T network of, 134 
image impedances of, 213. 
image trcmsfer constant of, 214 
impedance of, 137 
iterative impedances of, 134 
propagation constant of, 134 
properties of, 127 
received current in, 138 
Structures, ladder, 124 
attenuation and phase constants of, 124, 
293 

formulae for, 283, 293 
propagation characteristics of, 124 
wave filter sections made up of, 182 
Structures, lattice, 

and their equivalent ladder structures, 
198 

and their equivalent T and n structures, 
281 

formulae for, 284 

wave filter sections made up of, 188 
Structures, prototype, 192, 204, 218 
Structures, series-shunt, 124, 182, 283, 293 
Structures, symmetrical, 
equivalent T network of, 133 
image impedance of, 131 
image transfer constant of, 132 
impedance of, 137 

iterative impedance of, 121, 124, 126, 

131, 133, 280 

propagation constant of, 121, 124, 126, 

132, 133, 280 
Substation circuit, 

efficiency of typical, 112 
loss caused by resistance in a, 100 
Substation circuits, 
anti-side-tone, 33, 116, 164, 289, 291 
formulae for, 286 
invariable, 19, 25, 102, 105, 108 
overall efficiency of, 25, 106, 108 
parallel t 3 q)e of, 20, 114, 115 
series type of, 14, 16, 23, 114, 115 
side-tone, 112, 114, 115 
variable, 102 
with power ratio F, 108 
with unity power ratio, 105 
Surge impedance, 76, 128, 132 
Symbols, list of, 321 
Symmetrical structures, 
equivalent T network of, 133 


image impedance of, 131 
image transfer constant of, 132 
impedance of, 137 

iterative impedance of, 121, 124, 126, 

131, 133, 280 

propagation constant of, 121, 124, 126, 

132, 133, 280 

System, intelligibility of a, 5, 9, 13 
System reference standard, 59, 71 
Systems, carrier current, 239, 243 

Terminal losses, 217, 221, 222, 223 
Testing circuits, 70, 74 
Th6venin*s theorem, 79 

use of, in computing receiving efficiency, 
102 

use of, in computing transmission losses, 
86, 223 
T networks, 

best terminal impedances for, 52, 56, 59 
equivalent, 65, 79, 281, 282 
image impedances of, 74 
of a dissymmetrical structure, 135 
propagation characteristics of, 121 
Transducer, ideal, 46 

loss in induction coil below an, 56, 70 
T network, representing an, 65 
Transfer 
constant, 76 
factor, 139 
impedance, 33 
Transformer, ideal, 34, 35 

equivalent T network of an, 65 
gains obtainable by an,. 47, 83 
inserted in a circuit, 43 
loss in induction coil below an, 56, 70 
Transformer losses, 

at transmitter terminals, 72 
derivation of formulae for, 43 
for different impedance ratios, 47, 63, 83 
generality of formulae for, 83 
practical applications of, 69 
Transformers, 34 
auto-, 39, 314, 316 
efficiency of actual, 54, 56, 69 
equivalent T network of, 55,65,83,281 
formulae relating to, 313 
having three or more windings, 41, 315 
having two windings, 38, 313 
hybrid, 41 

impedance looking into ideal, 38, 41, 
313-319 
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optimum impedance ratio of, 43, 44 
ratio of currents and voltages in ideal, 
39 

Transition losses, 
circuits having no, 53, 56, 60, 62 
curves for obtaining values of, 47, 50 
derivation of formulae for, 43 
generality of formulae for, 83 
Transmission, 

characteristics, of lines, 143 
distortionless, 148 
Transmission equivalent, 59 
Transmission losses, 
caused by inverse networks, 90 
caused by transformers, 56, 70, 84 
computation of, 82, 86, 140 
computation of small, 97 
due to bridged impedance, 89, 91 
due to series impedance, 89, 91 
graphical methods for determining, 96, 
217 

in terms of Zj and 0, or Z and P, 140 
minimum, due to any structure, 52 
Transmission, 
simple one-way, 14 
simple two-way, 16, 19, 20 
unit, 9, 12 
Transmitters, 
efficiency of, 70 
resistance of, 6 

Transmitting efficiency, of a substation 
circuit, 24, 104, 105, 113 
Trigonometric formulae, 255 
Twenty-one repeater circuits, 41, 164 
Twenty-two repeater circuits, 168 

Unilateral impedance, 32, 161 
Unit, 

natural attenuation, 9 
transmission^ 9, 12 

Vacuum tube characteristics, 162 
Van Der Bijl, H. J., 162 
Variable substation circuits, 102 
Vaschy, A. 79 

Velocity of propagation, 149 
Voice, characteristics of, 4 
Volume efficiency, 9 
Von Helmholtz, H. L. F., 91, 211 

Wave filters, band elimination, 181 
fonned by two filters in parallel, 182 


ladder types of, 183 
lattice or bridge types of, 186 
Wave filters, band pass, 181 
bridged-T types of, 190 
formed by two filters in series, 181 
ladder types of, 184, 185 
lattice or bridge t3npes of, 187 
Wave filters, 

bridged-T types of, 188, 199 
composite, 215, 227 

cut-off frequency of, 181, 192, 200, 205, 
211 

derived types of, 192, 195, 218 
dissipative, propagation constant of, 202 
half sections of, 213 
Wave filters, high pass, 181 
attenuation constant of, 210 
bridged-T tjrpe of, 189 
composite, 228 
ladder types of, 183 
lattice or bridge types of, 186 
phase constant of, 212 
Wave filters, 
ideal, lists of, 182 
image impedances of, 215 
iterative impedances of, 201,203,204,208 
ladder or series-shunt type of, 182 
lattice or bridge type of, 188, 198 
Wave filters, low pass, 181 
attenuation constant of, 210 
bridged-T type of, 189 
composite, 226 

formulae for two-element, 200 
ladder types of, 183 
lattice or bridge types of, 186 
phase constant of, 212 
Wave filters, 
methods of design, 224 
propagation characteristics of dissipa¬ 
tive, 202 

propagation characteristics of non- 
dissipative, 188, 191, 209 
terminated in mid-section, 218 
terminated in ^r-section, 222 
Wave length, 146 

Wave length constant, 123, 146, 211 
Weber's Law, 3, 9 
Wegel, R. L., 1, 2, 7. 66 
Wheatstone bridge, 31, 117, 164 

X-series terminations, 222 

Zobd, O. J., 76,192, 217, 229, 236 
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